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Dynamic uplift analysis of unanchored cylindrical tanks
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ABSTRACT: This paper presents an analysis procedure to study the dynamic uplift behavior of unanchored
cylindrical tanks subjected to horizontal ground acceleration. The analysis procedure is based on a Ritz-type
formulation with the fluid-tank system divided into substructure elements. The present formulation combines
the advantage of the traditional Ritz method with some of the accuracy and convergence characteristics of
the finite element formulation. Numerical results on the dynamic response of cylindrical tanks subjected to
recorded earthquake ground motions are presented. Comparison of the seismic response behavior of anchored

and unanchored tanks is also discussed.

1 INTRODUCTION

Cylindrical liquid storage tanks, particularly those
that are unanchored, are very vulnerable to seismic
damages. Studies of actual earthquake damages to
liquid storage tanks have indicated that many of the
tank damages were related to the uplift phenomenon.
An unanchored tank uplifts significantly at the edge
when subjected to horizontal base motion in response
to the hydrodynamic loads generated by the vibrat-
ing fluid, as shown in Fig. 1. This dynamic uplift is a
very complex nonlinear transient problem. Previous
analytical studies on the dynamic behavior of cylin-
drical tanks have focused mainly on the response of
anchored tanks (Haroun (1983), Veletsos and Yang
(1977), Balendra et al. (1982), Ma et al. (1982), and
Fischer (1979)), of which no separation of the tank
shell base from the foundation is considered. Ishida
and Kobayashi (1988) and Natsiavas and Babcock
(1988) have modeled the rocking uplift response of
unanchored tanks approximately by a nonlinear ro-
tational spring.

This paper presents a time history analysis proce-
dure to study the dynamic uplift behavior of unan-
chored cylindrical tanks subjected to horizontal line-
break ground motion. The analysis procedure is based
on a Ritz-type formulation of the fluid-tank system.
Putting the analysis procedure in the finite element
context, the uplifting cylindrical tank is divided into
substructure elements, each formulated by the Ritz
discretization. This analysis model can give the de-
tailed displacement and stress time history response
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at any specified location in the fluid-tank system.

2 SYSTEM CONSIDERED

The system considered in the present study is a ground
supported, flat bottom, open top, cylindrical steel
tank of radius R and height H,. The tank is par-
tially filled with liquid to a depth of H;. The bottom
plate has a constant thickness of k. The cylindrical
tank shell may have different course thicknesses, h,,
along the height. The liquid is assumed to be incom-
pressible, inviscid, and free at the top surface. The
fluid-tank system is described by a cylindrical coor-
dinate system (r,8,z), of which the origin is located
at the center of the tank base. The longitudinal axis
z is taken positive upwards.

The cylindrical tank is subjected to a horizontal
translational component of ground shaking 9,(t) along
the axis § = 0.

3 STATIC TILT TEST AND ANALYSIS

Because of the complexity involved in dynamic uplift,
the uplift mechanism has been studied experimen-
tally under the simpler static tilt condition (Clough
and Niwa (1979), Manos and Clough (1982), Sakai et
al.(1988)), in which the rigid platform supporting the
‘cylindrical tank is tilted up. Under this condition, an
overturning moment generated from the hydrostatic
‘pressure causes uplift of the tank bottom. The uplift
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Figure 1. Uplift deformation under lateral loads

mechanism involved in static tilt response is similar to
that in dynamic uplift during earthquakes. Lau and
Clough (1989) have studied the static tilt uplift be-
havior using derived Ritz shape functions. Analytical
results from those studies indicate that the uplifted
bottom plate has approximately a circular contact
pattern, as shown in Fig. 1(b). Further studies by
Lau and Zeng (1991) have developed an algorithm to
define a simplified set of Ritz shape functions which
are adapted here for nonlinear dynamic time history
analysis.

4 RITZ FORMULATIONS

A dynamic analysis procedure is developed based on
a Ritz-type approach. In the modeling of the flexible
unanchored tank, the following basic assumptions are
made:

1. The bottom plate uplifted region is modeled
by the nonlinear von Karman plate theory in which
the transverse flexural mechanism is coupled with the
inplane membrane mechanism.

