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ABSTRACT: A new response spectrum method is developed for seismic analysis of linear multi-degree-of-freedom,
mulliply-supported structures subjected to spatially varying ground motions. Variations of the ground motion due 10 wave
passage. loss of coherency with distance, and variation of local soil conditions are included. The method is based on fun-
damental principles of random vibration theory and properly accounts for the effects of correlation between the support

motions as well as between the modes-of the structure.

1 INTRODUCTION

Observations during rccent earthquakes, notably the Loma
Prieta earthquake of October 17, 1989, have clearly demon-
strated that seismic ground motions can vary significantly
over distances which are of the same order of magnitude as
the dimensions of some extended structures, such as bridges.
Three phenomena are responsible for these variations: (1)
the difference in the arrival times of seismic waves at differ-
ent stations, denoted herein as the "wave passage" effect; (2)
the loss of coherency of the motion due to reflections and
refractions of the waves in the heterogeneous medium of the
ground, as well as due to the difference in the manner of
superposition of waves arriving from an extended source at
various stations, denoted herein as the "incoherence effect”;
and (3) the difference in the local soil conditions at each sta-
tion and the manner in which they influence the amplitude
and frequency content of the bedrock motion, denoted herein
as the "local” effect. Recent analyses with array recordings
have shed light on the nature of these effects and their rela-
tive magnitudes (e.g.. Bolt et al. 1982, Harichandran and
Vanmarcke 1986. Abrahamson et al. 1991).

The cffect of differential support motions on the
response of extended structures has been of concern for a
long time and studies based on time history or random vibra-
tions analyses have been carried out (e.g.. Abdel-Ghaffar and
Rubin 1982, Zerva 1990). It is known that, under realistic
conditions, the differences in the support motions can signifi-
cantly influence the internal forces generated in the structure.
While in most cases the magnitudes of these forces are
reduced. there are situations where differential support
motions may actually result in larger intemnal forces. The
failure of several bridges during the Loma Prieta earthquake
has highlighted the need for a better understanding of this
phenomenon, and for the development of practical analysis
tools that can accurately account for its effects.

This paper, based on a report by the authors (Der
Kiureghian and Neuenhofer, 1991). describes a new response
spectrum method for seismic analysis of structures subjected
to multiple support excitations, which properly accounts for
the wave passage, incoherence, and local effects. The
method is based on the principles of random vibration theory
and is an extension of the well known CQC method (Der
Kiureghian 1981, 1991) to the case of multiple-support exci-
tations. The method is practical, since it employs informa-
tion that is normally available in seismic design applications,
i.e., peak ground displacements and response spectra at each
support degree of freedom, a rough estimate of the duration
of motion, and a coherency function. An example, demon-
strating an application of the method and characterizing the
influence of differential support motions on selected
responses of a structure, concludes the paper.

2 EQUATIONS OF MOTION

The equations of motion for a discretized. n-degree-of-
freedom linear System subjected to m support motions can be
written in the matrix form (Clough and Penzien 1975)

M M, |% C C.jx K K {ix |0
T LT T H oot =¢{_» (1

v ik SR SR
where X=[x.....x,]T is the n-vector of (total) displace-
ments at the unconstrained degrees of freedom;
u={uy.... Jitm]" is the m-vector of prescribed support dis-
placements: M, C and K are the n x n mass, damping and
stiffness matrices associated with the unconstrained degrees
of freedom, respectively; M,, C, and K, are the mXxm
matrices associated with the support degrees of freedom:
M.. C, and K, are the 2 x m coupling matrices associated
with both sets of degrees of freedom; and F is the m-vector
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of reacting forces at the support degrees of freedom. Both x
and u may contain translational as well as rotational compo-
nents.

Following conventional procedures, we decompose the
response into pseudo-static and dynamic components:

4 2

x=x’+x

where the pseudo-static component, x*. is the solution to Eq.
1 without the inertia and damping terms

¥=-K'K,u=Ru 3)

in which R=— K™ K, is denoted the influence matrix. Sub-
stituting Egs. 2 and 3 in Eq. 1, the dynamic component of the
response is obtained in the differential form

Mg+ Cx?+ Kx? == (MR+M,)ii—(CR+C.) 11
=—(MR+M,)ii 4)

The right-hand side is approximated by neglecting the damp-
ing forces, which are usually much smaller than the inertia
forces on the same side. The above reduction is exact when
the damping matrix is proportional to the stiffness matrix. It
is noted that M, =0 if a lumped mass model is used.

