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Influence of system initial conditions on elastic and inelastic response spectra
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ABSTRACT: The influence of the initial conditions on the computation of response spectra for elastic and inelastic,
damped single-degree-of-freedom systems is considered here. Significant characteristics of the spectra resulting
from various combinations of nonzero initial conditions are first evaluated for the responses for linear elastic
systems. The discussion is then extended to the response of a type of inelastic systems. The results show that,
in general, the long period region of the displacement and absolute acceleration response spectra for elastic and
inelastic systems is more sensitive to the effects of the initial conditions than the middle and low period regions.
The displacement and acceleration spectral values for long period systems with initials conditions are generally

larger than those from systems initially at rest.

1 INTRODUCTION

The response spectrum method of analysis is widely
used for evaluating the dynamic response of structural
systems subjected to earthquake motions. In this
approach, the peak response of a system due to a
prescribed earthquake motion is generally computed
assuming that the system is initially at rest; that is,
assuming zero initial conditions.  Although the
significant aspects of response spectra computed
assuming zero initial conditions have been extensively
studied (Veletsos and Newmark, 1964), the key aspects
for spectra including nonzero initial conditions are not
well understood.

Nonzero initial conditions may arise for systems
already undergoing vibrations when an earthquake
occurs, or from evaluation of earthquake records where
a segment at the beginning of the record is not
available (Peknold and Ridell, 1978, Bldzquez and
Kelly, 1988 and Uang and Bertero, 1990).

In many practical applications, the initial conditions
are not included in the computation of response spectra,
and often this can be reasonably justified. There is,
however, a paucity of information on the consequences
of ignoring these effects when the response spectrum
method is used for the dynamic analysis of structures.

The objectives of this paper are: 1) to help
understand better the influence of initial conditions on
the response spectra for elastic and inelastic, damped
single-degree-of-freedom (SDOF) systems; and 2) to
asses the design implications of considering or
neglecting the effects of the initial conditions in a
response spectrum analysis.
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2 STATEMENT OF PROBLEM

The dynamic response of base-excited, viscously
damped, SDOF systems is considered here. Each
system is already vibrating at the reference time t=0
when a ground acceleration, j(t) is applied. The
relative displacement and velocity of each system at
t=0 are known and identified as U, and U,
respectively. A general form of the equation of motion
of the SDOF system can be written as

mii(t) + ca(t) + R(t) = -my(t) 1)

in which m is the mass, c is the coefficient of viscous
damping, R(t) is the restoring force which depends on
the displacement amplitude at time t, and u(t) and i(t)
are the system’s relative velocity and acceleration with
respect to the ground motion.

For the case of elastic systems, the restoring force is
expressed as R(t)=ku(t), where k is the stiffness
coefficient and u(t) is the relative displacement of the
system. In this case, Eq. 1 can be expressed as

i) + 2¢pact) + plu® = -y @

where p=V/(k/m)=2x/T is the undamped circular
natural frequency of the system (T is the undamped
natural period), and ¢=c/2pm=c/2V/(km) is the
fraction of critical damping. .

It is of interest to evaluate the influence of U, and U,
on the absolute value of the numerically largest values
of relative displacement, U, and absolute acceleration,
SA, for ground excited systems.
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acceleration (SA) response spectra for elastic systems subjected to sinusoidal base excitation.
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3 RESPONSE OF ELASTIC SYSTEMS

The state of motion of an elastic SDOF system just
before the occurrence of a ground excitation can be
characterized in terms of the initial displacement, U,,
and initial velocity, U,. The response of the system to
these initial conditions depends on its natural frequency
and damping. Systems subjected to the same initial
displacement and velocity, but with different natural
frequency and damping, will respond differently.

