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Modeling of layered soil-structure interaction by infinite elements

Francisco Medina
Dames & Moore, Oakland, Calif., USA

ABSTRACT: A finitefinfinite element technique is presented to solve three-dimensional soil-structure interaction problems in
layered media. A family of axisymmetric infinite elements is defined to model the three-dimensional linear elastic wave prop-
agation problem in the far field. These elements are developed to transmit Rayleigh, shear and compressional waves in the fre-
quency domain. The technique is used to find the harmonic dynamic response of rigid foundations embedded and on the sur-
face of layered media. By using finite and infinite elements, the number of degrees of freedom used to model the near field is
small. In addition, no extra degrees of freedom are needed to model the far field. Thus, the systems are characterized by rela-
tively few degrees of freedom, yielding inexpensive numerical solutions.

1 INTRODUCTION

In the presence of dynamic excitations, structures and the
surrounding soil interact. This interaction is the subject of
considerable interest to researchers as well practitioners in
the area of earthquake engineering. Due to the difficultics
involved in the analysis of the interaction process, there are
is not a unique proccdure to deal with the problem. This still
poses a challenge. It is possible to differcntiate two main
sources of difficulties: far-field modeling and proper defini-
tion of excitation forces. This work is only concemed with
the former problem. The latier is an entirely diffcrent prob-
lem (in its own merit) and it will not be dealt with herein.
Finding input excitations is not a limitation of the method
outlined herein, but it represents the lack of knowledge in
that field.

Several approaches have emerged as alternatives to treat
the problem of modeling the far field. These approachcs
present differcnt degrees of gencrality. Amongst these
approaches it is possible to mention the gencralized Win-
Kler's medium approach,! the consistent boundary
approach,2? the integral equation approach,® the cloning
algorithm,® the boundary integral method,® and the
finite/infinite element technique.” None of these approaches
is sufficiently general or widely accepted, although the last
one presents some degree of generality and efficiency. Nev-
ertheless, this technique has not been widely used, and a
conclusive statement cannot be made before it is applied to
practical engineering problems. In effect, there is not a gen-
eral, uniqucly accepted, procedure to treat nonhomogencous,
inelastic, anfsotropic, soil-structure interaction problems in
three dimensions, considering semi-infinite and/or laycred
soil conditions.

To illustrate the method, what follows briefly presents the
finite/infinite element technique applied to problems of soil-
foundation interaction. The foundations and surrounding
media (near ficld, nf) are modeled with finite elements. The
far field (ff) is modeled with infinite elements and consid-
ered linear. The infinite elements simultaneously transmit
Rayleigh, shear and compressional elastic waves. The inter-
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face between finite and infinite elements is defined as far-
ficld boundary (ffb) for convenience. The soil in the nf as
well as in the ff may be nonhomogencous, anisotropic,
and/or viscoelastic. This work presents a more general
application 1o thosc alrcady presented in the litcrature.®?
Theoretical considerations on the infinite elcments applicd (o
elastic multi-wave propagation may be found elscwhere.!?

2 FORMULATION OF THE SOIL-FOUNDATION
INTERACTION PROBLEM

A foundation system may be discretized into finite and infi-
nite elements, as shown in Figure 1. The element displace-
ment component y* for both finite and infinite elcments is
approximatcd by

Yo = N )

where Nj(x) contains the assumed shape functions at point x
within element e and rj contains the nodal displacements for
element e, corresponding to displacement component y
(y = u,v,w). For finitc elements N§(x) = N(x), all y.
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Figure 1. Soil-foundation system embcdded in a scmi-
infinite layered medium and discretized with finite and infi-
nite elements,



For simplicity, the total system is considered linear. Then,
by assuming harmonic excitations of the type e that may
be represented by a load vector of Fourier amplitude p(w),
the system displacement solution as a function of frequency
may be obtained from

[K(w) + ioC(0) - *M(0)Ir(w) = pw) @

where the stiffness matrix K, viscous damping matrix C, and
mass matrix M are defined in the usual way. For instance,
the stiffness matrix for element e is

K¢ = I[B‘]TD‘B‘W 3
Ve

where D* is the element constitutive relationship matrix, and
B¢ relates strains with nodal displacements within element e.
No restrictions are imposed on the constitutive relationship
and problem dimension. Hence, D may be as general as
needed and the problem may be three-dimensional.

The formulation as well as the application of the method
is straightforward. Definition of proper infinite elements
however requires special attention. This subject is presented
in the next section.

