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New method for time-domain analysis of dam-reservoir interaction
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ABSTRACT: When analyzing the nonlinear earthquake behaviour of a dam one has to work in the time
domain. On the other hand, the farfield solution of a reservoir with compressible water and the proper
radiation boundary condition can only be formulated in the frequency domain. Usual procedures for the
time domain, such as added mass or viscous boundaries, are inaccurate. Exact solutions using convolution

are computationally inefficient.

In this paper we present a new method for the dam-reservoir interaction which includes compressibility
of the water and a rigorous radiation boundary. The model works in the time domain and is obtained by an
approximation of the frequency-domain solution. It is both accurate and efficient which is shown by several
examples. Because the approximation has the same form as the finite element equations, the method is

elegantly incorporated in a finite element program.

1 INTRODUCTION

Much progress has been made in the past to-
wards more realistic earthquake analysis of concrete
gravity and arch dams. Chopra and his coworkers
(Chopra 1980, Fok 1985) have developed a theory
and computer programs for the dam-reservoir in-
teraction including compressibility of the water and
the proper radiation boundary condition. Other re-
searchers have worked on the nonlinear behaviour of
dams, such as cracking of concrete and opening of
joints (Dowling 1989, Hohberg 1992).
Dam-reservoir interaction with compressible wa-
ter has to be solved in the frequency domain and is
therefore only applicable to linear problems. Non-
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Figure 1: Dam-reservoir model

linear behaviour of the dam, on the other hand, has
to be solved in the time domain and the influence
of the reservoir is usually included by crude simpli-
fications such as the incompressible (added mass)
model or viscous boundaries (Kausel 1988). Rigor-
ous methods using convolution are computationally
inefficient and need a large memory.

In this paper we present a new method for the
dam-reservoir interaction which includes compress-
ibility of the water and a rigorous radiation bound-
ary but does not have the drawbacks of the com-
monly used procedures.

A typical model is shown in Figure 1. The three
main parts of the model are the concrete dam with
nonlinear joints, the irregular nearfield of the reser-
voir and an infinite channel for the farfield.

2 FINITE ELEMENT FORMULATION
FOR THE NEARFIELD

The dam and the nearfield of the reservoir are mod-
elled by standard finite elements. The dam is de-
scribed by an isotropic linear elastic continuum. The
fluid is assumed to be compressible, irrotational with
small velocity amplitudes and is governed by the
wave equation for the velocity potential ¢ as

Fhp=¢ (6]

where ¢ denotes the wave velocity of fluid. An
absorptive foundation is introduced through the



boundary condition

2 o=, ©
where ¢ is a parameter determining the amount of
energy absorption and #, is the prescribed normal
velocity at the reservoir bottom. For the finite ele-
ment formulation of the solid and the fluid we follow
Bathe (1985). For the coupling between the solid
and the fluid, interface elements are employed that
have displacements and velocity potential as degrees
of freedom. The system of equations for the coupled
model is symmetric.

In the following we only look at the fluid equa-
tions. To later include the farfield (infinte channel),
the fluid matrices are partitioned into the degrees of
freedom of the interior of the nearfield (subscript 1)
and the ones at the interface between the nearfield
and the farfield (subscript 2).
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The above equation is a compact form for the finite
element formulation with S;; = szM;,- +s5C;; + K;
for i,j = 1,2. Although the equations are formally
written in the Laplace domain, Equation (3) should
be viewed as shorthand for the time domain equa-
tions. To simplify notation the same symbols are
used for variables in the time domain and in the
frequency domain. The nodal velocities v; and v,
describe the input to the fluid system, analogously
to the forces for the solid system. Specifically v, de-
scribes the influence of the farfield to the nearfiled
of the fluid.

