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Free vibrations of submerged floating cylindrical shells

T.Mikami & J. Yoshimura
Hokkaido University, Sapporo, Japan

ABSTRACT: The free vibrations of an elastically or rigidly point-supported circular cylindrical shell in a
fluid medium are studied theoretically. The fluid is assumed to be inviscid and incompressible. The Ritz
method is applied to the prediction of the natural frequencies. The spatial variations of the shell deflection

are written in a series of appropriate beam functions.

or a rigidly-supported shell, the solution is obtained

using the Ritz procedure in conjunction with Lagrange multipliers.

1. INTRODUCTION

This paper presents an analysis of the free vibration
of a submerged floating cylindrical shell elastically of
rigidly supported at several points.

n the case of very deep straits, conventional
bridges and tunnels are expensive. This has lead
to the development of alternative concepts for strait
crossings. The most significant concept at the time
being is the submerged floating shell. The submerged
floating shell represents a new type of marine con-
struction. By its length and slenderness it raises
technological challenges, especially regarding hydro-
dynamic loads and s ell-fluid interaction. The dy-
namic behaviour is of particular importance, since
this determines the safety of the shells as well as the
comfort of the travellers. However, little informa-
tion can be found in the literature on the behaviour
of such shells subjected to environmental effects like
earthquakes and sea waves.

The natural frequency of a vibratory system is per-
haps the first item of interest in dynamic analysis.
The objectives of this paper are: gl) To present a
simple and effective solution procedure for the free
vibration analysis; and (2) to study the frequenc
characteristic of a point—supported cylindrical shell
in an infinite fluid medium.

For the purpose of this study, the solution is ob-
tained using the Ritz procedure in conjunction with
Lagrange multipliers.

A series of the product of the deflection functions
of beam and the trigonometric functions of circum-
ferential coordinates are used as the deflection dis-
lacements of the shell-fluid interaction probelm.
he common “added mass” approach to account for
effect of surrounding fluid is used (see Baron and
Skalak(1962)). The strain energy of the supports is
taken into account for an elastically point—supported
shell, while the Lagrange multipliers are introduced
for expressing the unknown reaction forces at the
supports for a rigidly point-supported shell.

2. METHOD OF ANALYSIS

The submerged floating shell under consideration is
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Figure 1. Elastically point-supported cylindrical
shgll in fluid medium.

shown in Figure 1. The shell is of uniform thick-
ness h, radius a and length £, made of homogeneous,
isotropic material with an elasticity modulus £, Pois-
son’s ratio v and shell density p,. The radial, circum-
ferential, and axial coordinates are denoted r, 8, and
z, respectively, and the corresponding displacement
components of a point on the shell middle surface
are denoted by w, v, and u, respectively. The fluid
is assumed to be incompressible and inviscid and the
fluid motion irrotational so that the flow can be de-
scribed by a velocity potential, ¢, which satisfies the
Laplace equation.

2.1 Energy expressions

In the Ritz method it is essential to obtain expres-
sions for the strain energy U and the kinetic energy

Based on the strain—displacement relations derived
by Novozhilov (1970), the expression for the strain
energy may be written in terms of modal displace-
ments and their derivatives

l 27
_ 2 2, 2
U = K/O/o [ + (vo + w)*/a
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where the subscripts following a comma indicate dif-
ferentiation, K'=FEh(1—v?)= the extensional rigidity,
and e=(h/a)?/12. The constants (k;, ks, k,) are the
stiffness of the point supports in the (z,8,r) coor-
dinate directions, and (z,,8,) are the coordinates of
the point supports.

The kinetic energy T of the shell, including the
effect of interaction with surrounding fluid, can be
written as

_ p,h/‘ o222
T = 2 0/0 (v + v} + w?)adfdz
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where py is the mass density of fluid, n is the outward
normal vector, and S is the surface of the shell. The
second term on the right hand-side of equation (2)
can be evaluated from the expression of the veloc-
ity potential function, ¢, which satisfies the Laplace
equation and the appropriate boundary condition
(i-e. @rlr=a = w,) at the fluid—shell interface. After
some algebraic manipulations, the velocity potential
function can be expressed as

$ = Z S Ku(ina/f)sin(irz /L) -
«{A;n cosnf + Bip, sinnf) (3)

where K,( ) is the modified Bessel function of the
order n of the second kind. The integration constants
for cosine(sine} components of the shell motion are
‘given by

2
) = el
./ol/:x Sin(jﬂ-z/l)u}mn’cdadl' (4)

where K} ( ) is the derivative of the modified Bessel
function.