The peak value of the ground motion is a parameter
commonly used for describing the level of ground
excitation and for comparing it with the maximum
response of the system. It would also be practical to
relate the initial conditions of the system to this
parameter. To this end, the peak ground acceleration,
Y, the initial conditions and the natural frequency of
the system can be interrelated by the dimensionless
coefficients:

a =-pUJY and B = -pUJY 3)

The o and [ coefficients represent the ratio of
equivalent instantaneous accelerations of magnitude
p2U, and pU,, respectively, to the peak base
acceleration, Y. Alternatively, o can be described as
the ratio of a base shear (kU,) produced by a static
displacement U, to the equivalent static force (mY)
produced by the peak ground acceleration. Similarly,
B can be described as the ratio of a base shear (mpU,)
produced by an impulse mU, to the equivalent static
force mY produced by the peak ground acceleration.

The sensitivity, of the response to various
combinations of «'and 8 can be evaluated for SDOF
systems subjected to a simple, one-cycle sinusoidal base
excitation of the form y(t)=Ysin(2xt/T,), in which T,
is the duration of one full cycle of excitation.

It has been shown by Veletsos and Newmark, 1964,
that for base excitations of the complexity of strong
motions earthquake records, the response spectra are
similar to those for simple excitations, and that their
salient features can be reasonably identified from the
spectra for simple pulses, provided the gross
characteristics of the ground acceleration, velocity and
displacement are known. To this end, the pseudo-
velocity, PSV=pU, and absolute acceleration, SA,
response spectra of systems with 5% damping were
computed for various combinations of o and 8. The
results are shown in Fig. 1 where the spectra are
plotted as a function of the ratio T/T,. The PSV
spectra are drawn in log-log scale with the PSV values
normalized with respect to the peak base velocity. The
SA spectra are drawn in linear-linear scale and the SA
values are normalized with respect to the peak base
acceleration.

Figure 1 shows that nonzero initial conditions, when
expressed in terms of « and B, have a significant effect
on the response of very flexible systems for which
T> >T,. The effect is negligible for rigid systems that
are more sensitive to the high frequency components of
the input motion than to the initial state of motion.
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Ventura and Bldzquez, 1990, have presented a more
detailed study on the influence of « and 8 on the
response of elastic systems subjected to sinusoidal
excitations.

For more complex excitations the same trends on the
variation of the response spectra can be expected. The
response spectra for the 1940 El Centro earthquake
(north-south component) are shown in Fig. 2, and the
spectra for the 1985 Mexico earthquake recorded at the
SCT station (east-west component) are shown in Fig. 3.
The El Centro earthquake was selected for this study
because it produces significant responses over a wide
band of system periods, while.the Mexico earthquake
was selected because it produces significant responses
for a narrow range of periods, mostly periods around
2 to 3 sec. Figures 2(a) and 3(a) show the 5% damped
PSV elastic spectra and Figs. 2(d) and 3(d) show the
SA elastic spectra for different values of « (with 8=0).
These spectra represent the peak values of pseudo-
velocity and absolute acceleration during the duration
of the excitation only.

As in the case for sinusoidal base motion, the long
period regions of the PSV and SA spectra are more
sénsitive to the effects of the initial conditions than the
other regions of the spectra. The SA spectra also show
that the base shear for a long-period system with
nonzero initial conditions is larger than that for a
system initially at rest. This may lead to
unconservative designs of long period structures if the
initial conditions effects are not properly accounted for.

4 RESPONSE OF INELASTIC SYSTEMS

The parameters that usually characterize the response
of inelastic systems are the yield displacement, U,, and
the associated force level, R,, that produces this
displacement. To obtain the dynamic response of an
inelastic system for which its force-deformation
characteristics are known, Eq. 1 can be solved directly.
However, it is more desirable to express this equation
in a normalized form such that the specific parameters
that influence the response can be more readily
identified, as in the case for elastic systems (Mahin
and Lin, 1983). The normalized version of Eq. 1 can
be written as:

