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SUMMARY 
 

In this paper we propose a design method for active seismic isolation control taking account of actuator 
saturation. By using a hyperbolic tangential function that is differentiable to controller output, we 
formulate the linear parameter varying system according to the controller output and design a gain-
scheduled controller. By carrying out simulations and experiments of seismic excitation, our proposed 
gain-scheduled controller is compared with an H∞ fixed controller or a sliding mode controller. It is 
verified that the proposed controller maintains performance of isolation even if a large earthquake with 
which the actuator saturation occurs comes, although the other controllers lower the performance than 
uncontrolled case. 
 

INTRODUCTION 
 

Seismic isolation techniques have attracted Japanese citizen's attention as the technique for the structural 
design of building-like structures after Hanshin-Awaji earthquake. While not only passive vibration 
isolation equipments using passive dampers but also a semi-active vibration isolation equipment (Santo 
and Yoshida, 2002) have been practical use (Yoshida, 2001), active vibration isolation control methods 
(Nishimura and Kojima, 1998, Nishimura and Kojima 1999) have been studied. 
 
The control system designed by using an ordinary linear control method such as Linear Quadratic 
Gaussian or ∞H  control theory may lower the performance if input saturation occurs. In order to 
overcome this saturation problem many researchers have studied. Jabbari and Kim have proposed a 
technique that reduces the computational burden of the linear matrix inequalities (LMIs) for the cases 
where several actuators are used, and have applied it to the issue of the actuator saturation for a six story 
building. It has been shown that although the relative displacement between the base and the first story 
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was suppressed, the first story acceleration became the same response as uncontrolled case (Kim and 
Jabbari, 2002, Nguyen, Jabbari and Miguel, 1998). Santo, Watanabe and Yoshida have shown the design 
method of a sliding mode (SM) controller for the active vibration isolation system. They have proposed 
the method of the gain adjustment between the linear control and the nonlinear control in order to 
overcome the actuator saturation (Santo, Watanabe and Yoshida, 1999, 2000). We have already proposed 
the design method of a gain-scheduled (GS) control system considering the actuator constraint by using a 
hyperbolic tangential function as a saturation function (Nishimura and Oie, 2000, Nishimura and 
Shimodaira, 2002). The differentiable function has advantage from the viewpoint of less excitation of 
vibration modes than the undifferentiable function such as a saturated function, when the control input is 
saturated. 
 
In this paper we introduce scheduling of an active vibration isolation controller based on the reference 
(Nishimura and Shimodaira, 2002). By formulating the input saturation as a hyperbolic tangential function 
we obtain the linear parameter varying (LPV) system according to the control input that the controller 
needs. The GS controller is designed using the LMIs (Gahinet, Nemirovski, Laub and Chilali, 1995) so 
that the nominal performance of suppression on acceleration response is held against larger earthquakes as 
much as possible. The controller uses acceleration of the lowest story only as a feedback signal and is 
implemented to the experimental setup of a four-degree-of-freedom structure. A voice-coil motor is used 
as an actuator and the limitation of the actuator is given. Real-time discritization of the controller is 
realized by Padé approximation in every sampling time (Takagi and Nishimura, 1999, Itagaki and 
Nishimura, 2002). Five representative earthquakes data are used by adjusting their amplitude for our 
experimental setup. By carrying out simulations and experiments it is verified that performance of the 
proposed GS controller is superior in comparison with an H∞ fixed controller or an SM controller. 
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(Voice-coil motor) 
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AC servomotor for shaking table 

Primary structure 

Fig. 1 Experimental setup 



MODELLING OF CONTROLLED STRUCTURE 
 

Figure 1 shows a four-degree-of-freedom structure with an active vibration isolation device used as an 
experimental setup in our laboratory. An acceleration sensor is put on the lowest story for a feedback 
signal. The active isolator is installed in isolation layer and consists of a voice-coil motor, a linear slide 
bearing and a connecting rod. The primary structure is put on the shaking table that can be driven by an 
AC servomotor. Figure 2 shows a dynamical model of Fig. 1. Table 1 shows specifications of the 
dynamical model.  
 