To formulate a response spectrum method, it is neces-
sary to employ the normal mode approach. Let & =
[¢) - #,). w; and ¢, i=1,---, n, denote the modal matrix,
natural frequencies and modal damping ratios of the struc-
ture with its support points fixed. Using the transformation
x! = @y, y = [y1.---.,]%, in Eq. 4 and employing the
orthogonality of the mode shapes (assuming classical damp-
ing). the decoupled equations of motion are

m
V2w yitoiy = kZI Brifig(r) i=1,---.n (5)

where the index & denotes the degrees of freedom associated
with the prescribed support motions, the subscript / denotes
the mode number, and Sy is the modal participation factor
given by

¢;r(Mrk + Mcik)

¢ Mg, ©

ﬁ’\'l ==
in which ry is the £-th column of R and i, is the k-th column
of an m x m identity matrix. It is convenient to define a nor-
malized modal response s;(r), representing the response of a
single-degree-of-freedom oscillator of unit mass, frequency
o; and damping {;. which is subjected to the base motion
e (r). From Eq. 5, sy(7) satisfies

" . 2 ..
St +28 @Sk + @i sy = i (1) 0]

Obviously. y,(1)= i Bui s1i(2)-
=1

A gencric response quantity of interest, z(r) (e.g.. a
nodal displacement. an internal force, stress or strain compo-
nent), in general can be expressed as a linear function of the
nodal displacements x, i.e..

(1) = q"x(2) = q" (X () +x7(1)] ®

where q is a response transfer vector that usually depends on
the geometry and stiffness properties of the structure. Sub-
stituting for the pseudo-static component of x from Eq. 3 and
for the dynamic component in terms of the normalized
modal responses, the generic response z(?) is

N=Y apup+ Y Y briski(r) ®
k=1 k=1i=1
in which
_.T -
a,=qr, k=1,....m (10)
bi=q"¢:P k=1l.....m; i=1,...,n (1)

are denoted effective influence factors and-effective modal
participation factors, respectively. It is useful to note that ag
and by; are functions only of the structural properties, and
that s4;(r) is dependent only on the i-th modal frequency and
damping ratio and the k-th input motion. The first sum on
the right-hand side of Eq. 9 represents the pseudo-static
component of the response and the double-sum term repre-
sents the dynamic component.

3 THE RESPONSE SPECTRUM METHOD

For the response spectrum method, we assume the following
information is available: the set of peak ground displace-
Ments iy max for all support points; the set of displacement
response spectra Di(w,{) (representing the mean peak
response of an oscillator of frequency » and damping ¢ to
the base acceleration ii,) for each support motion; an esti-
mate of the duration of motion 7; and the coherency function
yu(w) characterizing the spatial variability of the ground
motion in the region. The coherency function is defined as
the normalized cross power spectral -density (PSD) of the
ground acceleration processes at two stations £ and /, ie.,

Giyii) (@)
(Gigis (@) Giyay (@)

where G, (w) denotes the cross-PSD of processes x(r) and
y(r). Empirical models of the coherency function are avail-
able from array recordings (Harichandran and Vanmarcke
1986, Abrahamson et al. 1991). This function in general is
complex valued, with its modulus characterizing the incoher-
ence effect and the phase angle characterizing the wave pas-
sage effect. We note that the response spectrum for each
support degree of freedom can be different, thus allowing for
the local effects at each station.

