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Abstract 

Models to simulate ground motions that take into account their nonstationarity are widely used.  Many of these models 

are based on the evolutionary spectral theory.  In particular, the amplitude modulated evolutionary stochastic process 

defined by the evolutionary power spectral density (EPSD) function is a very popular model.  Seismic ground motions 

and the ground motion simulation can be carried out using the spectral representation method.  Such a model neglects 

possible frequency modulation observed from actual ground motions.  In the present study, a procedure to develop time-

frequency PSD (TFPSD) function of ground motions is proposed based on the S-transform.  The use of the S-transform 

provides frequency-dependent resolution with absolutely referenced phase information.  The application of the 

proposed procedure leads to a probabilistic TFPSD model for scenario seismic events.  The use of the procedure is 

given by considering more than 1500 far-field ground motion records of strike-slip fault earthquakes.  The procedure 

includes the identification and estimation of the model parameters for the TFPSD model as functions of earthquake 

magnitude, rupture distance and shear wave velocity at the site.  Sets of ground-motion models for a set of model 

parameters are developed and suggested. 

Keywords: Seismic ground motions, time-frequency representation, S-transform, discrete orthonormal S-transform, 

simulation. 
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1. Introduction 

The seismic risk assessment for a given scenario event could be assessed based on its ground motion 

measures or corresponding time-history ground motions.  The ground motion measures can be predicted 

using the ground motion models that are developed based on instrumental ground-motion data from past 

earthquakes such as those reported in NGA-West2 GMMs [1~4].  The ground motion measures include the 

peak ground acceleration, peak ground velocity, and spectral acceleration.  However, in some cases, the use 

of the time-history ground motions for seismic risk analysis can be valuable and advantageous [5].  Such 

modelling and simulation of the time histories of the ground motion could be carried out based on the 

stochastic point source model or finite fault model [6,7]. The model requires the use of a set of well-

calibrated model parameters as well as a time-dependent amplitude modulated function.  In essence, these 

models represent the ground motions as evolutionary stochastic processes [8,9].  However, the modeling 

often only considers the amplitude modulation and possible frequency modulation observed from actual 

ground motions [11,12] is neglected. 

Alamilla et al. developed a probabilistic model for the evolutionary stochastic process based on 

ground motion records applicable to Mexico [13].  Their model considers both the amplitude as well as 

frequency modulation functions.  The time-history ground motions based on this model can be simulated 

based on the spectral representation method (SRM) [14].  Other models that consider time-varying amplitude 

and frequency of the ground motion measures include those developed in [15~19]. 

The TFPSD function given in [15,16] was developed based on the time-frequency representation of 

ground motion records by applying the short-time Fourier transform (STFT).  The model developed in 

[17,18] was based on the consideration that the ground motion could be represented by filtering the white-

noise through a response function with time-varying parameters.  The model reported in [19] was based on 

the wavelet packets modelling.  The inadequacy of the application of STFT that partitions the nonstationary 

signal into blocks of equal length is well-known in the literature [20,21].  This includes the resolution in time 

and frequency plane and the energy leakage.  The problem could be overcome by carrying out time-

frequency representation analysis using the S-transform [22].  The use of the S-transform provides 

frequency-dependent resolution with absolutely referenced phase information 

In the present study, some preliminary analysis results leading to a probabilistic TFPSD model of the 

ground motions are presented.  The model depends on the seismic event parameters and is developed based 

on actual ground motion records obtained from the NGA-West2 database for the strike-slip fault 

earthquakes.  For the evaluation of the TFPSD function of the ground motion, the S-transform is employed.  

Regression analysis is carried out to identify the model parameters.  The developed model is described in the 

following sections. 

2. Selected ground motion database 

Ground motion records for the strike-slip fault type of events were selected from the NGA-West2 database 

[23].  Three commonly used parameters describing the earthquake events (M, Rrup and VS30) for engineering 

applications are considered for the selection of records in the present study, where M represents the moment 

magnitude; Rrup represents the closest distance from the recording site to the fault area, and VS30 represents 

the shear-wave velocity for the top 30m of the site soil.  The selection is based on the following criteria: 

1). M is greater than 4.5 and Rrup is between 10 and 300 km so to exclude the near-fault records and low-

intensity records; 

2) VS30 between 180 m/s and 1500 m/s is considered to consider the site Class B, C and D only [24]; 

3) The records from aftershocks or records without the necessary information are not considered; 

4) Only records from strike-slip fault earthquakes are included; 
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5) Records are inspected and baseline correction is considered; and 

6) Each event should contain at least five pairs of records so assessment of the inter- and intra-event effects 

may be carried out. 