3 INFINITE ELEMENTS FOR THREE-DIMENSIONAL
LINEAR ELASTIC WAVE PROPAGATION

A family of axisymmetric infinite elements is defined to
model problems having a ff with axisymmetric geometry.
The characteristic matrices of these elements depend upon
the n-th harmonic of the angle 6. Hence, these elements
may be used to model problems having nonaxisymmetric
excitations. The geometry of these elements, shown in Fig-
ure 2, consists of at most six nodes: two or three on the ffb
and at most three located in the ff. The elements have been
developed having degrees of freedom only on the ffb nodes.
The nodes in the ff are degree-of-freedomless nodes. Hav-
ing the degrees of freedom only on the ffb nodes prescnts
the following advantages: (a) the total number of degrees of
freedom does not increase beyond that already defined by
the nf discretization, and (b) the ff dynamic stiffness
matrix, which is complex, is narrow banded, amenable to
fast numerical solutions. However, the ff is represented by
few degrees of freedom, which results in a poor ff numeri-
cal solution, unless the shape functions used are good
approximations to the problem being modeled. Having
degrees of freedom on the nodes located in the ff may
increase the accuracy of the model. However, this has not
becen studied.
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Figure 2. Parametric axisymmetric infinite elements. (a)
Six-node element (only three nodes having degrees of free-
dom: on § =0). (b) Three-node radial elcment.

The infinite elements developed to transmit elastic waves
in (layered) semi-infinite media are characterized by having
distinct mapping and shape functions.

3.1 Mapping functions

From the six-node axisymmetric element shown in Figure 2a
a family of elements consisting of two to six nodes is
defined. However, in order to model layered systems, the
mapping function must at least refer to to all nodes on the
sides extending to infinity (7 =~1 and n =1). Mathemati-
cally, the mapping function may be expressed as

MiG.n)y = LiL;m @

0<¢<oo, -1 <n<1), where L; is the Lagrange polyno-
mial for node j (j=1,2,---,6). In particular, for a five-
node element (element with nodes 1, 2, 3, 4 and 6, see Fig-
ure 2a),

My(&,7) -1 =01 -n)
My(&,m) a-9a-nd
MT¢E.n) = | My&m) | = | $A-OHn0+n) |®
My(¢.m) JEQ-m)
Mg(&.) 1ea+m)

On the other hand, if the element has only nodes on the fb,
the element is a radial element, as shown in Figure 2b. In
this case, the mapping function is

Mi&.m = (d+nLin) ©)

(j=12,3).

The location of nodes 4 10 6 is relevant as it shall be
shown furnther below. It is readily seen that an element hav-
ing node 4 and/or 6 (scc Figure 2a) can model nonhomoge-
neous systems. In particular, a layered system may be mod-
eled with elements having at least nodes 1, 3, 4 and 6. The
layers may have any orientation with respect to the global
coordinate axis. The element sides extending to infinity
need not be parallel to each other, however, the angle formed
by these two sides must be greater or equal to zero and less
than z. On the other hand, radial elements may only model
homogeneous semi-infinite media.

3.2 Shape functions for multi-wave propagation

The shape functions, different for each displacement compo-
nent, only refer to the nodes on the ffb. Details of the shape
function derivation may be found clsewhere.’ For a typical
displaccment component y, the shape function is'®

Ny(r,z,kp. ks kp) = £,(r,z, kg, ks, kp)F;}! @)

(y=u,v,w), where F, contains the nodal values of f,,
which in tumn contains the wave components being transmit-
ted. In the equation above, kg, ks and kp are the Rayleigh,
shear and compressional elastic wave propagation numbers,
respectively. The infinite elements were developed to trans-
mit Rayleigh, shear and compressional elastic waves into the
bils

The wave components described elsewhere®'® and used
for the family of infinite elements presented above are unde-
fined for the zero frequency. It is then necessary to define
another set of shape functions for zero frequency. Although
there are scveral infinite elements developed to solve
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elastostatic problems, an element consistent with the equa-
tion shown above was developed for the zero frequency
case. For this element, equation (7) yields

Ny(r.z2) = f(r,z)F"’ ®
(all y = u, v, w), where
1 1 1
fn2) = [E R+r R+lz|] ®

such that R =Vr? +22. This element, despitc being more
expensive to use than those already reported in the literature,
leads to better results.