2.2 Derivation of frequency equation

Because of the nature of the Ritz energy procedure,
it is not necessary to enforce the natural boundary
conditions. A general relation for the displacements
in any mode can be written in the following form for
any n

M N
u = 33 X(z)(amn cosnd

+ay,, sinnf)sin wt

M N

v = 3.9 Yu(z)(bmncosnf
+&7,, sin nf) sin wit (5)
M N

w = E}: Zm(2)(Cran cos nf

. .
+c;.n sinnf) sin wi

where w is a natural frequency of vibration, X, ¥,,
and 7, are axial mode functions corresponding to
axial, circumferential, and radial displacements, re-
spectively. The a,.,, etc. are the unknown coeffi-
cients.

For the free vibration of elastically supported shell,
the variational functional can be expressed as

L = Unezr = Trmas (6)

where U,,,., and T},,,, are the maximum of the strain
energy and the kinetic energy, respectively. After in-
serting equations (5) into equations (1) and (2), the
Ritz method requires the minimization of the func-
tional L which is accomplished by setting

8L/dam, = 0,0L/0a;,, =0
0L/ 8bmn 0,8L/8b}, =0 (7)
8L/dcpmn = 0,0L/0c;,, =0

Equations (7) are simulataneous, linear, algebraic

equations in the unknowns ama,al,,, etc. The fre-
quency equation can be written in the form:

(1K) - (M) + [DMD}Ha} = {0}  (®)

where [Ks] is the elastic stiffness matrix obtained
from Upgz, and [Ms] and [DM] are the consistent
mass and added mass matrices obtained froma Tinaz.
The vector {d} is defined in the following form:

{d} = {amm s by by Conmy C:nn}T (9)

Equation (8) represents an eigenvalue problem. For
a non—trivial solution, the determinant of the coefh-
cient matrix is set equal to zero.

For the free vibration of rigidly point-supported
shell, the solution is obtained by minimizing tie vari-
ational functional

s
L = Uma: - Tma.t - Z{/\,U(.’B,, 68)

+Bsv(z,, 05) + v,w(z,,8,)} (10)

where the A, 8, v are Lagrange multipliers. These La-
grange multipiiers are related to the unknown forces
at the point supports. Omitting the strain energy of
the supports appearing equation (1) and minizization
with respect to @, -, ¢}, leads to an expression

similar to equation (8) as follows:

(- A {a ) = o} an

where {6} is the 3S—dimensional vector whose ele-
ments are the Lagrange multipliers, ),, §,,v,. Mini-
mization of equation (10) with respect to A,, §,, and
%, leads to the following equation:

(K. {d} = {0} (12)
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When equation(11) is solved for {d} and the result
is substituted into equation(12), we obtain the fre-
quency equation of rigidly point-supported cylindri-
cal shell, i.e.

[S){s} = {0} (13)

where
i8] = [&)" [ -] (K] )

The coefficients of matrix [.S"I'[ are the transcendental
function of the frequency. The necessary and suffi-
cient condition for equation (13) to have a nontrival
solution is

D =|[[s()]] =0 (15)

The frequencies are characteristic roots of this deter-
minant, However, in the numerical calculation the
cigenvalues can only be determined as parameters
that attain minima of the value of the determinant
D as a function of the frequency w.

3. NUMERICAL EXAMPLES

In this section application of the method detailed
above is made to cylindrical shell elastically or rigidly
supported at symmetrically located four points as
shown in Figure 1.

The symmetrical and antisymmetrical modes with
respect to the planes of symmetry are described by a
symbolism. Tge S and A modes are referred as the
symmetrical and antsymmetrical vibrations with re-
spect to a plane of symmetry passin%.l through the
meridional axis, respectively, while the S’ and A’
modes are referred as the symmetrical and antisym-
metrical vibrations with respect to the central plane
perpendicular to the meridional axis.

The results presented in this section are defined in
terms of a frequency parameter §2 given by

Q = w\/p,ha®/K (16)

It is convenient to introduce the followinlg nondi-
mensionalized parameters: h*=h/a; £*=£/a; and
(kz, k3, k2)=(a/ K £) (kz, ke, k+ ), where an asterisk su-

erscript denotes a nondimensional parameter. Un-
Fess otherwise stated, the following shell properties
were used: v=0.3; £'=3; k1=0; kj=k;=0.1; =90°;
b=2/3, where b(= B/f) and a denote the axial dis-
tance and angle between axially and circumferen-
tially located two supports, respectively.