2. The uplifting cylindrical tank is assumed to re-
main elastic throughout the duration of the ground
motion.

3. During dynamic response, the bottom plate con-
tact boundary is assumed to have a circular shape.

4. The support foundation is assumed to be rigid,
which implies that the transverse moment on the bot-
tom plate along the contact-uplift interface is zero.
This zero moment condition is the basis for the de-
termination of the contact -boundary position by it-
eration.

5. The lateral resultant force generated by the hy-
drodynamic pressure is resisted by friction distributed
uniformly over the contact area.

4.1 Ritz shape functions for bottom plate
The Ritz displacement shape functions for the up-

lifted substructure element is presented here. Due to
symmetry of the problem, it is sufficient to consider

5012

1[6=x g
-1 L
0 3
6=0
D 1 A
(a) uplifted region in (b) normalized
polar coordinates coordinates

Figure 2. Coordinate mapping of uplifted region

only half of the bottom plate in the analysis model.
The crescent shape uplifted region shown in Fig. 2 is
mapped into a curvilinear natural coordinate system
(é,7n) by linear mapping. In geometric coordinates, a
natural coordinate line £, such as lines DA and CB
in Fig. 2(a), varies along the radius of the bottom
plate, whereas the lines 1 are evenly spaced between
the inner contact-uplift interface and the outer base
rim boundary. The n axes thus vary approximately
in the tangential direction.

For convenience, the Ritz shape functions are de-
fined in the natural coordinate system by separation
of the two variables. A Ritz shape function has the
general form of

N(&n) = Ne(§)Ny(m) 1)
where N, gives the variation in the n direction, and
N in the radial direction.

First, the Ritz shapes for the vertical displacement
w are defined. Fig. 3(a) shows a typical variation of
the vertical uplift displacement around the base rim
obtained in a previous study on static tilt uplift. In
contrast to Fourier analysis which involves many high
order cosine terms, the function Ny in the present
formulation consists of only two terms: a constant
term and a cos 6 term modified by an offset parameter
Zg given as follows

{

where g(zo,7) =

w _ 1
M= cos [5(g(z00m) + )]

n

)

Zo 2 _ _
1 zg(" 1)-n

The modified cosine function together with the con-
stant term can closely approximate the uplift dis-
placement around the base rim, as shown in Fig. 3
by comparing the two curves. The magnitude of the
offset depends on the amount of uplift, and thus the
parameter zg is included as a degree of freedom in
the analysis.
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Figure 3. Modeling of displacement variation in tangential direction

For variation in the radial direction, the function
N¢ is given here by an infinite series of beam de-
ﬂectxon shapes 1/)1(5) ¥2(§), z/;a(f) . The first five
shapes in the series are shown in Flg. 4. As noted
in the figure, the first two shapes are the boundary
shapes, each having an unit displacement or rotation
at the base rim (¢ = 1). The other shapes in the
series are the interior shapes. Physically, these are
the deflection shapes of a fixed-end beam subjected
to transverse distributed loadings of increasing order.

Each combination of the above variations in ¢ and
7 is an independent Ritz shape, the unknown magni-
tude of which is the Ritz coefficient. Higher accuracy
of the solution can be obtained by using more Ritz
shapes in the analysis. For the analysis procedure
presented here, this may be interpreted as equivalent
to reducing the element mesh size in finite element
analysis.

The Ritz shape functions for the inplane displace-
ment components, u, and ug, can be obtained follow-
ing a similar approach. The variations in the radial
direction for the inplane shapes are shown in Fig. 5.
Similar as before, the first two terms are the linear
boundary shapes with unit displacement at one of
the two ¢ boundaries. The interior shapes are the
deformations of an axially loaded bar. For the ra-
dial inplane displacement u,, the normalized tangen-
tial variation N is the same as that of the vertical
Ritz shapes given in Eq. (2). But for the tangential
component ug, N,‘,’ has only one term, which is the
modified sine function obtained by replacing cosine
with sine in Eq. (2).

In the modeling of the bottom plate, the behavior
of the contact region substructure element can be ob-
tained from analytical solution because of the simple
geometry at its boundary. Displacement compatibil-
ity is maintained at the contact-uplift interface.