The frequency dependent elements described above, by
definition transmit different elastic waves. Therefore, by
modeling the ff with these elements, energy is transmitied
away from the nf into the ff, in the form of the elastic
waves present in the shape functions. These elements, how-
ever, are noncompatible and inconsistent with the finite ele-
ment discretization along the finite direction. The noncom-
patible and inconsistent nature of thesc elements is not a
severe drawback, since a more important factor is to simulta-
neously transmit various elastic waves into the ff (radiation
condition). So far, infinite elements satisfying compatibility
and radiation conditions for mulli-wave propagation have
not been defined for nonhomogeneous media. It is desirable
10 have compatible infinite elements, but those already
developed can only transmit a single wave, which leads to
larger errors than those produced by noncompatible infinite
clements developed to treat multi-wave propagation prob-
lems.'®

Furthermore, the wave components (and henceforth the
shape functions) are only rough approximations to solutions
of particular problems. Therefore, the numerical solutions
obtained for the ff may not in general be accurate. This
problem may be overcome in two different ways: (a) by
including additional wave components (i.e., additional
degrees of freedom) into the displacement field approxima-
tion, or (b) by systematically refining the discretization on
the ffb along the finite direction. Nevertheless, the ff is rep-
resented and included in the global equilibrium equation by
means of a dynamic stiffness matrix, which leads to good
numerical solutions for the nf, as it shall be shown further
below.

The constitutive relationship matrix used to compute the
stiffness matrices, equation (3), may be that of anisotropic
media. On the other hand, the shape functions are defined
only for isotropic media. Although this combination may be
used to roughly model anisotropies in the ff, no examples
have been carried out.

3.3 Shape functions for single-wave propagation

For lqmional wave propagation, simpler shape functions
have been dcveloped.7 In this case, the shape function for
node j and displacement v is

Nj(E.mks) = e Mtk [ () (10)

where Ry is a characteristic  distance, say
Ry = R(¢ =0,n=0). For homogeneous media this element
is compatible. The element is also consistent with the finite
element approximation along the finite direction.
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"4 APPLICATION: DYNAMIC RESP
FOUNDATION ONSE OF RIGID

4.1 Foundation dynamic response

This problem reduces to that of finding the f; -
dependent  foundation  compliance rungtions. rgqc:z?alc{y

expressed in matrix form as
Ch Ciu 0 o
Cin C¥ 0 o
0 0 C¥ o
0 0 0 cf
such that A = C(w)p, where A contains the harmonic founda-
tion displacements due 1o harmonic loads. In equation (11),
subscripts denote loading conditions, whereas superscripts
denote coordinate axes on which the corresponding loads are

applied. Subsequently, superscripts are dropped. The cou-
pling terms must satisfy the condition C s = C .

Cl) = an

4.2 Discretization

To take advantage of the technique, the rigid foundations and
the surrounding media in the af are modeled with a reason-
ably small number of nine-node axisymmetric finite ele-
ments, and the ff is modeled with even fewer six-node
axisymmelric infinitc clements. The rigidity of the founda-
tions is not a limitation of the technique, the foundations
were assumed rigid only to make comparisons with available
solutions. The response of the foundations is obtained for
torsional (T), vertical (V), horizontal (H), and rocking (M)
harmonic loadings. The nf and ff are assumed to have no
matcrial damping. Therefore, the nf characteristic matrices
K and M are {requency independent; they are then computed
only once and later combined with the corresponding fre-
quency dependent ff dynamic stiffness matrices. The nf
characteristic matrices are computed using Gauss-Legendre
quadrature. The ff dynamic stiffness is computed using
reduced Gauss-Laguerre quadrature with two integration
points in the finite direction and a larger but limited number
of points in the infinite direction. This number varies with
frequency, as indicated elsewhere. '

Numerical solutions are computed for discrete values of
the dimensionless frequency

(12)

where a is the foundation characteristic dimension and Vs is
the shear wave velocity of the medium adjacent to the foun-
dation. For a typical load J, the error (discrepancy) &;, is
defined as

ag = aks = aw/Vg

max IC(ag) - € s(ap)!