The new response spectrum method is based on the
superposition rule in Eq. 9 and the fundamental principles of
stationary random vibration. The details of the derivation
are beyond the scope of this paper. It suffices to say that the
method is rigorously derived and properly accounts for the
cffects of incoherence, wave passage. local site conditions,
as well as the cormrelation between the mates of vibration of
the structure. The method wuins Gest wiien tie significant

12)

yulw) =

4758



segment of the excitation is quasi-stationary and it is several
times longer than the fundamental period of the structure.
The combination rule for the mean of the absolute maximum
response is given as follows:

E{max 1z(:)l] = kE 2 k8 Puju; Uk max Himax
=1 I=1
+2 Ex E; Ex @by Puysy; Uemax Dil@. £))
m m n n 17
+ 553 3 buby o1y, D) Di }as)
=1i=1i=1 j=

In this expression. the double sum represents the square of
the pseudo-static response, the quadruple sum represents the
square of the dynamic response. and the triple sum repre-
sents a coupling term between the pseudo-static and dynamic
responses that arises from the covariance between the two
components. All terms in this combination rule are readily
available, except the three cross-correlation coefficients
Puyip Pugsy; and Psyisy These coefficients incorporate the

effects of incoherence and wave passage, as well as the cor-
relation between the vibration modes. Interpretation of these
coefficients and their evaluation are described in the remain-
der of this section.

The three cross-correlation coefficients Pugup Puysy;
and ps,. s can be interpreted in terms of two oscillators of
frequencies @; and @; and damping ratios {; and ¢;, which
are subjected 1o the ground motions u,(¢) and u(t), respec-
tively (sce Fig. 1). Specifically, py;,, denotes the cross-

—e5,(t) 5
W; 0}1
G ¢ j
— —
Uk(t) Uy (t)
Figure 1.  Pair of oscillators

correlation between the two support displacements (at the
samie time instance). Pugsy; denotes the cross-correlation

coefficient between the displacement at support k£ and the
response of the oscillator at support /. and pg; sp denotes the
cross-correlation coefficient between the responses of the
two oscillators. Assuming stationary processes and using the
definition in Eq. 12, these coefficients can be written in terms
of the coherency function and the PSD’s of the individual
support accelerations as (see Der Kiureghian and Neuen-
hofer 1991)

[ 07 7t @)(Gi, ()G (1) 0
- (14)

7
i j oGy a, (@) J’w“Gm,(MdN}
|~ S |

| &7 H o)) G, (@G5, (@] dw
— w5

}. :‘:w"G,,-kgt{m)dm ‘j:iH,(w)@zG,,m(a)}du

j H{@)H (~0)ru(@)[Gyay (@G ()] de
w7 (16)

| 1H(@PG s, @) [ 1H @Gy, @)de

Psyisy =

in which H;(@)=[e?-e®+2if0;0]" are the modal fre-
quency response functions. It is seen that, in addition to the
coherency function, it is necessary to know the individual
PSD’s of ground acceleration at each support degree of free-
dom. It is quite well known, however, that the PSD of
ground acceleration is closely comnected to the response
spectrum and several approximate relations between the two
are available (e.g., Kaul 1978). In the present work, owing
to the need to develop the PSD for the entire range of fre-
quencies, a2 new formula is developed which, omitting the
subscript & for the support degree of freedom, is

P42 3
_3‘3___(54'.2 9_(_0_)_5_)] 020 (17

G = + —
(@) of+of\ 1 x7)| pil@)

in which p,(w) is a peak factor function, 7 is the duration of
the excitation, and p and @ are parameters determined such
that the area undemeath the PSD matches the mean square
ground acceleration. It is important to note that the coeffi-
cients in Egs. 14-16 are not overly sensitive to the shapes of
the individual PSD’s (due to the integrals involved), and
hence a rough estimate of the PSD is sufficient to make good
approximations of these coefficients.