3 FARFIELD SOLUTION IN THE FRE-
QUENCY DOMAIN

The farfield solution of the fluid is first considered in
the frequency domain. Separation of variables and
discretizing the cross-section of the infinite channel
by finite elements yields for the nodal velocity po-
tential @ of the cross-section

(Kr+iwCr—w™)® = —k2A18+V; (4)

The damping matrix C; includes the reservoir bot-
tom absorption. k is the wave number. The matrix
A is a weighting matrix and is, for a constant wave
velocity, A; = ¢2Mj. The velocity term V; comes
in through the boundary integrals of the variational
form and represents the velocity boundary condition
at the interface between the infinite channel and the
foundation.

The total solution @ is obtained by superposition
of the response ®* due to an excitation normal to
the cross-section of the channel and the response ®?
due to an excitation in the plane of the cross-section.

®=2"+ 9" (5)
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For an upstream excitation, there is no velocity
input, i.e. Vi = 0 and Equation (4) is an eigenvalue
problem

(KI +1wCj —w2M1)\Il = AI‘I’k2 (6)

where now ¥ has been used to denote the matrix of
eigenvectors. They are orthogonal and normalized
to WA UT = I. The matrix k = diag(ik,,.. -yikg)
containes the stiffness of each mode. The sign has to
be chosen to satisfy the radiation condition, i.e. 7 <
argk < 2. Expressing the nodal velocity potential
as " = ¥y yields for the velocity

v, = —A;¥%knp = —AI‘I’k‘I’TAIQh (7)

For the vertical or the cross-stream direction, the
excitation is assumed to be uniform along the chan-
nel, i.e. independent of z. Then k; = 0 and Equation
(4) reduces to

(K; + iwC] - w2M1)<I>P = VI (8)

This problem is solved directly in the time domain.
With the nodal velocity potential ¢, = ® and con-
sidering Equations (5) and (7), the final relationship
is

V)= —A]‘I’k‘I’TAI(Q - ®%) = —G(s)(p, — ¥°)
9

Sofar the method is standard and has been widely
used for frequency-domain analysis of infinite do-
mains (Fok 1985).

The N x N matrix G(s) is frequency dependent.
The classical method to transform it to the time do-
main is to employ the Fourier transform. This leads
to the impulse function g(t¢) which in this case con-
sists of an N X N matrix for each of the Ny time
steps. This means that NrN? items have to stored.
Typical values for a dam-reservoir-interaction prob-
lem are N = 100 and Ny = 1000, leading to
an impuls respose matrix of 107 entries. The num-
ber of multiplications to perform the convolution is
N2NZ/2, typically 5-10°. The large number of en-
tries to be stored and of operations to be performed
makes it necessary to find a method that reduces
the computational effort drastically.

A first step in reducing the computational effort
of evaluating Equation (9) in the time domain is to
make use of the modal decomposition of the prob-
lem. If the bottom absorption is neglected and in
addition the wave velocity is the same for all ele-
ments then C; = 0 and A; = ¢?M/. In this case
Equation (6) reduces to

K; = A;U,A? (10)
with A? = k? 4+ w? /c*L. In this case the eigenvectors
are frequency independent. Each mode can therefore
be treated separately, reducing the impuls matrix to
N x Nr (typically 10*) entries or even less if only



a few modes are considered. This idea has been fol-
lowed by Tsai (1987).

Another idea to reduce the computational effort is
to use a subspace solution (Ritz vectors). We assume
that the frequency-dependent eigenvectors ¥ may
be expressed by the frequency-independent (basis)

vectors Wy as
¥ =¥, ¥ (11)

where the matrices ¥ and ¥, are N x N, but the
matrix ¥* is only Ny x Ny with N, the number
of modes considered. The basis ¥, is taken to be
the eigenvectors for w = 0. The eigenvalue problem
Equation (6) is reformulated as

(K3 +iwC; — M) = T°k?  (12)
with K7 = ¥IK;¥,, C; = ¥IC;¥, and Mj =
WIM¥,. The eigenvalue problem is thus reduced
to Ny x N, and has standard form. Only for w =
0 the full N x N generalized eigenvalue problem
(Equation 6) has to be solved. The stiffness of the
infinite domain is then

G(s) = ATk TTA, (13)

with k™ = ¥*k¥*T. Except for the case where the
eigenvectors are frequency independent, k*(s) is a
full matrix but much smaller than the original ma-
trix G(s). The impuls matrix for the subspace prob-
lem is Ny x Ny x N, typically 10° for N, = 10. If
the bottom absorption is only small, the off-diagonal
terms of k™ can be neglected as an approximation.

