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Abstract 
Assessment of various levels of damage severity immediately after a large earthquake is imperative for rapid recovery of the 
affected region. Recent research on the use of 3D strong motion acceleration and 3D gyroscope measurements has shown 
that sufficiently reliable rotations can be obtained along the height of a structure. By fitting a polynomial through these 
rotation values, the deformed shape of a structure can be estimated. The model for deformation estimates is compared to 
direct displacement measurements of simulations and laboratory experiment. The results show very good comparison 
between the estimated and measurement displacements. Correlation of these displacements to rapid warnings of green, 
yellow and red levels of risk can be very important in emergency response, especially when there is a high likelihood of 
collapse. 
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1. Introduction 
During past several decades, structural health monitoring (SHM) systems have been proved to give quick 
evaluation of structural damage after earthquakes and other extreme events. Since many civil infrastructures, 
such as bridges and buildings, are exposed to complex loadings and environment, it is necessary to continuously 
monitor the performance level and safety of structures during daily operation and extreme events like 
earthquakes and hurricanes. 

In SHM, the structural displacement is one of the simple indicators of potential damage. Correlation of 
these displacements to rapid warnings of green, yellow and red levels of risk can be very important in emergency 
response, especially when there is a high likelihood of collapse. However, in many applications, the direct 
displacement measurements are hard to obtain. For example, the authors in [1] use global position systems 
(GPS) to measure the displacement of a tall building. GPS requires a direct connection with satellites and have 
limited performance if the sensor is installed indoor. In [2], draw-wire sensors are employed to measure the 
longitudinal displacements of a bridge. This type of sensors requires cable connection and power supply, which 
are unavailable in many filed applications. Also, the cost of the data acquisition system is high. These limitations 
make the displacement measurements difficult to obtain in the field or after earthquakes.  

Recently, with the development of sensing technology, many new low-cost microelectromechanical 
sensors (MEMS) become available. These sensors provide many new structural quantities, which are not 
available or expensive to measure before. Recent research works have demonstrated that these newly available 
information could improve the reliability and accuracy of structural damage detection [3, 4]. For example, many 
off-the-shelf sensors have both accelerometers and gyroscopes on board now. They are synchronized and 
provide measurements simultaneously. Therefore, we can use both signals to estimate the dynamic and residual 
displacements. 

This paper presents a displacement estimation algorithm of civil structures, which uses the three 
dimensional acceleration and rotation measurements to estimate both dynamic displacement and residual 
displacement drift. The algorithm is derived for single-column structures and then extended to multi-story 
structures. We use an experimental data set to validate the performances of the proposed algorithms.  

2. Dynamic Displacement Estimation Using Accelerometer and Gyroscope 
Dynamic displacement estimation requires measurements to be taken from structural columns. If we can 
determine the rotation at sensor location, it will be possible to solve displacements at other locations along the 
column. For example, in Fig. 1, a column is fixed at one end and has free vibration at the other end. Also, we 
assume the plastic rotation in a column is concentrated at a plastic hinge location at the base of the column and 
rest remains elastic. In Fig. 1, a sensor is installed at the height of h. If the column only vibrates along x-axis, the 
displacement D at the height H has following relationship: 

𝑑𝑑/ℎ=𝐷𝐷/𝐻𝐻=tan(𝜃𝜃)        (1) 

where 𝜃𝜃 is the sensor rotation angle. Usually h and H are known. If the rotation angle 𝜃𝜃 can be estimated, the 
displacement D can be uniquely determined. To improve the estimation accuracy, we can install multiple sensors 
at various locations along the column, and use linear regression to compute D. Given M sensors on a column, 
each sensor has a measurement of 𝜃𝜃. Then, at each sensor's location, we can compute h and d. At last, we can 
use local h and d to fit a linear regression, i.e. 

       𝑑𝑑 = 𝛽0 + 𝛽1ℎ.        (2) 

Once 𝛽0 and 𝛽1 are estimated, we can determine the displacement D as 𝐷𝐷 =  𝛽0 + 𝛽1𝐻𝐻. 
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Fig.1 – Illustration of sensor rotation. h is the height of sensor; H is the floor height; d is the sensor 

displacement; and D is the floor displacement. 

Gyroscope is a sensor that measures the angular velocity 𝜔 . Therefore, if we install one or more 
gyroscopes along a column, we can measure the rotation angle 𝜃𝜃 and the column displacement in real-time. The 
rotation angle 𝜃𝜃[𝑛] at a discrete time n can be computed as  

       𝜃𝜃[𝑛] = 𝜃𝜃[𝑛 − 1] + 𝜔[𝑛]Δ𝑇,      (3) 

where Δ𝑇 denotes the sampling rate and 𝜔[𝑛] denotes the angular velocity at time n. 