IC,(0)

where C;(ag) and C,(ap) respectively are the exact and
approximate numerical complex values of the compliance
diagonal term, corresponding to load J. It is understood by
exact as the available solutions used for comparison. The
global error in compuling the foundation dynamic response
is defined as

(1 )}
€= (4 I-T;;H,M el]

A summary of errors for all the cases treated is shown in
Table 1.
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| Table 1. Compliance function errors for rigid foundations loaded harmonically.
RIGID PLATEON LAYER | RIGIDPLATEONLAYER | oo v ey

LOADING RIGID HEMISPUERE | RIGID PLATE QVER HALF-SPACE OVER RIGID BASE

DOF! | ERROR, % | DOF' | ERROR,% | DOF' ERROR, % DOF! ERROR,% | DOF' | ERROR, %
TORSIONAL 24 25 61 41 87 - 103 11.7 86 08
VERTICAL 44 87 137 13 179 6.5 208 - I 43
HORIZONTAL s nz 225 65 289 100 331 - 284 114
ROCKING 80 43 25 87 289 12.8 331 - 284 109
GLOBAL ERROR 19 69 10.1 1.7 8.3
Number of degrees of freedom.

5 NUMERICAL EXAMPLES

5.1 Rigid hemispherical body

The response of a rigid hemispherical body embedded in a
homogeneous, isotropic semi-infinite medium was obtained
for harmonic loadings. The nf is modeled by eight finite
elements and the ff by four infinite elements, as shown in
Figure 4a. The ffb is approximately located at one and one-
half hemisphere radii (Rg) away from the hemisphere origin.
The degree-of-freedomless nodes are located at a distance
R" from the hemisphere origin. Since the infinite element
shape functions, equation (7), depend on the global coordi-
nates, if R* varies, the shape functions vary. Hence, the
computed foundation response depends upon the location of
the degree-of-freedomliess nodes. Figure 3 shows the com-
pliance errors for different values of the infinite element
mapping ratio R"/Rg. The global crror is minimum at a ratio
R'/Rg around 2.25. Hence, this ratio was used for all the
cases treated. For a ratio of 2.25, the computed compliance
functions obtained are compared with other available solu-
tions' ' in Figures 4b-f. Despite the few degrees of free-
dom used for discretization, there is good agreement
between both sets of solutions.

5.2 Rigid circular plate

The response of a rigid circular plate on the surface of a
homogeneous, isotropic semi-infinite medium was obtained
for harmonic loadings. The nf is modeled by nineteen finite
elements and the ff by four infinite elements, as shown in
Figure 5a. The ffb is located at two plate radii away from
the plate origin. The computed compliance functions
obtained are compared with the corresponding exact solu-
tions'>! in Figures 5b-f. In this case the error shows simi-
lar behavior 1o that found previously when the ratio R"/Ro
varies. The minimum error is also found in the neighbor-
hood of 2.25. Table 2 shows the variations of the compli-
ance grrors with respect 1o R'/Rq for a few values of this
ratio.

5.3 Rigid circular plate on a single layer over a half-space

The response of a rigid circular plate on the surface of a
homogeneous, isotropic single layer resting over a2 homoge-
neous, isotropic semi-infinite medium was obtained for
harmonic loadings. The thickness of the layer is 0.2 times
the plate radius. The nf is modeled by twenty-four finite

elements and the ff by five infinite elements, as shown in
Figure 6a. The fib is approximately located between 2 and
2.2 plate radii away from the plate origin. The computed
compliance functions obtained are shown in Figures 6b-f,
where the exact solutions'” are also shown for comparison.
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Figure 3. Influence of the infinite element mapping ratio on
the response of a rigid foundation embedded in a semi-
infinite medium.

5.4 Rigid circular plate on a single layer over a rigid base

The response of a rigid circular plate on the surface of a
homogencous, isotropic single layer resting over a rigid base
was obtained for harmonic loadings. The thickness of the
layer is two plate radii. The nf is modeled by twenty-eight
finite elements and the ff by five infinite elements, as shown
in Figure 7a. The ffb is approximately located at two plate
radii away from the plate verical axis,
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mesh. (b-f) Compliance functions.

"
‘_‘ 3 . } A
i g
2o -
uuav S ‘g " 4’
ve "
g E
E
a o
¢ 8 o §
A
* . 2 ———
e -~ g e \‘\\N
~ ey d
// &
4//
DIMENSIONLESS FREQUENCY. a,,  aw V, DIMENSIONLESS FREQUENCY, &, awV,
{a) by €}
w0 "
) By Cpbain 3 . 3 Vo
? '(F 3 Lo
w1 \
v

HORIZONTAL COMPLIANCE
- -
*

ROCKING COMPUANCE. , . GaC,, tay

00
20 bt

DIMENSIONLESS FREQUENCY. &, & V,

(d)

DIMENSIONLESS FREQUENCY. &, aw V.

tel

o s aw

DIMENSIONLESS FREQUENCY. 3, 3wV,

[

Figure 5. Rigid circular plate on a homogencous, isotropic semi-infinite medium (v = 1/3). (a) Element mesh. (b-f) Compii-

ance functions.