4 TIME DOMAIN APPROXIMATION

To really cut down on the computational ef-
fort, a new method is introduced. The frequency-
dependent stiffness k* is approximated by a linear
time-invariant system. This system is first written
in the standard form of linear system theory as

F(s)=k"-Dys=C(Is—A)'B+D  (14)
The term D;s = tw/cl has to be subtracted in or-
der to get a system with a regular high-frequency
behaviour (a proper system) and can be added later
simply as a dashpot. The formulation is very gen-
eral and allows to take advantage of many results of
linear system theory. After the approximation, the
results will be recast into the standard form of the
finite element formulation. Only a small number of
additional internal degrees of freedom result which
are appended to the finite element system of the
nearfield. »

The method consists of a number of steps which
are outlined in the following. Some more explana-
tions are given in Weber (1990) where the major
steps are illustrated for a scalar example.
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4.1 Bilinear Transformation

The method makes use of the Hankel matrix of
the system. As it is much easier to find the Han-
kel matrix of a discrete-time system than that of a
continuous-time system, Equation (14) is first trans-
formed to the discrete-time system
F(z)=C(Iz- A)'B+D (15)

The approximation for the discrete-time system is
later transformed back to the contiuous-time case.

The transformation from the continuous-time to
the discrete-time case and back is done by the bilin-
ear transformation

z—1

o _a+s
z+1

a—3

(16)
where s = iw and z = €. w and § are the frequen-
cies of the continuous-time and the discrete-time
system, respectively, and « is an arbitrary stretching
parameter. They are related by

w=atan}/2 (17)
The imaginary axis and the left half-plane of the s-
plane (continuous time) are transformed to the unit
circle and the unit disc of the z-plane (discrete time),
respectively. The discrete-time transfer function on
the unit circle is the same as the continuous-time
transfer function on the imaginary axis except for a
stretching according to Equation (17).

F(ia tan Q/2) = F(e?) (18)
A regular spacing of the discrete-time frequencies
Q as needed for the Fast Fourier Transform corre-
sponds to a favorable spacing of the continuous-time
frequencies w: dense for lower frequencies, sparse for
higher frequencies up to w = oo corresponding to
Q=nm.

4.2 Realization by Singular Value Decom-
position

The following procedure for approximating the
discrete-time system is described in Chen (1984).
The first step consists of finding the Hankel matrix.
For a discrete-time system, the entries of the Hankel
matrix are the valus f; of the impuls function, which
may be found by the Fast Fourier Transform.

fl fg fa ..
6 & £ -
H= £ £ - (19)

The Hankel matrix playes an important role in sys-
tem theory. The rank of H is knwon to be equal
to the minimal degree of the system (= dimension



of A). A numerically reliable procedure to find the
rank of a matrix is the singular value decomposition
(Golub 1986).

T b2 VI
H=UsV'=[1, U,}[ EZHVH

(20)
U and V are unitary matrices and ¥ is a diagonal
matrix containing the singluar values oy > g, >
<o > 0, 2 0p4q > -+ 2 0. The (numerical) rank r
of H is determined such that the o,y > -+ 2 0
are negligable. In practical examples the singular
values decrease rapidely and r is a small number.
The partitioning in Equation (20) is done such that
¥, = diag(o1,...,0,) containes the nonnegligable
and ¥, the negligable singular values. The Hankel
matrix is therefore

H=U,x, VT (21)

For the discrete-time system (A, B, B, D), the im-
puls function is

f = D
f, = CA*B

(22)

