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A SSIMPLIFIED EQUATION TO APPROXIMATE NATURAL PERIOD
OF LAYERED GROUND ON THE ELASTIC BEDROCK
FOR SEISMIC DESIGN OF STRUCTURES

Sumio SAWADA!

SUMMARY

It is important to estimate a natural period of local soil deposit for the seismic design of buildings and
infrastructures. Several simplified equations have been used to approximate the natural period of |ayered
ground in practice. However, it is known that these equations sometimes give inadequate val ues, because
these equations deal with the layered ground on arigid bedrock. In addition, some of these equations are
not based on physics, but are derived through statistical studies. We propose a new simplified equation to
approximate natural period of layered ground on the elastic bedrock based on Reflection / Transmission
Coefficient method.

INTRODUCTION

The earthquake ground motion is evaluated for designing important structures such as buildings and
infrastructures. The natural period of local soil deposit is an essential parameter to estimate loca site
effects on ground motions.

For example, the natural period is widely used for the site classification. Soil conditions at the site are
categorized into three groups in “Earthquake Resistant Design Standard for Bridges in Japan’[1]. The
first group is called as “bedrock site” whose natural period Ty is less than 0.2 sec. The second group is
called as “ tiff soil site” whose Ty isfrom 0.2'to 0.6 sec. Thethird group is called as “soft soil site” whose
Ty ismore than 0.6 sec. The design spectra are given according to the groups.

The natural period is aso used to estimate the earthquake response of the local soil deposit. The design
spectra for buried structures are often given by a velocity response spectrum S/(T) on the bedrock. If the
local soil deposit is modeled as a single degree-of-freedom system, the ground displacement u at the depth
Zisrepresented as
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u(z) :7[—228\,(Tg)‘Tg -co{% zj (1)

where T, is the natural period of local soil deposit, H the total thickness of soil layers. This method is
widely used in the design standards for underground structures such as buried pipelines and tunnels in

Japan[2].

The characteristics of the soil-structure interaction are strongly controlled by the relationship between the
natural periods of the structure, Ts, and that of the soil deposit, Tq. Murono and Nishimura[3] pointed out
the phase difference between the response of superstructure and ground is characterized by the
relationship between Ts and Ty; when Te<T, soil deformation and the inertia force act on afoundation with
nearly same phase, when T=T they deviate nearly 90 degree with each other; when T&>Ty with nearly
inverse phase.

It is important to estimate the natural period of local soil deposit to design structures against earthquakes
as mentioned above. If the ground consists of a single soil layer and bedrock, the natural period of the
ground, Ty, isexactly obtained as
4H
Tg = 7 , (2)
where, V and H are shear velocity and thickness of the soil layer. However, the natura period of a
multi-layered ground is difficult to be represented by a simple equation.

Several simplified equations have been proposed to approximate the natural period of multi-layered
ground in design practice. Dobri et a.[4] summarized and proposed severa equations to estimate the
natural period. Three of those methods, which are often used in practice, are introduced and examined in
the following section. Note that these equations assume arigid bedrock beneath the soil layers.

We propose a new simplified equation to approximate natural period of layered ground on the elastic
bedrock. It is based on physics of elastic wave propagation represented by Reflection / Transmission
Coefficient method. Two kinds of approximations are reasonably introduced in order to simplify the
eguation.

EXISTING EQUATIONSUSED IN PRACTICE

Sum of period of layers
A twice of two-way period is obtained as the natural period by summing up the durations of which shear
wave propagates in each layer, asfollows;
H4H,
T.= 1 3
cTLN ©)

where, V, and H, are the shear velocity and thickness of ith layer, as shown in Figure 1. Eq.(3) is
widely used for estimating the natural period in the design of infrastructures in Japan.

Weighted average of shear velocities of layers
If the weighted average of shear wave velocities of whole soil layers is obtained using thickness of each
layer as weight, the natural period of multi-layered ground is derived as
4H i
Ta=vtoo H=2_H 4)
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where, H is the total thickness of soil layers. EQ.(4) is widely used for the design of buildings in Japan,
whereas it has a poor physical background.
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Figure1l Parametersof ground model

Simplified Rayleigh procedure
Rayleigh’s method assumes that the peak value of kinematic energy is equivalent to that of elastic strain
energy. The natural period of layered ground is represented as

2r

TR - N-1 2 N-1 ®)
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where, z, is the depth at mid-point of the layer, X; the displacement at the interface between the ith and
i+1th layers. Eq.(5) can be calculated by an iteration process. Dobri et a.[4] proposed the Simplified
Rayleigh procedure which calculates Eq.(5) only the first step of the iteration process.

