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Estimation of deformation capacity of reinforced concrete columns failing

in flexure
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General Building Research Corporation, Japan

ABSTRACT: This study aims to derive the formulas for estimating the deformation capacity of
reinforced concrete columns subjected to flexure, shear and axial force with consideration

of the confining effect of transverse reinforcements.

Also, it is intended to clarify the

required transverse reinforcements in plastic hinge zones for ensuring the adequate deforma-

tion capacity.

1 INTRODUCTION

In seismic design of reinforced concrete
structures, it is important to ensure the
adequate ductility of columns which are sub-
Jected to high axial force at lower stories
in high-rise buildings. Recently, the
ductility of columns has been frequently re-
searched. The compressive ductility of col-
umns has been able to be estimated through
the formulas (see Sheikh et al. (1982), and
Mander et al. (1988)). Although the code
provisions have been proposed for ensuring
the ductility of columns subjected to flex-
ure, shear and axial force (see ACI code
(1983) and NZ code (1982)), the deformation
capacity of such columns can not be estimat-
ed by these code provisions.

This study aims to derive the formulas for
astimating the deformation capacity of
rectangular columns subjected to anti~sym-
metrical bending moment (flexure and shear)
and axial force with consideration of the
confining effect of transverse reinforce-
ments. Also, it is intended to clarify the
required transverse reinforcements in the
plastic hinge zones for ensuring the ade-
quate deformation capacity.

'

2 COMPRESSIVE STRAIN CAPACITY
OF CONFINED CONCRETE

2.1 Definition of confining coefficient

Sheikh and Uzumeri (1982) proposed the
formula to estimate the compressive strength
of confined concrete. In Sheikh’s formula,
the confining effect affected by many varia-
bles, such as the configuration of trans-
verse reinforcements, is taken into consid-
eration. Although the compressive strength

of the confined concrete can be accurately
estimated, Sheikh’s formula is complicated
with many variables to apply to practical
problenms.

In this study, that formula is modified,
as shown in equation (1). This equation is
derived with the assumptions that longitudi-
nal reinforcements are neglected and the
treatment of the configuration of transverse
reinforcements is simplified, i.e., (1) Pgec
= 0.85 feo be de, (2) oy = Owy, (3) cp =
be/ny, ¢éq = de/ng : the assumption of the
uniformed confinement (see Figure 1).

Se = foo/feo = 1 + Ko (1+8/2bc) (1+s/2d;)
x A (Pwc Owy)/fco (1)

where, Pocc : Axial strength of columns for
the section of core concrete
Sc=fee/foo: Confining coefficient
fee» feo: Compressive strength of
confined and plain concrete
Pwc = aw/(s be)
ay,, s : A set of sectional area and
spacing of transverse reinforcements
: Stress at ultimate capacity
of columns, and yield strength
of transverse reinforcements

Ow, Owy

¢ -
(ng = 8)— EE:—(nb 8
1 T
}} P o ;ff{ be, de @ Center-to-center
e ! distance of
¢d | ; ilde D perimeter hoops
T ; ; “| ng, nq : The number of
s _D.M‘J~L confined arcs
- formed by ties

at two sides
facing each other

== ]

Figure 1| Definition of sectional dimensions
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The coefficient K, in the equation (1) is
obtained through the above assumptions, as
shown in equation (2). Then, the values of
the coefficient K, are calculated for var-
ious types of transverse reinforcements
which are frequently used for the practical
design, as shown in Table 1. Also, these
values of K, express the confining effect by
the configuration of transverse reinforce-
ments.

Ee = a {1 ~ (mp cyp? + ng ca?)/(5.5 be ol

where, a = 8.59 x {F
(unit of oyy and foo : MPa )
= 268.9 x {§
(unit of and fgoo @ kgf/cm?)
B : Coefficients for replacing volu-

metric ratio by transverse reinforce-

ment ratio (pwc). For square colummns

with the configuration types 1 - 4,
= 2 (see Table 1).

2.2 Formulation of compressive
strain capacity of confined concrete

Relations between measured values of €y and
the confining coefficient are shown in
Figure 2. .These €,y were measured at the
position of the compressive reinforcements
in plastic hinge zones of columns subjected
to anti-symmetric bending moment and axial
force at the upper limit of the deformation
capacity, as shown in Figure 3. Also, this
deformation capacity is defined as the point
that shear force falls to 80% of the maximum
shear force. Therefore, the €,y is defined
as the compressive strain capacity of the
- confined concrete in plastic hinge zones.

Richart (1928) proposed the formula to
estimate the compressive strain €., at fcc
of concrete, as shown in equation (3).
Mander et al. (1988) used this formula to
estimate the compressive strain €;c of
reinforced concrete columns confined by
transverse reinforcements.