Sensor measurements usually are noisy. Over a long period of operation, the errors introduced by the 
gyroscope response 𝜔[𝑛]  will be accumulated, and the rotation angle 𝜃𝜃[𝑛]  will have an offset. This 
phenomenon is called sensor drift. A common way to reduce the effect of drift is using both gyroscope and 
accelerometer measurements. As shown in Fig. 1, if the sensor has an accelerometer, we can estimate the 
rotation angle using the acceleration measurements along x- and y-axis, i.e., 

       𝜃𝜃𝑎[𝑛] = arctan (𝑎𝑥[𝑛]
𝑎𝑦[𝑛]

),       (4) 

where 𝑎𝑥[𝑛] and 𝑎𝑦[𝑛] denote the acceleration response of x- and y-axis at time n respectively. The acceleration 
signals are sensitive to vibration and produce a noisy esitmation of rotation angle. In order to overcome the drift 
introduced by the gyroscope and the estimation noise introduced by the accelerometer, we use the 
complementary filter, which is defined as 

     𝜃𝜃[𝑛] = 𝛼(𝜃𝜃[𝑛 − 1] + 𝜔[𝑛]Δ𝑇) + (1 − 𝛼)𝜃𝜃𝑎[𝑛],     (5) 

where 𝛼 is the regularization parameter. When 𝛼 = 0, Equation (5) becomes to Equation (4). When 𝛼 = 1, 
Equation (5) becomes to Equation (3). In the complementary filter, the gyroscope signals are filtered by a high-
pass filter, which removes the drift. The acceleration signals are filtered by a low-pass filter, which removes the 
vibration noise. Once the rotation angle 𝜃𝜃[𝑛] is obtained, we can estimate the displacement using Equations (1) 
and (2). The algorithm is summarized in Fig. 2. 
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Fig. 2 --- Flow chart of the proposed dynamic displacement estimation method 

The calculation of the rotation measurements can be embedded on the microprocessor of sensing units, 
thus requiring the transmission of only the final rotation values. While the estimation of displacements requires 
the rotations from more than one sensors, the calculations involved can also be embedded on the microprocessor 
of the base station, which can then report the estimated displacements directly to the end user. Thus, the 
proposed algorithm provides a computationally efficient method to obtain reliable information on the dynamic 
displacements of a structure almost immediately after an extreme loading event. 

 

3. Residual Displacement Estimation Using Acceleration Measurements 
In some diagnosis systems, we are more interested in the drift of structures after an earthquake. To estimate the 
residual displacement caused by an earthquak, we can still use the algorithm in Fig. 2 with simple modifications. 
This residual displacement estimation algorithm is developed on the premise that ambient vibrations are 
measured before and immediately after an earthquake. These measurements are then used to compute the 
rotation of the column at the location of the sensor. The residual displacement of the column is estimated by 
calculating the length of the plastic hinge region based on [5] and assuming that all of the rotations are 
concentrated at mid-height of the hinge.  

Some recent studies, such as [6], have shown that the estimator in [5] may underestimate the true plastic 
hinge length, which leads to the overestimate of the residual displacement obtained from the algorithm in [7]. 
For this reason, in [8], the authors extend the rotation algorithm to use the recordings of multiple sensors. 
Multiple sensors along the height of the structure are selected and the rotations at the sensor locations are 
computed before and immediately after an earthquake based on the ambient vibration measurements. Let 𝑎𝑥 and 
𝑎𝑧  denote the acceleration measurements along the shaking direction and along the gravity direction 
respectively. If the structure is symmetric, the rotation 𝜃𝜃  can be estimated using the same methodology as 
Equation (4): 

      𝜃𝜃
^

= arctan (𝑎𝑥
𝑎𝑓𝑡𝑒𝑟

𝑎𝑧
𝑎𝑓𝑡𝑒𝑟) − arctan (𝑎𝑥

𝑏𝑒𝑓𝑜𝑟𝑒

𝑎𝑧
𝑏𝑒𝑓𝑜𝑟𝑒),      (6) 

where 𝑎𝑥
𝑏𝑒𝑓𝑜𝑟𝑒 refers to the acceleration before earthquake and 𝑎𝑥

𝑎𝑓𝑡𝑒𝑟 refers to the acceleration after earthquake. 
Then, the rotations estimated at each sensor location are fitted with a polynomial function. For example, if the 
rotation estimates are fitted with a forth order polynomial function, we have 