According to the above criteria, 1504 pairs of records, each with two horizontal components, are 

selected from 35 events and are used in this study.  The distribution of M and Rrup associated with the 

selected records and the number of records with different site classes [24] are shown in Fig. 1. 

 

Fig. 1 – M and Rrup distribution of selected records (left) and the number of selected records for each site 

class (right) 

3. Time-frequency representation of seismic ground motions through S-transform 

To assess the time-frequency representation of the ground motion record, x(t), the S-transform is applied.  

This transform for x(t), [0, ]t T , can be written as [22,25], 

 2

0

( , ) ( ) ( , )

T

i fx f t x w f t e d−  =  −  S  (1) 

where ( , )x f tS  denotes the S-transform coefficients, f is the frequency as in the Fourier transform, and t is 

the center of the window function ( , )w f t −  defined as, 

 
2 2

2

( )
( , ) exp

22

f f t
w f t






 −
− = − 

 
 (2) 

where  is a parameter controlling the effective width of the window.  The double-sided Time-frequency 

power spectral density (TFPSD) function, ( , )xS f tS , can be defined as [26], 

 
( , )[ ( , )]*

( , )x

x f t x f t
S f t

D f

= S S
S  (3) 

where Dk is a constant that can be evaluated numerically and is very close to 
21 / 4 , and the superscript * 

denotes the complex conjugate.  This definition ensures energy conservation.  Models to simulate the 

nonstationary stochastic ground motions defined by ( , )xS f tS  were developed in [26,27].  The single-sided 

TFPSD function equals twice of the double-sided TFPSD function.  In the remaining part of this study, 

unless otherwise indicated, the single-sided TFPSD function is considered, and the same symbol ( , )xS f tS  is 

used to denote the single-sided TFPSD function. 
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To develop a probabilistic model of ( , )xS f tS  based on a set of ground motion records, first, the 

normalized TFPSD function ( , )xS f tS , denoted as 0 ( , )xS f tS , is evaluated for each record component: 

 0 ( , ) ( , ) /x x TS f t S f t E=S S  (4) 

where 
0 0

( , )
T

T xE S f t dtdf
+

=   S  is the total energy.  An illustration of the calculated 0 ( , )xS f tS  for a selected 

record is shown in Fig. 2.  Also shown in the figure are the total energy ET, the PSD function (i.e., integral of 

( , )xS f tS  over the time), and the time-varying envelop function A(t), which is defined as the integral of 

( , )xS f tS  over f.  

 

Fig. 2 – a) A selected record; b) normalized TFPSD function; c) time-varying envelop function A(t); and d) 

PSD function. 

By carrying out the analysis as shown in Fig. 2 for each horizontal record component, sets of 

quantities, ET, 0 ( , )xS f tS  and A(t) are obtained.  To develop the probabilistic model, similar to [15], the 

calculation is carried out for the following quantity for each record component, 

 

0

1 0

2 1/2

2 0

              ( ) ( )

        ( ) ( ) / ( )

( ) [ ( ) / ( ) ( )]

a

c

b c

P t t

F t t t

F t t t F t



 

 

=

=

= −

 (5) 

but based on the TFPSD function obtained from the S-transform, where ( )i t  is the i-th moment of 

0 ( , )xS f tS  (i.e., 0( ) ( , )  0,1,2;i

i xt f S f t df i = = S ); Fc(t) and Fb(t) are the central frequency and the 

frequency bandwidth of 0 ( , )xS f tS  at time t, respectively; Pa(t) is the normalized energy distribution in time.  

Based on the above, ( ) ( )T aA t E P t= .  Consequently, the Arias intensity normalized with respect to ET, 

0 ( )AI t , is given by, 
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 0
0

( ) ( )
t

A aI t P d =   (6) 

An illustrated of the calculated Pa(t), Fc(t), Fb(t) and 0 ( )AI t  of the record shown in Fig. 2 is presented 

in Figure 3. 