Comparison of the existing equations

Note that these equations do not include Vy, the shear velocity of bedrock, in the parameters. It means that
arigid bedrock is assumed. Figures 2, 3 and 4 show distributions of the ratios of Equations (3), (4) and
(5) to the fundamental period anaytically obtained by Haskell matrix method[5] (e.g. The computer
program “SHAKE"[6]), respectively. Soil profiles up to 20m depths at 27 K-net earthquake observation
sites [7] in Hyogo prefecture, Japan, are used for the calculation. The values are listed in Table 1. It is
recognized that the results of Eq. (3) are extensively scattered as shown in Figure 2. The results of Eq. (4)
has a better precision than Eq.(3), although it has a poor physical background. It may be a problem that
the peaks of the distributions in Figures 2 and 3 are shifted largely from 1.0. As Eq. (5) is derived by
physics, many of the results are concentrated near 1.0. However, it is recognized that these equations
cannot approximate the natural period at the four sites, whose error ratio is about more than 1.5. These
sites have a layer boundary with large impedance ratio at the shallow depth compared with the depth of
bedrock. Namely the assumption of the rigid bedrock works well under the limited conditions to estimate
the natural period of the grounds.
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PROPOSED METHOD

Reflection/Transmission Coefficient method
Reflection/Transmission Coefficient method (RTCM) is a basic technique to solve the dynamic response

of alayered ground (e.g. [8]). The amplification factor of the soil layers can be obtained by summing up
the infinite number of reflection and transmission wave which occur on the boundaries between layers. If
a vertically up-going sinusoidal SH wave is input to the two-layers ground which consists a single soil
layer and a bedrock, the spectral amplification factor Ay(T) is obtained as



Ay (T): 2T1U exp(—j V1H1)
+ 2T1U RiD exp(—j Vi '3H1) (6)
+ 2T RPR] exp(=jv, -5H,) +...

where, T isthe period of incident wave, v, the vertical wave-number given by

27z 1
v, = 7
T V , )
j isan imaginary unit. T;" and T;° are the transmission coefficients for up-going and down-going incident
wave for the boundary between i th and i+1 th layers, which is also shown in Figure 1, described as

TD __ 2PV (8)
| pV +p|+l i+1

TV 2\ 9)
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RP is the reflection coefficient for down-going incident wave to the boundary, which can be approximated
as

.V. + 0.V,
IOI I pl+l i+1 (10)

if densities of the layers are similar. Note that Ry,"=2 is used in Eq. (6).

Single reflection approximation

As RTCM considers the infinite number of multiple reflection and transmission waves in the layered
ground, the analytical representation of the amplification factor is so complicated. Then only the first
reflection waves occurred on each boundary of the layers is considered for ssmplicity. If the amplitude of
incident wave on ground surface is set to be 1 and only real value of that is considered, the second term of
Eq.(6) iswritten as

el )

Then approximated amplification spectrum, A(T), is derived by summing up the single reflection waves
occurred on each boundary of the layers, as

24 2R0 cod 4 o cod 71, 41
o 8 4]
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(12)



where S is the coefficient which represents the effects of reflection and transmission on boundaries
between each layer. If T,°TY =1 isconsidered, the coefficient is approximated by

S :_Ri HTk—lTku—l
k=1
~ _RiD

Figure 5 shows distributions of the ratio of the period giving the fundamental peak in Eq. (11) to the
fundamental period analytically obtained. Note that the densities of the layers are not used for calculating
Eq. (13). The natural periods are successively approximated if the multiple reflection waves are ignored.
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Figure 6 Approximation by a 3rd-order polynomial Figure7 Precision of Eq.(17)

Approximation by 3rd-order polynomial
The cosine function in Eq. (11) may be approximated by a 3rd-order polynomial which has extreme values
at=0andt=Tas

3
cos(—(t —T)j ——t +T2 t (14)
Figure 6 compares the right and left sides of Eq.(14). The polynomial approximates the cosine function in
the range from t=T, to t=1.5T,. The amplification spectrum is approximated using the polynomial as

2+2Z{ (——t +_|_—32t, ﬂ
_2——Nz_ls,t,3+—z

The fundamental natural perlod can be deflned as the period which gives a local maximum of Eq.(15).
Then the foIIowi ng equation is obtained when differentiation of Eq.(15) is set to be zero.