€ce = €go [ 1 +5 (5. - 1)] (3)

where, €. Compressive strain at f.o
of plain concrete

In this paper, the compressive strain
capacity of confined concrete ( €qy ) is
formulated as equation (4) similar to the
equation (3).

ch = Epu [ 1+5 (SC - 1)] (4)

where, €pu’ Compressive strain capacity
of plain concrete

€ cu is calculated by the equation (4)
through the assumption €p,= 3, 3.5, 4 x10-3,
as shown in Figure 2. en, by the comparl-

Table 1 The values of coefficient (E¢)

Configuration Type

1 3 4 61}
ny (ng) 2 (2) 4 (4) 8 (8) 10 (10) 6 (2)
Ec (:MPa) 3.32 7.76 g9.23 10.4 5.43
Kc (:kgf/cm?) 10.4 24.3 28.9  32.8 17.0
3.71 € h/D < 4.52 0.35 < py s 1.07 (%)
0.22 N/(fcoBD) £0.60 408 £ oyy < 1400 (MPa)
17.8 € £4, € 52.4 (MPa) 3.0 < pwowy 11.2 (MPa)
The Number of Specimens : 15

€y (x 1073)
°

30 n

4 x 10-3
3.5 x 103
3 x 10-3

€cu = €puy [ 1 + 5 (Sc -1)]

20

10

(Sc)ana.
0 1 1 1 L
1.0 1.25 1.5 1.75 2.0
Figure 2 Compressive strain capacity of

confined concrete
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son between exper1mental and calculated
results, it ‘is‘assumed that €p, = 4 x10~
Furthermore, these calculated results are
scarcely affected by the axial force level
and the amount of- transverse rexnforcements,
as shown in Figure 4.
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Figure 5 0, — € relations
of confined concrete

3 CURVATURE CAPACITY IN PLASTIC HINGE ZONES
3.1 Analysis by the fiber model

In this analysis, stress-strain relations of
core concrete are calculated by Popovics’s
formula (1973) similar to Mander et al.’s
analysis (1988). Although stress—strain
relations of cover concrete are also calcu-
lated by Popovics’s formula until its maxi-
mum strength, it is assumed that its stress
linearly falls to the spalling strain (esp =
3 €co) after its maximum strength (see
Figure 5). Furthermore, it is assumed that
stress-strain relations of reinforcements
are elastic-plastic type.

Also, it is defined that the fiber strain
of core concrete attains to €;. at the ulti-
mate strength of columns and attains to €¢y
at the upper limit of the curvature capacity
in plastic hinge zones.

Karatu et al.’s test specimens (1989) are
analyzed through these assumptions. These
specimens are reinforced concrete columns
using high strength steel for transverse
reinforcements, and subjected to anti-
symmetric bending moment and constant axial
force. One example of analytical results is
shown in Figure 6. In this figure, bending
moment, axial force and curvature are nor-
malized, as follows.

n = N/(fcc Acc)s n = M/(fcc Acc Jt)

M = Q h/2, N: Axial force, Q: Shear force

h : Clear height of columns

Acc=be do: Sectional area of core concrete

Jjt : Distance between longitudinal rein-
, forcements
D® : Average curvature, @ : Curvature

D : Depth of columns(= Measuring distance)

The measured values of the rotational
angle (8y) and the ultimate strength are
shown in Figure 6. These rotational angles
were measured by the measuring device at-
tached at hinge zones of the tested columns,
as shown in Figure 3. The analytical re-
sults of n - Db relations at the upper limit
of the curvature capacity and n - m rela-
tions at the ultimate strength adequately
agree with the measured values.

————— : at €gy| Fiber —0— ! ac = 0.25| Three
cweeecwn ot foo| Model ~— —-O—-- 1 ac =0.3 | Points
Model

n = N/(foc Age) N

9 (Dpax) test

Q
® : (By)test " 't
1200
P I
Proposed ) N
Formulas ?‘ 300
I3
7S ool f
— & d| 300
/‘",T_f,ﬁ-" o d|_ |

U T
40 20 0| »# 0.2 0.3 Specimen
D ®(x 1073) n = M/ (fee Ace dt) (unit : mm)

Figure 6 Analytical results of
n - D® interactions

n-m and

3.2 Analysis by the three points model

This analysis aims to derive the formula for
estimating the curvature capacity in plastic
hinge zones. The section of core concrete
is idealized into the three points model
(see Yamada and Kawamura (1974)), as shown
in Figure 7.1. Also, the followings are as-
sumed for the simplicity of the analysis.
(1) €oy 2 3 €co, (2) Stress-strain relations
of core concrete and reinforcements are

elastic-plastic type (see Figure 17.2),
(3) €gy = €co (€gy : Yield strength of
longitudinal reinforcements), (4) An in-

termediate portion of longitudinal rein-
forcements in the section of columns is
neglected.