In this study we assume that thrust of the voice-coil motor has saturation at a constant value of 

N.5.0=α  We describe the limitation of the input to the system by the following hyperbolic tangential 
function of the controller output u:
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The hyperbolic tangential function as a 
saturation function is indicated by the solid line 
in Fig. 3 (a). Using the state vector:  
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we have the following state equation of the full-
order model neglecting the actuator constraint: 
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Both the first story acceleration of the primary 

structure zx &&&& +1  and the relative displacement 

12 xx −  between the first story and the second 

story are controlled output and the output 

equation is 
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Furthermore, by using the balanced realization 

method the following reduced-order model for 

the controller design is obtained truncating the 

third and the fourth modes from Eq. (2), (3) 

 Parameter Value  

 Mass m1 
m2 
m3 
m4 

1.61 kg 
1.38 kg 
1.38 kg 
1.30 kg 

 

 Spring k1 
k2 
ki ( i = 3, 4 ) 

2050 N/m 
2250 N/m 
2550 N/m 

 

 Damping c1 
c2 
ci  

3.278 Ns/m 
0.278 Ns/m 
0.078 Ns/m 

 

Table 1 Parameters of experimental setup 

Fig. 2 Dynamical model of controlled object 
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The state equation including Eq. (1) can be rewritten as follows: 
 

( )
( ) ,)(

,)(  

uupDzDxCy

uupBzBxAx

rurzrrr

rurzrrr

++=
++=
&&

&&&

       (5) 

( ) uuup /)/tanh()( αα= .        (6) 

 

It is worth noting that ruB  and ruD  in the LPV system obtained change in accordance with the 

scheduling parameter )(up  as shown in Fig. 3 (b). 

 

Since the LMIs based GS control (Gahinet, Nemirovski, Laub and Chilali, 1995) requires the condition 

that the elements of the control input matrix are constant and the elements of the transfer matrix are zero, 

we respectively add the low-pass filters )(1 sF  and )(2 sF  to the input of the plant and the output of the 

plant, as shown in Fig. 4. The low-pass filters )(1 sF  and )(2 sF  are chosen as follows: 

Fig. 3 Saturation function and scheduling parameter 

(b) Scheduling parameter p (a) Saturation function 

Fig. 4 Structure of LPV system Pa(p) 
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The augmented system )( pPa  is obtained as follows: 

 

[ ] .

,)(  

zDCxyyy

uBzBxpAx

rz
T

pxpap

pur

&&

&&&

+==

++=
       (8) 

 
Furthermore, )( pA  can be described as an affine dependence on scheduling parameter p. Equation (8) 

can be formulated as follows: 

 

purp uBzBxpAAx +++= &&& )(  0 .       (9) 

 

Thus, we can obtain the linear time-invariant (LTI) controllers that correspond to the vertexes of the 

parameter box. The GS controller )( pK  corresponding to a point in the box is given as the convex 

interpolation of the vertex LTI controllers. We restrain the controller output u  in the range from 1.5−  

to 1.5 N, and the scheduling parameter p varies in the range ]1,3/)3[tanh(∈p . The gain diagram of 

ppa uy /  and ppx uy /  are shown in Figs. 5 (a) and (b), respectively. 

Fig. 5 Gain diagram of LTI vertex systems Pa(pmax) and Pa(pmin) 

(b) ppx u/y  (a) ppa u/y  

Fig. 6 Generalized plant (p)Gzw  
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DESIGN OF GAIN-SCHEDULED 
CONTROLLER 

 
By applying the LMIs based GS control (Gahinet, 
Nemirovski, Laub and Chilali, 1995), we design 
the controller for the LPV system )( pPa  
obtained so as to guarantee that the ∞H  norm of 

zwG  is less than a certain value as follows: 

,γ<∞zwG                            (10) 

where 
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The generalized plant for controller design is 

shown in Fig. 6, where 1w  is the disturbance 

input z&& , pay  is the observed variables, and 1z , 

21z  and 22z  are the controlled variables. The 

additive perturbation d∆  is considered through 

the transfer function from 2w  to 1z  by the 

weighting function .TW In order to isolate 

vibration from the base, we set not only the 

weighting function 1sW for the first story 

acceleration zx &&&& +1  but also 2sW  for the relative 

displacement )(12 pxyxx =−  between the first 

story and the second story (Nishimura and Kojima, 

1998). NW  is the parameter for the observation 

noise. The gain diagram of the additive error and 

the weighting functions is shown in Fig. 7.  

 
The obtained LTI vertex controllers )( maxpK  and 

)( minpK  are shown in Fig. 8. )( maxpK  and 
)( minpK  is respectively corresponding to the 

maximum value maxp  and the minimum value 

minp  of the scheduling parameter .p  Also, the 
frequency band of the low-pass filters )(1 sF  and 

)(2 sF  used to formulate the LPV system )( pPa  
is sufficiently wide that we have removed )(1 sF  and ).(2 sF  Figure 9 shows the frequency response 
function zzx &&&&&& /)( 1 +  of the closed-loop system using LTI vertex controllers )( maxpK  and ).( minpK  

Fig. 8 Gain diagram of LTI vertex controllers
K(pmax) and K(pmin) 

Fig. 9 Frequency responses of closed-loop system 

using LTI vertex controllers K(pmax) and K(pmin) 

Fig. 7 Gain diagram of additive error and

weighting functions 
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From Figs. 8 and 9 we can see that the vertex controller )( maxpK  intends to mainly suppress the first 
mode vibration. On the contrary, the vertex controller )( minpK  increases the gain of the frequency 
response in the frequency range of the second mode and decreases that of the first mode. The GS 
controller is given by convex interpolation as follows: 
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This controller varies in accordance with the scheduling parameter .p  Real-time discritization of the GS 
controller is realized by Padé approximation in every sampling time of 2ms (Takagi and Nishimura, 1999, 
Itagaki and Nishimura, 2002). 
 