      𝜃𝜃
^

= 𝛽1ℎ4 + 𝛽2ℎ3 + 𝛽3ℎ2 + 𝛽4ℎ + 𝛽5,      (7) 
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where h denotes the height of the sensor above ground. After that, the fitted polynomial function is integrated 
with respect to the structural height to provide a function that estimates the residual displacement R, as shown 
below: 

          𝑅
^

= ∫ (𝛽
^
1ℎ4 + 𝛽

^
2ℎ3 + 𝛽

^
3ℎ2 + 𝛽

^
4𝐻𝐻ℎ + 𝛽

^
5)𝑑𝑑ℎ     (8) 

            = 𝛽
^
1
5
ℎ5 + 𝛽

^
2
4
ℎ4 + 𝛽

^
3
3
ℎ3 + 𝛽

^
4
2
ℎ2 + 𝛽

^
5ℎ     (9) 

Since the structure base is assumed to be fixed, we assume that there is no displacement at the base. Hence, the 
intercept term is zero and is ignored in Equation (9). Similarly, the residual displacement esitmation method can 
be embedded on the wireless senosrs and base station. This advantage allows us to obtain the residual 
displacement immendiately after any extreme event. 

 

4. Algorithm Validation  
4.1 Description of Experiment 

This experiment was designed and performed at NCREE. Two identical three story single bay steel frames were 
constructed. Both structures have an inter story height of 1.1 meters. Floor dimension at every story is 1.1 meters 
by 1.5 meters. The columns have rectangular cross-sections with a dimension of 0.15 meters by 0.025 meters by 
1.06 meters. As indicated in Fig 3, for Specimen 2, the NW column is replaced with a weakened column, which 
has a thickness of 0.015 meters. Thus, Specimen 1 is a symmetric structure while Specimen 2 is non-symmetric. 
In this section, we only focus on Specimen 1. 

 

 
Fig. 3 -- Two structures and sensor locations used at the NCREE experiment. The weakened column is in red. 

These two structures were placed side by side on the same shake table. The record of the 1999 Chi-Chi 
earthquake Station TCU 071 was used as the base excitation of the experiment. The excitation was applied in the 
x-direction with amplitudes progressively increasing from 100 to 1450 gals. Fig. 4 shows an example of the 
earthquake signal with a peak of 1000 gal. The earthquake amplitudes are summarized in Table. 1. The achieved 
amplitudes are the peaks of the vibration measured by the shake table.  
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Fig. 4 – Earthquake signal of 1999 Chi-Chi earthquake. The signal was collected at Station TCU 071 and was 

scaled to have a peak of 1000 gals. 

 

Table 1 – Summary of Ground Motions 

Run Number Desired Amplitude (gals) Achieved Amplitude (gals) 

1 100 95 

2 250 269 

3 400 400 

4 550 572 

5 700 674 

6 850 858 

7 1000 994 

8 1150 1190 

 

In this experiment, both wired and wireless sensors were installed for data acquisition, as shown in Fig. 3. 
All the analog sensors were connected with a common Analog-to-Digital Converter (ADC) with a sampling 
frequency of 200 Hz. The cut-off frequency of the anti-aliasing filter was 50 Hz. Each wireless sensing device 
was assembled with a Telosb mote [9, 10] and a 16-bit digital sensor, including a three-axis accelerometer and a 
three-axis gyroscope [11]. These motes were operating within the SnowFort system, an open source wireless 
sensor system designed for infrastructure monitoring [12]. The data were collected at 51.2 Hz sampling 
frequency and filtered with a 20 Hz anti-aliasing filter. The sampling frequency is fractional because the onboard 
microprocessor used 1024 ticks to represent one second and we set the mote to sample every 20 ticks. The 
wireless accelerometers had a measurement range of  +/- 2g. The sensitivity was 16384 least significant bits 
(LSB) per g. The gyroscopes had a range of +/- 250 degrees per second (deg/sec) with a sensitivity of 131 LSB 
per deg/sec. According to [11], the accelerator has an average noise level of 1.265 mg and the gyroscope has an 
average noise level of 0.016 deg/sec. 

 

4.2 Experimental Results of Dynamic Displacement Estimation 

6 



16th World Conference on Earthquake Engineering, 16WCEE 2017 

Santiago Chile, January 9th to 13th 2017  

Fig. 5 shows the rotation angle estimation by using the complementary filter (Eq. (5)), accelerometer (Eq. (4)), 
and gyroscope (Eq. (3)) respectively. As shown in Fig. 3, the sensors were installed on the columns. We can see 
that the estimated angles using the acceleration responses are very noisy and have large amplitude. Also, the 
estimated angles using the gyroscopes have a clear offset over time. The complementary filter combines both 
signals and produces a smooth signal without any offset. 