n - m - j¢d relations in which each char-
acteristic point corresponds to the strain
state at the upper limit of the curvature
capacity are analytically obtained, as shown
in Figure 8.

n - m - DO relations at the above men-
tioned limit are calculated through this
analytical method for the same tested col-
umns in Figure 6. The calculated results in
which the ratio of sectional area (ag)
equals 0.25 or 0.3 are shown. Both analyti-
cal results of n - D& relations adequately
coincide with that by the fiber model,
respectively. Also, the analytical results
of n - m relations in the case of ap = 0.25
comparatively agree with that by the fiber
model. Therefore, it is assumed that a.
equals 0.25 in this study.

3.3 Formulation of curvature capacity

It is considered that the approximate curve
of n -ji® relations is obtained by connect-
ing the characteristic points No.l and No.4
(see Figures 6 and 8) analyzed by the three
points model, on the basis of the observa-
tion of the analytical results by the three
points model and the fiber model. Then, the
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€ (= €gy) n, m and jt® at compressive
ac (be de) ____‘l:or__ sy strain capacity in charac-
4321 1 teristic strain states
=%/ an (be de) L— n a
Jt/2
I_]hl jtz P e 1 = a/2 + (sit)e
Jt® 2 €cu
at T L - €co n ac + ap
€cu
R 1’ m Qc/z + (sut)c
Figure 7.1 The three points model St(‘:es :fa s:")m 3t 2 (€cy * €go)
of the section of columns cu co n a0 +a
c n
Og Ge Confined " 2 =m ac/2 + (sit)e
fee 4 4:1+ 2(snt)c Jt®  €cy * €0
Osy ¢ 172 n ac + ap + (spt)e
. co . 3 m [ae + (gpt)cl/2
| c i3 ach . 30 €cu
€sy €co €cu S
2€¢y / n 1+2 (sut)e
(a) Steel (b) Concrete = 2(spt)e
) . €cu-€co 4 m 0
Figure 7.2 Stress ~ Strain relations it®  €cu - €co

of steel and concrete

approximate curve is formulated as equation
(5) shown in Figure 6. Furthermore, all
longitudinal reinforcements are taken into
account in equation (5).

Jt ®u = {2(1+g
/{n(ecyt

u§c’ ac)€cy(ecy-1)}
1)+(1+gnge) (ecy-1)-2 ac e%g}
ecu = €cu/€co s shge = (ag/Acc) (osy/fce)
where, ag, ogy : Total sectional area and

yield strength of longitudinal
reinforcements

In the analysis by the three points model,
the curvature capacity infinitely increases
when the axial force level is smaller than
ae, as shown in Figure 6. Therefore, the
equilibrium for the compressive stress block
is considered for n < a;, as shown in Figure
9. Also, it is assumed that the neutral
axis corresponding to the compressive stress
block coincides with that calculated by the
three points model at n as. Then, the
curvature capacity for n < a; is obtained by
equation (6), as shown in Figure 6.

<

Jt Oy =20ac €y /n (6)

4 DEFORMATION CAPACITY OF COLUMNS

The yield condition on n - m interaction of
columns subjected to anti-symmetric bending
moment and axial force is obtained on the
basis of the three points model, as shown in
Figure 10. The failure modes of such col-
umns are classified into the following three
modes. (1) Flexural-tensile mode, (2)
Flexural-tensile-compressive mode, (3)
Flexural-compressive mode. Also, these
columns are idealized by the hinged model
which consists of the plastic hinge zones at
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n - m - jt® Interaction

(sit)e = (at/Acc) (0sy/fec) = snt/(Sc ke)
sbt = at agy/(Ac feo)
ke = Ace/Acs Age = be de,

Figure 8 n - m - jt® relations by the three
points model at compressive strain capacity

Ac =BD

Figure 9 Concrete stress block

both ends and the rigid portion at middle,
as shown in Figure 10. In this model, the
rotational capacity (6,) equals &, lp, where
1 length of plastic hinge zones. Then,
the deformation mechanisms of this model are
derived on the basis of the plastic flow
rule, as shown in Figure 10.

On the other hand, it is clarified that
the rotational capacities (8y) of the plas-
tic hinge zones nearly equal the deformation
capacities (R,) of tested columns regardless
of the axial force level, as shown in Fig-
ures 11 (a) and (b) (R, = 8y/h, &, : lateral
deformation capacity). These rotational
capacities were simultaneously measured at
the upper limit of the deformation capacity
by the same measuring devise which was used
for measuring the compressive strain capaci-
ties (see Figure 3).