E>1 (23)

so the Hankel matrix may be expressed as the prod-
uct of the observability matrix W, and the control-
lability matrix W, as follows:

C
CA
H=W,W.=| ca? |[B AB A’B .|

(24)
Comparing this equation to Equation (21) one can
see that the observability and the controllability ma-
trices are given by

W,=U,5/*; w, =5}Vl  (25)

Due to the fact that U and V are unitary, the
pseudo-inverses are easily found to be

Wi =37"uT; wh=Vv,37?  (26)

We further need to form the shifted Hankel matrix
f, £

H=| & £

»::} =W, AW, (27)

from which the matrix A can be calculated as

A =WrHW? (28)
The matrices B and C are found by extracting
the submatrices from W, and W, respectively, ac-
cording to Equation (24). The matrix D finally is
equal to fo. The above procedure works equally well

for single-input, single-output systems as for multj-
input, multi-output systems. = =

The discrete-time system (A, B, B,D) may now
be transformed back to a continuous-time system
(Glover 1984).

A = a(I+AYHA-T) (29)
B = V2a(I+A)'B (30)
C = V2aC(I+A)™ (31)
D = D-CI+A)'B (32)

4.3 Second-order Symmetric System

It remains to transform the first-order system to a
second-order symmetric system. Although thisisnot
an essential step, it is convenient to have the sys-
tem obtained from the farfield approximation in the
same form as the finite element matrices.

By solving an eigenvalue problem, the matrix A
can be diagonalized (to be assumed) and, by prop-
erly scaling the transformation matrix, the first-
order system can be transformed to

F(s) =B™(sI-A)"'B+D (33)
This symmetric form is always possilble because the
system is input-output symmetric. Since the origi-
nal matrix A is real, the corresponding rows of B
are either real or they appear as complex conjugate

pairs. In partitioned form with index r for the real
values and index ¢ for the complex values we write

F(s) = BI(sI- A,)'B,
+BT(sI— A.)'B.+BI(sI-A,)"'B.+D (34)
This equation has to be transformed to a second-
order symmetric system of the general form
F(s)=(Bis + B2)"(Aos’+ Ass + A2)(Bis + Bo)
+D, (35)
The terms corresponding to real eigenvalues are al-
ready in this form. They correspond to a system
with stiffness and damping but no mass. However,
to not preclude explicit time integration, the form
with damping and mass but no stiffness is prefered.
Ag=-1I; A;=A,; A;=0 (36)
B;=(-A,)"'/?B,; B;=0 37)
D, =D -BTB, (38)
The minus sign in (—A,)~!/2 is necessary because for
a stable system the eigenvalues are negative. The ad-
ditional constant term in D, accounts for the high-
frequency behaviour.
Each pair of complex conjugate eigenvalues forms
a second-order system. With E = (A, — A)"1/’B,
the second-order matrices are
Ag=1; Aj=A.+A.; Ay=AA,
B,=E+E; B,=EA_ +EA,
D, =D - BB,

(39)
(40)
(41)
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All system matrices are real because they consist
of sums or products of complex conjugate pairs. The
additional constant term in D; accounts for the high
frequency-behaviour.

4.4 Stability and Causality

Important points of the approximation are stability
and causality. A system is stable if, for a bounded
input, the output is also bounded. For a discrete-
time system this means that all poles (eigenvalues
of A) must have an absolute value of less than one,
for a continuous-time system the poles must have
a negative real part. A system is causal if its im-
puls response is zero for negative times, meaning
that the present does not affect the past. For finite-
dimensional time-invariant systems (as is the ap-
proximation) the condition of zero impulse response
for negative times is equivalent to the stability con-
dition for the poles. If the original system is causal,
it can be expected that the approximation is also
causal and hence stable. However, small errors in
the approximation may introduce anti-causal (and
hence unstable) poles. They can be removed by ne-
glecting the corresponding terms in Equation (33).
It can be shown by Parseval’s theorem that this
does not increase the approximation error in the Eu-
clidean norm.