For both the H∞ fixed controller and the SM controller, the input to the system assumed to be constrained 
by using the standard saturation function indicated by the broken line in Fig. 3 (a). The H∞ fixed controller 
is designed for the reduced model of Eq. (4). The SM controller is designed for the full-order model of Eq. 
(2), (3) because it is difficult to take spillover phenomena due to truncated modes into account. The state 
variables used as feedback signals of the SM controller are estimated by a Kalman filter. 
 

RESULTS OF SIMULATION AND EXPERIMENT 
 
Responses to Level 1 earthquake 
We assume Level 1 earthquake whose amplitude is adjusted so that the actuator saturation does not occur. 
Figures 10 (a) and (b) respectively show the first story acceleration response zx &&&& +1  and the control input 

su  of the GS controller to Level 1 seismic wave of the Hanshin-Awaji earthquake. The solid lines and the 
broken lines indicate the responses of the experimental results and those of the simulation results, 
respectively. It is seen that the experimental results are good agreement with the simulation results.  

Table 2 Amplitude multiplier (Level 1) 

Hanshin-Awaji Hachinohe Taft El Centro Northridge 

31035.2 −×  3100.9 −×  21068.1 −×  31064.8 −×  3100.7 −×  

Fig. 10 Time history responses against Hanshin-Awaji earthquake (Level 1) by GS controller 

(a) zx &&&& +1  (b) su  
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Table 3 Ratio of 1st story acceleration r.m.s. value against earthquake (Level 1) 

 Hanshin-Awaji Hachinohe Taft El Centro Northridge 

GS controller 17.19 25.77 14.45 18.11 26.94 

H
∞
 fixed controller 18.69 26.95 14.34 18.47 24.69 

SM controller 16.97 25.46 14.39 17.23 27.02 

Without control (mm/s2) 100.0 (32.67) 100.0 (16.01) 100.0 (43.76) 100.0 (35.22) 100.0 (25.50) 

 
 
 

Table 4 Ratio of 4th story acceleration r.m.s. value against earthquake (Level 1) 

 Hanshin-Awaji Hachinohe Taft El Centro Northridge 

GS controller 15.58 25.46 13.20 13.74 28.62 

H
∞
 fixed controller 15.80 23.17 12.79 13.71 26.99 

SM controller 15.22 23.37 12.38 12.81 28.40 

Without control (mm/s2) 100.0 (75.91) 100.0 (37.56) 100.0 (105.6) 100.0 (82.00) 100.0 (53.97) 
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Fig. 11 Ratio of maximum accelerations against earthquake (Level 2-1) 

(a) Hanshin-Awaji earthquake (b) Hachinohe earthquake  (c) Taft earthquake 

(d) El Centro earthquake (e) Northridge earthquake 
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Fig. 13 Time history responses against
Hanshin-Awaji earthquake (Level 2-1)
by SM controller 

(b) zx &&&& +1  

(d) u  

(a) zx &&&& +4  

(c) su  

Fig. 12 Time history responses against 
Hanshin-Awaji earthquake (Level 2-1)
by GS controller 
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Table 2 shows the amplitude multiplier that is multiplied by the actual earthquake data in Level 1 
earthquake case. Table 3 and 4 respectively show the ratio of the root mean square (r.m.s.) value of the 
first story acceleration and the fourth story acceleration with control to that without control obtained in 
simulation results. The GS controller hardly varies because the change of the scheduling parameter p  is 
very small in Level 1 earthquake case. The GS controller, the ∞H  fixed controller and the SM controller 
are designed so as to have the same performance. 
 
Responses to Level 2 earthquake 
We assume Level 2-1 earthquake whose amplitude is multiplied by 2.0 for Level 1 earthquake. Figures 11 
(a), (b), (c), (d) and (e) respectively show the ratio of the maximum acceleration against Level 2-1 
earthquake to that without control obtained in simulation results. The solid lines, the dash-dotted lines and 
the broken lines indicate the GS controller, the ∞H  fixed controller and the SM controller, respectively. 
It is seen from Fig. 11 that the GS controller maintains the good control performance, while the ∞H  
fixed controller lowers the control performance. From Figs. 11 (a), (b) and (c), we can see that both the 
GS controller and the SM controller have same good performance. Since the SM controller has robustness 
due to satisfaction of matching condition (Santo, Watanabe and Yoshida, 1999, 2000), the SM controller 
hardly saturates. In case of El Centro earthquake and Northridge earthquake, however, the first story 
acceleration of the SM controller becomes worse than that of the ∞H  fixed controller as shown in Figs. 
11 (d) and (e). 
 