4.2 Formulation of tank shell

The cylindrical tank shell is modeled using Fligge
linear thin shell theory (Fligge 1973). Exact ana-
lytical displacement shapes, compatible with those of
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Figure 5. Function N, for inplane Ritz shapes (uplifted region)

the bottom plate at the base rim connection, are de-
rived. In order to minimize the number of degrees of
freedom involved in nonlinear dynamic time history
analysis, all the degrees of freedom at the top rim of
the tank shell are statically condensed out, leaving
only those at the base rim common with the bottom
plate. The stiffening effects of the wind girder at the
roof and other ring girders along the tank height are
also considered in the formulation. Details of the tank
shell formulation has been given by Lau and Clough
(1989). This previous formulation has been extended
to include varible tank shell thickness in the present
study.

5 DYNAMIC EQUATION OF MOTION

Using the Ritz shape functions defined above and
applying the virtual work principle, an equation of
motion for the fluid-tank system can be obtained as
follows

My + Co + Kv = p(t) — Mriy(t) 3)
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where v is the vector of the Ritz coefficients; M, C
and K are the mass, damping, and stiffness matri-
ces of the cylindrical tank respectively; #,(t) is the
input horizontal ground acceleration; and r is the
pseudostatic influence vector. The pressure loading
vector p(t) from the liquid is the sum of the hydro-
dynamic and hydrostatic pressure. For the hydrody-
namic component, the effect of the tank shell flexi-
bility and bottom plate uplift on the magnitude and
distribution of the dynamic loading are considered.
The hydrodynamic pressure is given as the sum of
three separate components obtained by solving ana-
lytically a velocity potential Laplace’s equation.

Since the uplift response of an unanchored tank is
nonlinear, the equation of motion for the fluid-tank
system is solved in the incremental form given as fol-
lows

MA% + CAd + KAv = Ap (4)

‘where Ap = (Pdn+1 = Pan) — Mr(Dg,n41 — Ug,n)

The symbol A denotes the increment of a response
quantity from time t, to t,4+1, and ps, denotes the
hydrodynamic loading vector at time ¢,.

The hydrodynamic pressure acting on the tank sur-
face depends on the deformation and uplift of the
tank system, which are in turn modified by the hydro-
dynamic loading. Consequently, it can be shown that
‘the term (Pa,n+1 — Pan) i8 given in terms of ¥, which
can then be modeled as added masses to the system.
An effective mass matrix M, can be obtained.

In nonlinear time history analysis, the incremental
equation of motion given by Eq. (4) is typically solved
by step-by-step integration. In the present formula-
tion, the matrix incremental equation of motion for
the MDOF fluid-tank system is first reduced to a gen-
eralized SDOF system by a generalized Ritz shape.
The generalized Ritz shape ¥ employed is the de-
formation of the tank system obtained by applying
the dynamic loads on the right hand side of Eq. (3)
as static load on the tank system. Upon this reduc-
tion of degree of freedom, the generalized incremental
equation of motion can be written as

AY + 2 EAY + wAY = AP*; v=0Y  (5)

where w*? (YTM,0)/(YTK W)
AP YT MrAd,

In Eq. (5), Y is the generalized Ritz parameter, and

w* is the pseudo natural circular frequency of the up-
lifting fluid-tank system.

6 TIME HISTORY ANALYSIS PROCEDURE

Due to the coupling of the hydrodynamic pressure
with deformation of the tank system, the generalized
Ritz shape obtained at the end of a time step, in gen-
eral, will not correspond to the dynamic loading at
that instant. Therefore an iterative procedure within
each time step is necessary to obtain the proper gen-
eralized shape. The iterative time history analysis
procedure consists of the following operations:

1. Starting with the converged results at the end
of the previous time step t,, determine the displace-
ment, velocity and acceleration at the next time step
tn+1-

2. Determine the generalized Ritz shape ¥, at
time t, as the deformation due to dynamic loading
at time t, (Eq. 3) applied as static load.