1605



Table 2. Influence of the infinite element mapping ratio on
the response of a rigid plate on a semi-infinite medium.
ERROR, %
LOADING -
R'/R;=2.00 | R*/Rg=2.20 | R'IRy=2.25 | R'/Ry=2.30
TORSIONAL 42 34 4.1 54
VERTICAL 8.8 15 73 7.2
HORIZONTAL 79 6.9 6.7 8.8
ROCKING 8.9 9.4 8.7 10.4
GLOBAL ERROR 7.7 7.1 6.9 8.2
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Figure 6. Rigid circular plaie on a homogeneous, isotropic single layer, resting over a homogeneous, isotropic semi-infinite
medium (v = 1/4). (a) Element mesh. (b-f) Compliance functions. (The compliance functions for a rigid circular plate on a
homogeneous, isotropic semi-infinite medium are shown for reference.)

The computed compliance functions obtained are shown
in Figures 7b-f, where another solution,? available for the
torsional case, is also shown for comparison. Solutions for
zero frequency (the static case) are also found in the litera-
ture.231 In Table 3 they are compared with the computed
solutions obtained using the shape functions given by equa-
tions (8) and (9). In Figure 7c it may be obscrved that the
foundgtion vertical response presents a marked amplification
between the dimensionless frequencies ap= 1.5 and
ag=1.7. In addition, In Figures 7¢ and 7f it may be
observed that the foundation rocking response is severely
amplified in the neighborhood of ay = 2. 1. These amplifica-
tion peaks occur at two of the nf natural frequencies of
vibration: ap = 1. 687 and gy =2. 124,

5.5 Rigid cylinder embedded in a half-space
The response of a rigid cylinder embedded in a

homogeneous, isotropic semi-infinite medium was obtained
for harmonic loadings. The nf is modeled by twenty-five
finite elements and the ff by six infinite elements, as shown
in Figure 8a. The ffb is approximately located between 2
and V5 plate radii away from the cylinder origin. The com-
puted compliance functions obtained are shown in Figures
8b-f, where other available solutions'? are shown for com-
parison. For zero frequency, the torsional cylinder response
global error is only 1.3%, compared to the solution consid-
ered exact."”

5.6 General remarks

In spite of the few degrees of freedom used for discretization
it is observed that the computed numerical solutions are gen-
erally in good agreement with the solutions shown for com-
parison. Maximum discrepancies are below 13%, see Table
1
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Table 3. Compliance functions at zero frequency for a rigid plate on a single layer over a rigid base.
NORMALIZED COMPLIANCE
LOADING REFERENCE |5 ABLE SOLUTION | PRESENT METHOD | TRiOR. %
TORSIONAL Waas? 0.982 0.951 3.2
VERTICAL Poulos'® 0.613 0.598 24
HORIZONTAL Kausel® 0.800 0.883 10.4
ROCKING Kausel® 0.923 0.883 43
GLOBAL ERROR 6.0

The numerical solutions may be improved by refining the
discretization in the nf as well as in the ff. This approach is
not attempted herein since the main point to emphasize is
that reasonable numerical results may be obtained in the nf
by modeling the system with only few degrees of frecdom.

Due 10 the few degrees of freedom used to discretize the
Jf and due 10 the noncompatible shape functions used, the
Jf solution is poor. However, by transmitting outgoing elas-
tic waves, the infinite elements approximately model the
clastic ff, leading to satisfactory solutions in the nf for all
the cases considered.

6 CONCLUSIONS

A direct simple finite/infinite element technique for the anal-

ysis of dynamic soil-structure interaction has been presented.
The technique permits the analysis of unbounded problems
considering homogencous or layered media. The trcatment
of rigid bases may also be conducted. A family of axisym-
metric infinite clements has been defined to solve elastic
wave propagation problems in unbounded media. The infi-
nite elements approximately represent and incorporate the
elastic far field into the solution procedure. By transmitting
outgoing Rayleigh, shear and compressional waves, the ele-
ments carry energy away into the far field. By modeling the
far field with infinitc elements, this technique permits a sig-
nificant reduction in the size of the ncar field. Solutions
were carricd out with a small number of degrees of freedom,
which provided inexpensive answers and satisfactory accu-
racy.
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