 

Fig. 14 Ratio of maximum accelerations against earthquake (Level 2-2) 

(a) Hanshin-Awaji earthquake (b) Hachinohe earthquake  (c) Taft earthquake 

(d) El Centro earthquake (e) Northridge earthquake 
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Figure 12 and 13 respectively show the simulation 
results of the GS controller and the SM controller 

against Hanshin-Awaji earthquake of Level 2-1. 

Figures 12, 13 (a), (b), (c) and (d) respectively show 
the fourth story acceleration zx &&&& +4 , the first story 

acceleration zx &&&& +1  , the control input su  and the 
controller output u . It is seen from Figs. 12, 13 (a) 

and (b) that both the GS controller and the SM 
controller have the same good performance against 

the Hanshin-Awaji earthquake of Level 2-1. Since 
the GS controller uses the hyperbolic tangential 

function as the saturation function, the control input 

is smaller than the limitation 5.0± N as shown in 
Fig. 12 (c) even when the controller output exceeds 

the limitation as shown in (d). As the control input 
becomes near the limitation 5.0± N, the scheduling 

parameter p reduces, and the GS controller varies 
according to the scheduling parameter p as shown in 

Fig. 8 and Eq. (12). On the contrary, the control 
input of the SM controller whose gain between the 

linear control and the nonlinear control is 

appropriately adjusted hardly saturates as shown in 
Figs. 12 (c) and (d) (Santo, Watanabe and Yoshida, 

1999, 2000). 
 

We assume Level 2-2 earthquake whose amplitude 
is multiplied by 2.5 for Level 1 earthquake. Figures 

14 (a), (b), (c), (d) and (e) respectively show the 
ratio of the maximum accelerations against Level 2-

2 earthquake to that without control obtained in 

simulation results. The solid lines, the dash-dotted 
lines and the broken lines indicate the GS controller, 

the ∞H  fixed controller and the SM controller, 
respectively. It is seen that the GS controller 

proposed maintains performance of vibration 
isolation against even the Level 2-2 earthquake as 

shown in Figs. 14 (a) to (e). In case of Hachinohe 
earthquake and El Centro earthquake, the maximum 

value of the first story acceleration by the ∞H  

fixed controller becomes worse than that without 
control as shown in Figs. 14 (b) and (d). In case of 

El Centro earthquake and Northridge earthquake,  

Fig. 15 Time history responses against
Hanshin-Awaji earthquake (Level 2-2)
by GS controller 
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Fig. 16 Time history responses against 
Hanshin-Awaji earthquake (Level 2-2)
by H∞ fixed controller 
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Fig. 17 Time history responses against 
Hanshin-Awaji earthquake (Level 2-2)
by SM controller 
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the maximum value of the first story acceleration by the SM controller becomes worse than that without 
control as shown in Figs. 14 (d) and (e).  
 
Figures 15, 16 and 17 respectively show the experimental results of the GS controller, the ∞H  fixed 
controller and the SM controller against Hanshin-Awaji earthquake (Level 2-2). Figs 15, 16, 17 (a), (b), 
(c) and (d) respectively show the fourth story acceleration zx &&&& +4 , the first story acceleration zx &&&& +1  , the 
control input su  and the controller output u . The dotted lines indicate responses without control. It is 
seen from Figs. 15 (a) and (b) that the GS controller holds reduction of the first story acceleration and the 
fourth story acceleration by 57 % and 32 %, respectively, at the maximum value even when actuator 
saturation occurs. From Figs. 16 and 17, it is seen that the ∞H  fixed controller and the SM controller 
remarkably lower the control performance by the actuator saturation. Especially, the first story 
acceleration response becomes worse than that without control at about 2.5 s. Furthermore, in case of the 

∞H  fixed controller the spillover phenomenon due to truncated modes occurs by the actuator saturation. 
 

CONCLUSIONS 
 
In order to overcome actuator saturation problem in active vibration isolation of a multi-degree-of-
freedom structure, we designed a gain-scheduled controller in accordance with a scheduling parameter 
considering the control input. The obtained gain-scheduled controller was compared with both an ∞H  
fixed controller and an SM controller in simulations and experiments for a four-degree-of-freedom 
structure. As a result, it is verified that the GS controller was superior to other control methods in case of 
five representative earthquakes with which saturation phenomena of the actuator occur. 
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