Therefore, the deformation mechanisms of
tested columns are considered as the flexur-
al-tensile mode below the balancing axial
force and the flexural-compressive mode
above that. Consequently, it is able to be
assumed the following equation.

Ry = 8y = &y 1p (7



o () /—}-ﬁ) = 8,/(2 1))

4 € = 8jy/(2 1p)

Compressive
Yield
(¢) Flexural
-Compressive Mode

Yield Condition
on n - m Interaction

&n
R = AT
/A /2
. R P
Tensile N 8= @ @ 7
Yield e b - o2 "TlP/ 2
= R = 8(1 - 1p/h)

(b) Flexural-Tensile

(a) Flexural
~Compressive Mode

~Tensile Mode

Figure 10 Deformation mechanisms of columns
failed in flexture

Furthermore, the length of plastic hinge
zones is estimated by Yoshioka et al.’s

formula (1979). That is
lp = (n/D) (d/4) (8)
where, 3 < h/D <6

d : effective depth of columns

Then, the proposed formulas for estimat-
ing the deformation capacity of columns
failing in flexure are verified through the
comparison between calculated and experimen-
tal results, as shown in Figure 12.

These experiments were carried out in
Japan for 64 column specimens subjected to
anti-symmetric bending moment and axial
force. Also, transverse reinforcements of
these specimens were made of normal strength
steel(oyy = 278 - 521 MPa) and high strength
steel(cyy = 787 - 1410 MPa) with the various
types ofythe configuration. Furthermore,
the values of main parameters are shown in
Figure 12.

5 REQUIRED TRANSVERSE REINFORCEMENTS

Required transverse reinforcements in plas-
tic hinge zones for ensuring the adequate
deformation capacity can be obtained by the
proposed formulas with a series of repeated-
ly calculating procedure.

Then, the following four parameters are
investigated with regard to the required
transverse reinforcements of square columns.
The parameters are (1) the deformation
capacity, (2) the configuration of trans-

Ry (x 10~3rad.) The Number of Specimens : 18

100 7 i 4 Ry/8By
80t RN S S
£ s &
60 U Y ) N Sy - SO S
A 8

b 0.8 ——— ————— o
ae By

200 @ (x 1073rad.) . N/(feo B D)
1 1 i 1 J { FUB E— 1. S R

0 20 40 60 80 100 0 0.2 0.4 0.5

(a) Ry - 8, relations (b) Effect of N/(foBD)

Figure 11 Relations between rotational angle
and deflection angle

0.27 < py $ 1.75 (%)
8 S N/(£00BD) € 0.60 278 £ Oyy S 1410 (MPa)
8 S foo € 75.9 (MPa) 1.0 S DyOwy S 12.9 (MPa)

.0 $b/DSB.0
.0

7.

he Number of Specimens : 64

3
0
1
T
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O N A
HE®BM o °

(Ry) test Test/Cal.
(x 1073rad.) =2
100 s // é Test/Cal.
(o] / =1
/
75 - // e d //
9 s //O IﬁShear Failure at
}3 //. Center of Columns
50 b Po . A‘-‘Bond Splitting
5 ° f>/. Filure
A’ 7 Fracture of Transverse

25 e ey reinforcements

I
A T (Ry)ca1
v | N | (x 1073rad.)
0 25 50 75
Figure 12 Comparison between calculated

and experimental results

verse reinforcements, (3) the ratio of the
spacing of transverse reinforcements to the
depth of columns, (4) the compressive
strength of concrete.

Relations between the required transverse
reinforcements and these parameters are
shown in Figures 13 (a)-(d). From these
figures, it is able to obtain the required
amount of transverse reinforcements.

Also, these calculated results are com-~
pared with the required transverse rein-~
forcements by ACI and NZ code provisions in
the above mentioned figures. It is shown
that the required amount by NZ code corre-
sponds to that obtained by the proposed
formulas when the deformation capacity
equals 20 x 10~3 rad. through 30 x 10-3 rad.
under the conditions shown in Figure 13(a).
However, it is considered that the required
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amount by NZ code is not conservative for
high axial force level and poor confinement.

6 CONCLUSIONS

In this paper, the formulas for estimating
the deformation capacity of reinforced
concrete columns failing in flexure subject-
ed to anti-symmetric bending moment and
axial force are proposed. In these proposed
formulas, the confining effect by the var-
ious types of transverse reinforcements can
be taken into consideration. These formulas
are based on the flexural theories and the
plastic deformation mechanisms.

The deformation capacity estimated by
these proposed formulas is conservative
though good coincidence with experiments is
observed. Also, the required transverse
reinforcements in the plastic hinge zones
for ensuring the adequate deformation capac-
ity are clarified on the basis of the pro-
posed formulas.
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Figure 13 Required transverse reinforcements
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