£ + 28a(0) + Pp(H) = -AF() @

in which u(t)=u(t)/U, is defined as the displacement
ductility and its peak value is referred to as the
Ductility Factor (Clough and Penzien, 1977); and
p()=R(t)/R, and A=p¥nY. The dimensionless
parameter n=R,/mY represents the system’s yield
strength relative to the maximum inertia force of an
infinitely rigid system:

Equation 4 provides an efficient way to evaluate u(t)
for all systems having the same natural frequency, the
same hysteretic characteristics and the same strength
over inertia index (n) subjected to ground motions
having the same shape.
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Figure 2. Influence of initial displacement (&) on pseudo-velocity (PSV) and absolute acceleration (SA) response
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Figure 3. Influence of initial displacement (o) on pseudo-velocity (PSV) and absolute acceleration (SA) response
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spectra for elastic and elasto-plastic systems subjected to Mexico 1985 earthquake.



For systems with hysteresis diagrams that exhibit an
initial elastic behaviour, like the elasto-plastic systems,
R, and U, can be related by R,=kU, and the
displacement ductility can be expressed directly in
terms of n as

alt) = pu®/myY )

In a response spectrum analysis, for a given value of 7,
the peak value of u(t) can be obtained from the
corresponding response spectrum and the Ductility
Factor can be readily computed from Egq. 5.

To illustrate the sensitivity of the response of elasto-
plastic systems to variations of the 7 index, the
maximum responses due to El Centro and Mexico
records were computed using a modified version of the
computer program described in Mahin and Lin, 1983.

The maximum displacements for systems initially at
rest («=B=0) are shown in Figs. 2(b) and 3(b) where
they are presented as pseudo-velocity spectral values
using the natural period of the elastic portion of the
hysteresis diagram as the reference period. The
corresponding absolute acceleration spectra are shown
in Figs. 2(e) and 3(e). For reference, the associated
elastic spectra are also included in the figures and are
used as a basis of comparison between elastic and
inelastic responses.

These figures show that for n>0.5, the responses of
rigid and medium period systems up to 3 sec. are
generally more sensitive to variations of 5 than those
for very flexible systems. As the value of 7 increases,
the response approaches that of the truly elastic
systems, and the results are less sensitive of variations
of n. For small values of n (=0.1) a wider range of
systems are affected, since low values of » correspond
to systems that have a low yield level resistance with
respect to the maximum inertia force.and therefore are
expected to undergo large excursions beyond the yield
level.

Introducing initial conditions to the computation of
the PSV spectra for elasto-plastic systems has the effect
shown in Figs. 2(c) and 3(c). The effect on the SA
spectra is shown in Figs. 2(f) and 3(f). In these cases,
including only an initial displacement («=0.5, 8=0) in
the computation of the inelastic response of systems to
the El Centro and Mexico records completely alters the
shape of the spectrum in the long period region when
compared to that of the inelastic systems with zero
initial conditions. Including the initial velocity effects,
will further alter the shape of the spectrum. The
middle and low period regions of the spectrum remain
more sensitive to variations of the strength over inertia
force index () than to variations of the initial
conditions. For small values of 7 the SA values are
insensitive to the effects of initial conditions.

5 CONCLUSIONS

The nature and effects of initial conditions on the
computation of response spectra for elastic and inelastic
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systems have been identified. It has been shown that
for elastic systems, the long period regions of response
spectra for relative displacement and for absolute
acceleration are very sensitive to variations on the
initial conditions. The results also show that in a
response spectrum dynamic analysis, the design shear
computed from the SA spectrum for a long-period
system with nonzero initial conditions may be
significantly larger than that for a system initially at
rest. The response spectra for inelastic systems is also
influenced by the initial conditions. However, in this
case, the inelastic spectra are also sensitive to the
relative value of the system’s yield strength with
respect to the maximum inertia force of an infinitely
rigid system (). The responses of low period, rigid
elastic and inelastic systems are, in general, not
sensitive to variations on the initial conditions.
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