By considering that the energy distributed in frequency at a given time can be represented using the 

mathematical function that is the same as the lognormal distribution density function, 0 ( , )xS f tS , is then 

represented as,  

 

2

0

( ) 1 ln ln ( )
( , ) exp

2 ( )2 ( )

a

x

P t f t
S f t

tf t





  −
= −  

   
S  (7) 

where ( )t  and ( )t  are calculated using, 

 
2 2

2

( ) ln[1 ( ) / ( )]

ln ( ) ln ( ) ( ) / 2

b c

c

t F t F t

t F t t



 

= +

= −
 (8) 

In Eq. (8), ( )t  is time-dependent which is unlike the model given by [15], where ( )t  is treated as a 

constant.  The parameters ( )t , ( )t  and Pa(t) define the time-frequency variation of the energy of the 

stochastic process.   

To fit a parametric model to Pa(t) or its integrated version 0 ( )AI t , it is considered that Pa(t) follows the 

mathematical form defined by the Johnson SB distribution. That is, 0 ( )AI t  could be modelled by the 

mathematical form defined by the Johnson SB distribution.  This results in, 

 
0

/
( ) ln ,  [0, ]

1 /
A

t T
I t t T

t T
  
  

= +   
−  

 (9) 

where ( ) •  is the cumulative normal distribution function,  and  are the parameters to control the shape 

and T is the duration.  Based on the relation between 0 ( )AI t  and Pa(t), Pa(t) is modelled by the following 

equation: 

 

2
1 /

( ) exp ln
2 1 /2 ( )

a

T t T
P t

t Tt T t


 



  
= − +  

−−    

 (10) 

Regression analysis can be carried out based on the assumed model to find the model parameters.  An 

illustration of such a fitting is shown in Fig. 3a and 3b.  From the fitted model, one could find the time, tPeak, 

where Pa(t) attains its maximum, and the time tp where the normalized accumulation of energy 0 ( )AI t  equals 

p.  It is noted that the effective duration of the ground motions (e.g. 0.05~0.95D  = t0.95 - t0.05, the time interval 

between times at 5% and 95% of the Arias intensities), is often used in the literature [28].  By considering 

such an interval, the model parameters  and  can be related to tPeak, t0.05, and 0.05~0.95D  as follows, 
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(0.95) (0.05) / ln

                          1 ln Peak

Peak

t D T t

T t D t

t

T t

  

 

− −
 + −

 = −    − − 

 
= − −  

− 

 (11) 

where -1( ) •  is the normal inverse cumulative distribution function.  The first expression in Eq. (11) is 

based on the spread of the energy, while the second one is based on the occurrence of maximum Pa(t).  A 

preliminary analysis indicates that  and  for all considered records do not follow very clear trends for 

ranges of magnitude, rupture distance and shear wave velocity values.  Therefore, rather than develop 

empirical relations for  and , empirical equations for tPeak, t0.05, and 0.05~0.95D  as functions of magnitude, 

rupture distance and shear wave velocity are to be developed as described in the following.   

  

 

Fig. 3 – 0 ( )AI t , Pa(t), Fc(t) and Fb(t) and their fitted curves. 

Based on a preliminary analysis of the records, it is observed that in general, Fc(t) and Fb(t) decrease 

with exponential decay.  Their decay is more pronounced at the beginning of the ground motions and 

becomes more stable as time increases.  Moreover, Fc(t) and Fb(t) could be approximated by the exponential 

decay forms, 

 
( ) exp[ / ]

( ) exp[ / ]

c

b

F t a bt T c

F t d et T g

= − +

= − +
 (12) 

where a, b, c d, e, and g are the model parameters.  These model parameters can be obtained based on 

regression analysis.  An example analysis result is presented in Fig. 3c.  Using the fitted models, the values 

of Fc(t) at t = 0, T/2 and T, denoted as ,0cF , , /2c TF  and ,c TF , and the values of Fb(t) at t = 0, T/2 and T 

denoted as ,0bF , , /2b TF  and ,b TF , can be calculated.  Alternatively, given values of ,0cF , , /2c TF , ,c TF , ,0bF , 

, /2b TF  and ,b TF . a, b, c d, e, and g can be calculated.  Since a preliminary analysis indicates that empirical 

equations for ,0cF , , /2c TF , ,c TF , ,0bF , , /2b TF  and ,b TF  as functions of magnitude, rupture distance and shear 

wave velocity are associated with less scatters than those for a, b, c d, e, and g, in the following the empirical 

equations are developed for ,0cF , , /2c TF , ,c TF , ,0bF , , /2b TF  and ,b TF . 