Extensive numerical analysis has revealed the follow-
ing properties of the cross-correlation coefficients(see Der
Kiurcghian and Neuenhofer 1991) : (a) The cross-correlation
coefficient py,u, is generally large. especially for soft soil
conditions, and its contribution to the pseudo-static compo-
nent of the response cannot be neglected. (b) The cross-
correlation coefficient py, s is usually small, except for fre-
quencies below 0.5 Hz. The contribution of this coefficient
and, therefore, that of the cross term between the pseudo-
static and dynamic components of the response may be
neglected without a significant loss of accuracy if the
ﬁxndamerxtalfrequerxcyofﬂnesys:ernrsgmaﬁerthmabw&
0.5 Hz. (c) The cross-correlation coefficient Psysy depends

on the separation between the two frequencies and the soil
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conditions at the two stations. For firm soil and in absence
of the wave passage effect, the correlation is small for well
spaced frequencies (as long as they are not far from the
range of dominant input frequencies) and tends to further
decay with increasing incoherence. For soft soils, or in the
presence of the wave passage effect. the correlation coeffi-
cient can be significant even for well spaced modes if there
is not a strong incoherence effect.

4 EXAMPLE APPLICATION

As an example application of the new response spectrum
method. we consider the two-span continuous beam in Fig.
2. which has uniform mass and stiffness properties and sim-

El,m  tu M tuz
e V. u»v ey
1 ot 2 3

te——50.00 m-———ete——50.00 m—=

Figurc 2. Example structure

ple supports. The beam is discretized into 20 elements along
each L=50m span. The system is represented by 38 transla-
tional and_41 rotational degrees of freedom, and 3 transla-
tional support degrees of freedom (i.e., m=3). Since no

mass moments of inertia are associated with the rotational

degrees of freedom, the latter are condensed out and the sys-
tem analyzed has n=38 degrees of freedom. Only the first
four modes of vibration are considered in the analysis.

Two values of the fundamental period of the beam are
considered: T=1s and T=1/4s. These are obtained for
El/m=2.53% 10 and 40.5x10% m%/s%, respectively, where
EI denotes the flexural rigidity and m denotes the mass per
unit length of the beam. The resulting frequencies of the
first four modes are listed in Table 1. We refer to the two

Table 1. Modal Frequencies of Example Structures

‘w;, radfs .

mode  wheyible” beam  "stiff" beam
T 628 7513
2 9.82 39.30
3 25.13 100.57
4 31.80 12726

beams as the "flexible” and the "stiff" beam respectively.
The modal damping ratio is assumed to be 5 pereent in all
modes. - L

Five response quantities are considered for the analy-
sis: the mid-span deflections u; and u,, the bending moment
M at the middle support, and the shear forces V; and V, at
the faces of the middle support. Although the beam is sym-
metric, the two mid-span deflections and the shear forces on

“both sides of the middle support are considered, since differ-

ent results are obtained for these pairs of responses due to
the wave passage effect.

The motion at each support is assumed to be vertical
and specified by identical response spectra consistent with
the design spectrum recommended by the Structural Engi-
neering Association of California for figga =0.5g. The
coherency function is assumed to have the form (@) =
expl— (@ dy/v:)*] expiwdf/va,) suggested by Luco and
Wong (1986), where « is an incoherence factor, dy; denotes

. the horizontal distance between stations & and / and 4% is its

projection along the longitudinal direction of propagation of
waves, v, is the shear wave velocity of the medium, and Vapp
is the surface apparent wave velocity. It is noted that the first
exponential term characterizes the effect of incoherence,
whereas the second exponential term characterizes the wave
passage effect. Five different cases are considered: Case I:
Fully coherent (uniform) motions at all three supports, i.e.,
yu(iw)=1; Case 2: Only wave passage effect included (i..,
a=0) with vg,, =400 m/s; Case 3: Only incoherence effect

" included (i.e., Vgpp =00) With v;/a=600 m/s; Case 4: Both

wave passage and incoherence effects included with
Vapp =400 m/s and v /a=600m/s; and Case 5: Mutually
statistically independent support motions, i.e., yy(iw)=0 for
k=1. For cases 2 and 4, it is assumed that the waves propa-
gate in the direction from support 1 to support 3 and that
dh=dy. The results for the various cases are compared to
determine the relative influences of the wave passage and
incoherence effects, as well as to determine the conse-
quences of assuming uniform excitations (Case 1) or inde-
pendent excitations (Case 5), which are commonly assumed
in the current practice.