N-1
aA3 1228t %ZS,tf =0 (16)
i=1

The fundamental naIural period of the layered ground, Ts, can be represented by the simple equation
shown below;

(15



T, =2 (17)

Note that N= 2 glves T3—t1 which isthe exact value for asingle soil layer and bedrock.

Eq.(17) is easy to use for its simple formulation. Figure 7 shows distributions of the ratios of Equations
(17) to the fundamental period calculated by Haskell matrix method. It is recognized that Eq. (17) does
not have a clear advantage over the existing equations. Large errors, which are more than 1.8 for three
sites and less than 0.7 for a site, are seen. These may be resulted from the poor performance of
approximation shown in Figure 6.
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Figure 8 Approximation by a 4th-order polynomial Figure9 Precision of Eq.(22)

Approximation by 4th-order polynomial
Another polynomial is examined. The cosine function in Eqg.(11) can be a so approximated by a 4th-order

polynomial with extreme val u%att 0 t=T and t=2T, as
8
co{—(t —T)j = _I_—4tI —Ft, T_zt' -1 (18)
Figure 8 compares the right and left terms of EQ.(18). Good approximation is shown in the range from t=0
to t=2T. Then the amplification spectrum is approximated as

8 8
=2+2)| S| St -t + —t.z—lj
Z{ [ T T2

4 N-1 16 N N-1 (19)
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The fundamental natural period can be deflned as the period which gives a local maximum of Eq.(9).
Then the following equaIi on is obtained when differenti aIion of Eq.(9) is set to be zero.

0 48
AaAT = ZSti4+T—4§Sti3 ZSt2 (20)



(21)

N-1 N-1 N-1
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The fundamental natural period of the layered ground, T4, can be obtained as a larger solution of the
quadratic polynomial ,as

N-1 N-1 2 N-1 N-1
3D StP+ 9[2 S,tfj —8[ St.zj( s,tfj
T4 — i=1 i=1 = i=1 i=1 (22)
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Figure 10 Analytical and approximated amplification spectra

Note that N=2 gives T,=t;. If EQ. (22) gives an imaginary value, layers are removed from the deepest layer
until it becomes areal value. In the case the soil profile has alayer boundary with large impedance ratio at
shallow depth compared with the depth of bedrock, the deep layers are ignored by this operation. Figure 9



shows the ratio of natural periods obtained by the proposed method (Egs. (10), (12), (13) and (22)) to
those by Haskell matrix method. It is shown that the proposed method has a better precision than the
existing ssimplified equations. However, one site is remained which has alarge error about 1.7.

In order to realize how the amplification spectra are approximated by the equations described above,
Figure 10 shows comparisons between the analytical amplification spectra obtained by Haskell matrix
method and those by the approximate equations. Black and solid lines show the analytical amplification
spectra, blue and short dashed lines are for the single-reflection approximation (Eq.(11)), red and long
dashed lines for the proposed method (Eq.(22)). It is no problem that the values of amplification spectra
defined by the single-reflection approximation and the proposed method are smaller than the analytical
ones, because only the periods for giving the fundamental peaks are examined. Figure 10 (@) and (b) are
the examples of good approximations. The single-reflection approximation can follow the anaytical
spectra even for the higher mode as shown in Figure 10 (b). The proposed method represents the peak of
the fundamental mode with a good accuracy. On the other hand, Figure 10 (¢) isthe result in the only case
where the single-reflection approximation is not accurate, whereas the proposed method gives a good
solution for the case. Figure 10 (d) shows the reason why the proposed method have a case, as shown in
Figure 9, where an inadequate solution is given. It is recognized that the analytical spectrum has a
potential peak at 0.08 sec of the period. The potential peak may affect the solution of the proposed
method.