4. Regression analysis results 

By repeating the analysis described in the previous section for each record component, the 11 parameters 

(e.g. ln(ET), T, 0.05~0.95D , tPeak, t0.05, ,0cF , , /2c TF , ,c TF , ,0bF , , /2b TF  and ,b TF ) are calculated for each record 

component.  Using ln(ET) instead of ET is due to that the total energy of an earthquake usually follows a 

lognormal distribution.  To better characterize 0.05~0.95D  in a nondimensional form, a ratio 0.05~0.95 /Dr D T=  

instead of 0.05~0.95D  is used.  Similarly, instead of tPeak and t0.05, the ratios 0.05 0.05~0.95( ) /
Peakt Peakr t t D= −  and 
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0.05 0.05 0.95/ ( )tr t T t= −  are used.  
Peaktr  represent the relative location of tPeak in the time interval 0.05~0.95D  and 

0.05tr  represent the ratio between the time of Arias intensities below 5% and the time of Arias intensities from 

95% to 100%.  Dr  and 
Peaktr  are bounded between 0 and 1 and 

0.05tr  is always positive.  Regression analysis is 

carried out for the 11 parameters (e.g. P=[ln(ET), T, Dr , 
Peaktr , 

0.05tr , ,0cF , , /2c TF , ,c TF , ,0bF , , /2b TF  and ,b TF ]) 

by considering all samples from the considered records. 

First, statistical analysis and distribution fitting is carried out for the considered model parameters.  

The fitted distributions are shown in Figure 4.  It can be observed that not all of them are normally 

distributed or approximately normally distributed. 

To carry out regression analysis, a mapping of the variables to normal space is carried out using, 

 1[ ( )]i i iz F P−=  (13) 

where Pi is the i-th element of P; ( )iF •  represents the cumulative probability distribution of variable Pi and 
1[ ]− •  is the inverse of the cumulative normal distribution function; and iz  is the standard normally 

distributed random.  In the normal space, the regression analysis is carried out, resulting in: 
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 (14) 

where i  represents the residual which includes both the inter- and intra- event effects (denoted as i  and 

i ).  For the preliminary analysis, a separate treatment of i  and i  as well as the correlation among the 

model parameters are not considered.  These regression equations are obtained by the trial and error 

approach.  The models depend on M, Rrup and VS30.  There are significant scatters, and the scatter depend on 

M, Rrup and VS30.  The investigation of such a dependency, as well as the models for i  and i , is the subject 

of our ongoing research.  It is found that the magnitude and rupture distance influence significantly the 11 

model parameters; the impact of the shear wave velocity on the model parameter is less pronounced.  An 

illustration of the dependency of the model parameters to M and Rrup is illustrated in Figure 5.  These plots 

indicate that the selected model in Eq. (14) can represent the variation of these parameters in terms of M and 

Rrup. 

Note that given the model parameters shown in Eq. (14), the model parameters P=[ln(ET), T, Dr , 
Peaktr , 

0.05tr , ,0cF , , /2c TF , ,c TF , ,0bF , , /2b TF  and ,b TF ]) can be calculated using ( )1

i i iP F z−= .  These parameters 

can then be used to define the TFPSD function ( , )xS f tS , 
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( ) 1 ln ln ( )
( , ) exp

2 ( )2 ( )

a

x T

P t f t
S f t E
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  −
= −  

   
S  (15) 

The discussion of using such a model to simulate the nonstationary ground motions is outside the 

scope of this study and could be found in [26,27]. 

 

Fig. 4 – Normalized frequency diagrams of each parameter and the corresponding fitted probability 

distribution function 

 

Fig. 5 – Parameters 1z , 3z  and 6z  VS M and Rrup and their fitted mean model. 
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5. Conclusion 

The development of a model to represent the TFPSD function of nonstationary stochastic ground motions as 

functions of magnitude, rupture distance and shear wave velocity at the site is explored.  The analysis of 

TFPSD function is based on the S-transform. 

A preliminary probabilistic model of the time-frequency representation is developed based on the 

assessment of 1504 ground motion records, each with two horizontal components, selected from the NGA-

West2 database.  The model requires 11 model parameters.  Empirical equations for these 11 model 

parameters as functions of magnitude, rupture distance and shear wave velocity are given. 

It is observed that magnitude and rupture distance influences the model parameters significantly and 

the shear wave velocity has a less impact on the estimated model parameters  The regression models for the 

11 model parameters are treated as preliminary results and the inter- and intra-event effects are not assessed 

fully.  This issue is currently dealt with in our ongoing research. 
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