4.5 Coupling of Nearfield and Farfield
Equations

Again for compactness of notation Equation (13) is
written as

G(s)=RTST'R+Q (42)
with
R = (Bys+B,)¥lA; (43)
S = Ausz + A]_S + Az (44)
Q = A;¥(D;s+Dy)¥TA; (45)

The dashpot term Djys (see Equation 14) has been
reintroduced. The relationship between the velocity
and the velocity potential at the interface between
the nearfield and the farfield is then (see Equation 9)

Vg = "RTS_]R(‘P'I —97) - Q(p, — B%) (46)

Introducing the variable & = S™!R(¢p, — ®”) we

write
vs = —RT€ — Q(p, — &) (47)
and the identity
S¢ =R(p, - ®%) (48)
The matrix Equation (3) becomes
Su S12 $1 Vi
Sa Sn+Q RT || ¢ | =|Q® | (49)
R -S ¢ R®?
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This is the final form of the equations used in the
time integration procedure. Keeping in mind that
R, S and Q are matrix polynomials in s of at most
second degree, Equation (49) is seen to be of the
form Ms? + Cs + K which is really a compact nota-
tion for a system of second-order differential equa-
tions. The subspace approximation was essential be-
cause the frequency independet ¥, appears now in
the system instead if ¥(s).

5 EXAMPLES

The new method described in this paper has been
implemented in a computer program called DanaiD
(Dynamic Analysis of Infinte Domains).

As a first example the three-dimensional prob-
lem of a reservoir with semi-circular cross-section of
100 m radius is considered. The finite element dis-
cretization is shown in Figure 2. A small absorption

Figure 2: Semi-circular reservoir: Finite element dis-
cretization
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Figure 3: Semi-circular reservoir: Pressure due to
horizontal (upstream) excitation

at the reservoir bottom (g = 0.001 s/m) is included.
The dam is assumed to be rigid and subjected to an
upstream earthquake excitation with a peak ground
acceleation of 0.1 g. The subspace solution is taken
with 10 modes. For the approximation only the di-
agonal terms of k* are considered, leading to 23 in-
ternal degrees of freedom for the farfield. Figure 3
shows the pressure time history at 60 m depth. The
results match the analytical values (Szczesiak and
Weber 1992) perfectly.

The second example shows the same model sub-
jected to a vertical ground motion of 2/3 of the hor-
izontal one. Because a rigid dam is assumed, only



the two-dimensional problem of the cross-section for
& has to be solved. As seen in Figure 4 the match
of the approximation and the analytical solution is

again perfect.
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Figure 4: Semi-circular reservoir: Pressure due to
vertical excitation

The third example shows an interaction problem
with a flexible dam. The example is the Pine Flat
dam subjected to the Taft earthquake as described
in Chopra (1980). Figure 5 shows the finite element
model. The dam consists of 136 4-node solid ele-
ments. The reservoir nearfield is modelled by one
column of 16 fluid elements. The subspace solution
with 5 modes and diagonal approximation leads to
10 internal degrees of freedom, a small number com-
pared to the 338 degrees of freedom for the reservoir
nearfiled and the dam.

In Figure 6, the horizontal displacement of the
dam crest computed by the new method is compared
to the results given in the reference (EAGD).

Figure 5: Pine Flat: Finite element mesh
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Figure 6: Pine Flat: Horizontal displacement of dam
crest

6 CONCLUSIONS

A new method for treating a reservoir with com-
pressible water and a rigorous radiation boundary
condition in the time domain is presented. Contrary
o standard methods such as added mass or viscous
boundaries, the method is accurate and, contrary
to (accurate) convolution methods, it is also eff-
cient. The method is based on an approximation
of the frequency-domain solution by a linear time-
invariant system which has the same form as the fi-
nite element system. The method is thus suitable for
an earthquake analysis of a complete dam-reserevoir
model with nonlinear behaviour of the dam and the
nearfield reservoir. Various examples show the ap-
plicability and effectiveness of the method to large
dam-fluid models.
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