The normalized mean values of the peak responses are
listed in Table 2 for both the "flexible" and "stiff* beams,
respectively. The total response for each case, denoted z,
and representing the result obtained from the combination
rule in Eg. 13, is listed in the columns 3 and 8. Note that the
pair of values for the midspan displacement responses u; and
uy, and for the middle support shear forces V, and V, are
identical for Cases 1, 3 and 5 due to the symmetry of the
beam and the absence of the wave passage effect. In Cases 2
and 4, these pairs of responses are different, in spite of the
symmetry of the beam, due to the directionality of the wave
passage effect.

In columns 4 and 9 are listed the ratios of the total
response to the total response for Case 1. These ratios indi-
cate the influence of the spatial variability on each of the
response quantities. By comparing Cases 2 and 3, it is
apparent that the influence of the wave passage effect is
greater than that of the incoherence effect for both the "flexi-
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Table 2. Mean peak responses of example structures
response  case "flexible™ beam "stff” beam
zx 10 Z P sdfzt  ddfz? z 2/Trcaser  SSiZE s-djz? ddjz?
(1) (2) (3) (4] (5) (6) 7 (3) 8) (2] (10} an
1 7.86 1 0950 -0080 0.130| 763 1.000 1006 -0.006 0.001
2 7.85 Q.95R 0.948 -0090 0.142{ 762 0.998 1.006 -0.007 0.000
ad 3 7.80 Q.53 0960 -0080 0.120f 7.62 0.999 1.006 -0.007 0.001
L 4 7.78 0.%%0 0962 -009% 0.128{ 7.61 0.957 1.006 -0.007 0.001
5 6.36 0ROR 0.938 -0.088 0.150] 6.13 0.804 1.006 -0.008 0.001
1 7.86 I 0950 -0.080 0.130| 7.63 1.000 1.006 -0006 0.001
2 7.71 {.P8L 0.983 -0.069 008 7.62 0.998 1.006 -0.006 0.00!
i 3 7.80 0733 0.960 -0.080 0.120f 7.62 0.959 1.006 -0.007 0.001
L 4 7.73 (%83 0974 -0071 0097 761 0.997 1.006 -0.006 0.001
5 6.36 0.809 0938 -0.088 0.150| 6.13 0.804 1.006 -0.008 0.001
1 60.6 | 0 0 1 423 1 0 0 1
2 46.3 (.ned 0.001 0015 0984 3.60 0.853 0.138 0269 05%
LM 3 514 0.848 0.001 0.009 09% | 3.68 0.870 0.184 0.178 0.638
El 4 454 0.749 0.003 0022 0975| 434 1.027 0.361 0.198 0441
5 51.2 0845 0.302 0.066 0.632] 285 6.739 0.975 0.015 0010
1 238 I 0 0 1 16.7 1 0 0 1
2 212 (+891 0.000 0004 0996 119 0.714 0.013 0.108 0.880
L*V, 3 211 884 0.000 0.003 0997 134 0.802 0.014 0057 0929
B 4 198 »832 0.000 0.007 0993 136 0.817 0.037 0.088 0.875
5 180 ®I353 0.025 0.026 09549 31.7 1.902 0.787 0056 0.157
1 | 238 I 0 0 1 16.7 1 0 0 1
2 180 ®753 0.000 0.004 0956 12.7 0.764 0.011 0.088 0501
LV, 3 211 28Y 0.000 0.003 0997 134 0.802 0.014 0.057 0926
£ 4 | 181 D60 0000 0004 0995|136 0814 0037 0087 0876
5 180 0753 0.025 0.026 0949 31.7 1.902 0.787 0056 0.157
8 total value of the peak re:spunse
Zrcaset  lotal value of the peak response for Case 1
$§ square of the pseudo-siatic component of response
s-d cross term between psewaw-static and dynamic components of response
dd square of the dynamic conponent of response -