3. Derive the generalized SDOF incremental equa-
tion of motion (Eq. 5) using ¥,. This incremental
equation is then solved by time step integration us-
ing average acceleration method.

4. From the response at time t,4; obtained in step
3, define an average acceleration as ¥ = (B, + 01, )/2-

5. Evaluate the dynamic loading corresponding to
B, which is then applied as a static load to obtain a
new generalized Ritz shape ‘IIS"_)H

6. Check the convergence of the generalized Ritz
shape for the current time step against a specified
tolerance

TIMICH)

e o (6)
T MEtH)

If the generalized Ritz shape has converged, go to
step 1 and take At = 0.1T* as the time interval for
the next time step. Otherwise, go back to step 3 and
iterate until convergence.

7 NUMERICAL EXAMPLES

Numerical results of time history analyses of a broad
1/3 scale welded aluminum model tank, as shown in
Fig. 6, are presented. This model tank had been
tested on the shaking table at Berkeley by Manos and
Clough (1982). The fluid-tank system is assumed to
have a damping value 2% of the critical. The ac-
celeration input is the north-south acceleration com-
ponent recorded in the 1940 El Centro earthquake
(Fig. 7).

For all three displacement components in the time
history analysis, only the first three radial terms, two
boundary and one interior shape, are included. The
entire fluid-tank system is modeled by only 15 degrees
of freedom in the present formulation. Higher accu-
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Figure 6. Configuration of an unanchored tank

0.6 El Centro N-S comp., max. 0.5 g

3 4 5 6 7 8 9 10
time (second)

0o 1 2

Figure 7. Earthquake acceleration input

racy can be obtained by including more Ritz shapes
“in the analysis, but this is found to be unnecessary.

First, dynamic response of the model tank under
the unanchored support condition is presented. Figs. 8
and 9 show the time history of the lateral resultant
force and overturning moment normalized by the to-
tal weight, Fy and My, at the base of the vibrating
system. Fig. 10 shows the time history of the base
rim uplift at the excitation axis. As noted from the
figure, the vertical uplift has a maximum about §
times that of the plate thickness. This maximum up-
lift occurs not at the time of peak acceleration, bu at
a later time when oscillation of the sloshing wave has
built up, as evident in Figs. 8 and 9.

Time history of the axial membrane stress at a
point on the cylindrical shell is given in Fig. 11. It
is observed that the unanchored tank shell experi-
ences spikes of high compressive axial stress on one
side during uplift of the opposite side. The circumfer-
ential distribution of the tank shell axial membrane
stress at a horizontal section near the base at the time
of maximum is presented in Fig. 12. It is noted that
the compressive stress is concentrated on the contact
side of the excitation axis. The top rim out-of-round
deformations at selected time intervals are plotted in
Fig. 13.

For comparison, time history responses of the model
tank under the anchored condition are also presented.
The time histories of Fy and M, shown in Figs. 14
and 15 for the anchored tank are similar to those
of the unanchored case. As noted in Fig. 16, the
anchored tank experiences smaller axial membrane
stress, which is closely in phase with the overturning
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Figure 11. Axial stress of unanchored tank(25.4 mm above base)
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Figurel2. Axial stress at horizontal section at 4.273 second

moment than a similar unanchored tank. There is no
out-of-round deformation in any horizontal section.
The cosf type circumferential distribution of axial
membrane stress is plotted in Fig. 12.
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Figure 14. Normalized lateral resultant force of anchored tank

8 CONCLUSIONS

A time history analysis procedure has been developed
to evaluate the nonlinear dynamic uplift response of
unanchored cylindrical liquid storage tanks with flex-
ible bottom. The analysis procedure is based on a
substructuring approach, with each substructure ele-
-ment modeled by Ritz discretization. The efficiency
of the procedure is demonstrated by the numerical
example presented. Higher accuracy of the solution
can be obtained by using more Ritz shapes from an
infinite series in the analysis. Detailed displacement
and stress time histories at any point in the fluid-
tank system can be obtained. The analysis model
may be employed to study the seismic performance
of cylindrical tanks, particularly the dynamic buck-
ling failures observed in many previous earthquakes,
which may lead to improvement in seismic resistant
‘design of these structures.
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