3.1 Convergence

The convergence of the proposed method depends on
the number of terms (M x N) in the polynomial se-
ries for the displacements, as well as, the number of
terlms I in the series expansion of the velocity poten-
tial.

Figure 2 shows a convergence study for various
modes. Calculations were performed by using /=12
and by varying (M x N). The convergence of the
solutions is reasonable even with a relatively small
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Figure 2. Convergence of natural frequency .

number of terms (M x N). For M >5 and N >10
ood convergence characteristics are achieved. Sim-
ilar studies Fnot shown here) were made for various
values of I (say I >10) and the results converged
rapidly on steady values. All the following results

l}ave2t erefore been calculated with M=6, N=13 and
=12.

3.2 Frequency characteristic

For a elastically point-supported shell, the effect of
the stiffness parameter k; = k} on the freqencies is
shown in Figure 3. The results obtained for a rigidl
point-supported shell, which are denoted by smaﬁ
solid circles, are also presented in the figure at the
right. As can be seen ?rom Figure 3, the frequencies
monotonically increase with tﬁe increase in %' = k7,
and when k; = k7 >1, the frequencies for the two
shells become almost the same.

The effect of the angle o on the frequencies is illus-
trated in Figure 4. for a elastically point~supported
shell. The effect of the angle is more pronounced for
the AS'—, AA’—, SA’=2 and SS'—2 modes. The
frequencies of both the S5’ — 1 and SA'~1 modes
are 1monotonically increasing with the increase of the
angle.

he effect of the thickness-to-radius ratio h* on
the frequencies is presented in Figure 5, for a elasti-
cally point—-supported shell. As expected, an increase
in the parameter h* will result in an increase in the
natural frequencies of the shell.
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Figure 3. Varaiation of natural frequency £ with
stiffness ky=k;.

3.3 Added mass factor
From the authors’ past work (see Mikami and

Yoshimura '(1990)), it can be shown that the fre-
uency of the flmd-shell system is equal to that of

the shell in air whose density has been replaced by
I
P=Ps+tpa (17)
where
pa = ps(a/h)C (18)

where p, is the added mass of a fluid-shell system,
and depends on the fluid density, radins-to-thickness
ratio, etc. C is the added mass factor.

The effect of variation in the three parameters
k;(=k}), o and h* on the added mass factor C are
depicted in Figures 6,7 and 8, for the first four modes
of a elastically point—supported shell.

A The following observations can be made from these
ures:

g1. For values of kj(=k;) <0.1, the added mass
factor, C, gradually increases as kj(=k}) increases.
However, for larger values of kj(=k?), C is almost
constant and is the range between about 0.25 to 0.30.

2. The added mass factor C is almost independent
of the angle o; C is about 0.2 to 0.3.

3. The added mass factor C is highly dependent
on the thickness—to-radius ratio h*, especially for
smaller values of h*. Its value ramains almost same
except for the S5~ mode.

4. CONCLUDING REMARKS

A simple numerical procedure based on the Ritz
method is developed herein for the free vibration
analysis of an elastically point-supported cylindri-
cal shell in an fluid medium. Furthermore, the Ritz
procedure in conjunction with Lagrange multipliers
1s presented to study the free vibrations of a rididly
point-supported shell. The Lagrange multipliers are
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Fligure 4. Variation of natural frequency Q with an-
gle o.
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Figure 5. Variation of natural frequency Q0 with
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Figure 7. Variation of added mass factor C with
angle a.
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Figure 8. Variation of added mass factor C with
‘thickness-to~radius ratio (h/a).

used to express the unknown raction forces at the

su’}Eﬁorts.

- The natural frequencies of vibration are calculated
numerically, and the effects of shell geometric and
stiffness parameters on the frequency characteristic
are investigated. Finally, The added mass factor
which is useful for a better understanding of the vi-
bration characteristic is also calculated numerically.

REFERENCES

“Baron, M.L. & R. Skalak 1962. Free vibration of
ft;id filled cylindrical shells. Proc. of ASCE 88:
17-43.

- Mikami,T. & J.Yoshimura 1990. Formulas for de-

¢ termination of fundamental periods of cantilever
cylindrical shells in contact with liquid. J. of
Struct. Engng., JSCE 36A: 645-653.

i. Novozhilov, V.V. 1970. Thin shell theory. Wolters—~
Noordhoff

5029