 
Fig. 5 -- Rotation angle (𝜃𝜃[𝑛]) estimation of Specimen 1 Floor 1 during Run 5 by the complementary filter, 

accelerometer, and gyroscope. 

 

 

 
Fig 6 – Displacement (D) measured by LVDT and estimated by complementary filter and accelerometer of 

Specimen 1 Floor 1 during Run 5. The unit is mm. 

Fig. 6 shows the displacements measured by LVDT and estimated by the complementary filter and 
accelerometer. The sensors are installed at columns and the displacements are measured and estimated at floor 
heights. The LVDT signals were preprocessed and filtered by a low-pass filter. Therefore, this signal looks very 
smooth. The displacement estimated by the complementary filter uses the two sensors on the column.  In Fig. 6, 
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the envelope of estimated displacement is similar to that of the directed measurements from LVDT. Also, the 
peaks of the direct measurement and estimated displacement are very similar. In Fig. 6, we also illustrate the 
displacement estimated by integrating the acceleration signal twice. Clearly, the estimated displacement is 
noisier than the estimation based on the complimentary filters. Also, the estimated peak is much smaller than the 
peak obtained by LVDT. 

Table 2 shows the peak displacements of direct measured and estimated displacements. From Table 2, we 
can observe that the peak of the estimated displacement by the complementary filter is closer to the true 
displacement measured by the LVDT. In addition, as the amplitude of ground motion increases, the difference 
between the directly measured peak and the estimated peak becomes smaller. For example, during Run 1, the 
difference is about 6mm. During Run 6, the difference is reduced to less than 1mm. This is observation is due to 
the sensor noise and resolution. When the amplitude of ground motion is low, the signal-to-noise ratio of sensor 
measurement is low. Therefore, the displacement estimation is far way from the true measurement. When the 
ground motion becomes strong, the signal-to-noise ratio becomes larger and the estimation method has better 
performance.  

Table 2 -- Peak displacement of Specimen 1 Floor 1. 

Run  LVDT (mm) Complementary Filter (mm) Accelerometer (mm) 

1 14.8653 20.8089 22.4400 

2 41.7862 45.0247 47.8257 

3 59.5295 60.9200 62.9520 

4 79.9475 81.1538 85.0782 

5 92.4409 93.8918 114.8937 

6 117.3312 116.5927 163.7939 

7 126.4404 128.4456 145.4661 

 

 

4.3 Experimental Results of Residual Displacement Estimation 

In order to estimate the displacements, the measurements collected by the wireless sensors installed on the 
columns are selected. As we have discussed previously, the story height is H = 1.1m. All sensors in the same 
specimen are utilized and a fourth order polynomial is used to estimate the residual displacements R. The 
rotations at the sensor locations are calculated using 500 points (approximately 10 seconds) of ambient vibration 
before and after each ground motion.  
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Fig. 7 – Estimated and measured residual displacements for Specimen 1 Floor 1 in the shaking direction (x-axis) 

 
Fig. 8 -- Estimated and measured residual displacements for Specimen 1 Floor 2 in the shaking direction (x-axis) 

 

 
Fig. 9 --- Estimated and measured residual displacements for Specimen 1 Floor 3 in the shaking direction (x-axis) 
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Fig. 7 – 9 show a comparison between the estimated displacements and direct displacement measurements 
obtained through LVDTs. It should be noted that the rotations were measured and computed at the locations of 
the wireless sensors (two per story). But the displacements reported in Fig. 7 - 9, which are estimated by using 
Equation (9), are at the floor heights, where LVDTs were installed. This highlights the capability of the Rotation 
Algorithm to estimate the displacement at any point along the height of a structure as well as the accuracy of the 
wireless sensors. From the figure, we can observe that the maximum gap between the estimate and true 
displacement is less than 1 mm. 

5. Conclusions 
In this paper, we propose a structural displacement estimation algorithm that utilizes the three-dimensional 
acclerometer and gyroscope. This algorithm has low computational complexity and can be embedded on 
wireless sensors. This advantage allows us to assess the structual health immediately after earthquakes. We 
discussed how to estimate the dynamic and residual displacements and validated the proposed algorithm using 
an experimental data set. Although the dynamic displacement estimation does not match the true measurement 
perfectly, the peak displacement is very similar to the true measurement. Besides, the esitmated residual 
displacement is alsomst identitical to the true measurement. Therefore, the proposed algorithm can provide a 
good indicator of the structral health evaluation. 
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