CONCLUSION
A simplified equation is proposed for estimating a fundamental natural period of multi-layered ground on

the elastic bedrock. The proposed equation is based on physics of wave propagation and has a good
precision for almost soil profiles. The equation is summarized below;

N-1 N-1 2 N-1 N-1
32 S|ti3 + 9[2 Stiaj - Slti2 )( Slti4j
=t i=1 1

i=1 i=

Tg N-1
4% St} ,
i=1
where,
- L 4H
k=1 Vk ]
_Viu -V
EEVAUIE S VAR

i+1

where, Ty is the natural period of the ground, V; and H; are the shear velocity and the thickness of the ith
layer. If Tyisanimaginary value, layers are removed from the deepest layer (N - N -1, N —2,---) until
it becomes areal value.
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Tablel Ground parametersused for the examples

Site Layer 1 Layer 2 Layer 3 Layer 4 Layer 5
HYGO001 | 2.0[120:1.70] 3.0[270:1.94] 5.5[690:2.11]
HYGO002 | 1.0[100:1.78] 2.0[130:1.82] 4.0[230:1.90] 5.0[390:1.95] 8.5[310:1.92]
HYGO003 | 1.0[120:1.89] 5.0[230:1.97] 4.5[410:1.98]
HYG004 | 1.0[220:1.85] 2.0[530:1.93] 7.5[780:2.12]
HYGO005 | 1.0[110:1.79] 3.0[210:1.84] 3.0[260:1.87] 5.0[370:1.98] 3.5[490:2.03]
HYGO006 | 1.0[100:1.85] 3.0[450:2.02] 6.5[640:2.06]
HYGO007 | 1.0[250:1.99] 2.0[360:1.98] 7.5[710:2.11]
HYGO008 | 1.0[180:1.81] 6.0[230:1.87] 3.5[480:2.07]
HY G009 1.0[ 80:1.47] 5.0[280:1.70] 14.5[420:1.94]
HYGO010 | 1.0[140:1.71] 3.0[200:1.77] 12.5[350:2.02]
HY G011 1.0[ 70:1.80] 1.0[150:1.81] 3.0[230:1.98] 5.5[730:2.11]
HYGO012 | 3.0[180:1.88] 2.0[280:1.88] 5.5[530:2.02]
HYGO013 | 3.0[140:1.81] 3.0[300:1.97] 9.5[410:2.08]
HYGO014 | 1.0[130:1.90] 2.0[300:2.03] 2.0[480:2.09] 5.5[920:2.14]
HY G015 1.0[ 90:1.79] 2.0[220:1.82] 7.5[570:2.09]
HYGO016 | 2.0[150:1.77] 3.0[190:1.82] 11.0[140:1.76] 4.0[400:2.00]
HYGO017 | 1.0[120:1.83] 2.0[230:1.90] 7.5[540:2.11]
HY G018 1.0[ 80:1.90] 2.0[290:1.95] 14.0[400:2.04] 3.5[450:2.09]
HYGO019 | 2.0[140:1.80] 3.0[180:1.81] 5.5[280:1.85]
HYG020 | 1.0[210:1.85] 3.0[290:1.95] 6.5[380:2.10]
HYGO021 | 1.0[160:1.98] 6.0[380:2.06] 3.5[680:2.18]
HYG022 | 4.0[160:1.74] 3.0[170:1.79] 9.0[200:1.92] 4.0[380:2.09]
HYGO023 | 8.0[200:1.93] 12.0[400:2.00]
HY G024 1.0[ 90:1.81] 4.0[310:1.85] 2.0[250:1.84] 10.5[290:1.88]
HYGO025 | 1.0[200:1.68] 4.0[220:1.80] 3.0[330:1.97] 4.0[230:1.77] 2.5[680:2.13]
HYGO026 | 5.0[160:1.80] 3.0[460:1.83] 2.5[600:2.12]
HYGO027 | 1.0[310:1.90] 4.0[610:1.99] 5.5[850:2.08]

Note: The parameters of each layer are described as “ Thickness(m) [ Vs(m/sec) : Density ]”.




	Return to Main Menu
	=================
	Return to Browse
	================
	Next Page
	Previous Page
	=================
	Full Text Search
	Search Results
	Print
	=================
	Help
	Exit DVD