ble" and "stiff" beams (i.e., the ratios for Case 2 are smaller
than the corresponding ratios For Case 3), except for
responses #; and V) of the "flexible’ beam. For Case 4,
which includes both the wave passzge and the incoherence
effects, the combined influence in som- cases is smaller (i.e., -
the ratio is closer to 1.0) than in tthe individual cases just
mentioned. In fact, -for response & «f the "stiff" beam. the
ratio for Case 4 is greater than unity (i.e., the response is
amplified due to the spatial variabilitty@f the ground motion),
whereas in Cases 2 and 3 the ratigss are smaller than unity:
This is due to the elimination of «ertain negative cross-
correlation terms arising from the wiave passage effect by the
incoherence effect. All ratios for Cases 24 are smaller than
unity. except the case just mentioned, i ndicating that the spa-
tial variability tends to reduce the (ottal response for both sys-
tems. This reduction is insignificamt for responses u; and u;
(the midspan deflections), but rmtther significant for the
responses M. Vy and V,. The former is due to the domi-
nance of the pseudo-static component of the displacement
response as described below.

4761

As evident from the response M of the "stiff” beam in
Case 4, reduction in the response due to the spatial variabil-
ity effect is not a general rule. One may expect a large
pseudo-static response to be generated in a stff structure
when there is a rapid loss of coherency in the ground motion.
Such pseudo-static response may lead to a larger total
response compared with the response for uniform support
meotions (Case 1). This is evident for Case 5 with uncorre-
lated support motions, where the ratios for the responses M,
V) and V; are greater than unity for the "stiff” beam. Never-
theless, from the resylts in Table 2, one may conclude that
the effect of spatial vagability is more likely to reduce the
response (compared with the uniform motion case) than to
amplify it. ) — )

Columns 5-7 and 10-12 of Table 2 list ratios of the
three terms inside the square brackets in Eq. 13 with respect
to the square of the total response. They indicate the relative
contributions. of the pseudo-static part (the double-sum
term), the cross term between the pseudo-static and dynamic



parts (the triple-sum term), and the dynamic part (the
quadruple-sum term) to the square of the response. Note that
for Casc 1 the pseudo-static and cross terms are zero for the
intemal force responses M, V; and V,. since rigid body
motions of the beam do not generate internal forces.

From the results in the columns 5-7 and 10-12 of Table
2. the displacement responses ; and u, are found to be
dominated by the pseudo-static part, especially for the "stiff"
beam. It is interesting to note that for these responses the
cross term between the pseudo-static and dynamic parts is
negative. The bending moment, M, and shear force
responscs. V) and Vo, are primarily dominated by the
dynamic part of the response, except in Case 5 for the "stiff”
beam. The cross term between the pseudo-static and
dynamic parts for these responses is positive and in many
cases is greater than the contribution of the pseudo-static
component alone. However, in most cases the contribution
of the cross term can be neglected with little effect on the
total response.

The results for the above example show that the influ-
ence of spatial variability of the ground motion on the
response of a multiply-supported structure can be significant.
In the present case, this influence results in a reduction of the
peak response, in some instances by almost 30 percent.
However, this trend cannot be generalized since for stiffer
structures and in cases of rapid loss of coherence, the
response can be amplified due to the increased contribution
of the pseudo-static part of the response.

5 SUMMARY AND CONCLUSIONS

A new response spectrum method is developed for seismic
analysis of linear multi-degree-of-freedom. muldply-
supported structures subjected to spatially varying ground
motions. Variations of ground motion due to wave passage,
loss of coherency with distance, and variation of local soil
conditions are considered. The former two effects are mod-
eled in terms of a coherency function, whereas the local soil
effect is considered in terms of its influence on the response
spectral shape at each individual support point. The method
is based on fundamental principles of random vibration the-
ory and properly accounts for the effects of correlation
between the support motions as well as between the modal
responses of the structure. The combination rule explicitly
accounts for the contributions of the pseudo-static and
dynamic components of the response, as well as for their
covariance.

An example application is considered, which demon-
strates the influence of the spatial variability of the ground
motion on selected responses of the structure, and examines
the relative contributions of the pseudo-static, dynamic, and
their covariance terms to the total response. It is found that
in most cases the spatial variability tends to reduce the
response (in relation to the case with uniform support
motions), often by a significant amount (e.g., close to 30 per-
cent). However. this rule cannot be generalized since, under
certain conditions (i.e.. stiff structures and rapid loss of

coherency). the response may actually amplify due to an
increase in the pseudo-static component of the response.
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