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Abstract
The Horizontal-to-Vertical spectral ratio method (the HVR method) was proposed as a direct substitute for S-wave
amplification by Nakamura [1]. Noguchi and Sasatani [2] found that the HVR of earthquake (EHVR) will be changed
when soil nonlinearity occurs and proposes an index to see the degree of nonlinearity. With the diffuse field concept we
recently found that the EHVR is the ratio of the S-wave transfer function with respect to the P-wave transfer function
with vertical incidence from the seismological bedrock with a coefficient for HVR at the bedrock. Then if we do not
have significant nonlinearity in the P-wave transfer function during the strong shaking, we will see soil nonlinearity on
the EHVR as the nonlinearity of the S-wave amplification. In this study, we tried to find the difference between the
EHVR with soil nonlinearity and those without, quantify the difference, and utilize it to correct the linear S-wave
amplification for improving the result of strong motions prediction in the near field.

Firstly, we found that the difference between EHVR with and without soil nonlinearity could be regarded as a shift in
frequency and/or amplitude. We picked up the peak frequencies for all the earthquake records observed at several
selected sites in southwestern Japan and plotted them as a function of PGA (Peak Ground Acceleration) to see the shift.
We found that the threshold of peak frequency decreasing in terms of PGA is 50 cm/s2.

Secondly, we defined two coefficients, alpha and beta, as the shift due to nonlinearity on the frequency and amplitude
by using strong motion records observed by K-NET and KiK-net in southwestern Japan, defined as the DoD (Degree of
Difference) to judge the matching between the observed EHVR with soil nonlinearity and reproduced EHVR from
alpha and beta and the EHVR in a linear regime. Based on the DoD, we obtained two empirical relationships, namely,
alpha-PGA and beta-PGA.

Thirdly, once we obtained the coefficients alpha and beta from our empirical relationships for PGA, we reproduced the
estimated EHVR with soil nonlinearity from the averaged EHVR for small PGA recordings without soil nonlinearity.
Based on the individual nonlinear EHVR calculated from the single strong-motion, together with the averaged EHVR,
we obtained velocity structure with and without soil nonlinearity by Nagashima et al.’s Program [3]. Then, we
confirmed that the observed linear and nonlinear EHVRs can be reproduced by the inverted velocity structures.

Fourthly, we utilized the VACF (Vertical Amplification Correction Function) method [4] and the DYNEQ Program [5]
to obtain HSAF (Horizontal Site Amplification Factor). We compared these HSAFs obtained by four methods to verify
the application of our empirical relationships.

As described, we obtained two empirical relationships between the frequency shift with PGA and the amplitude shift
with PGA. Nowadays theoretical prediction of soil amplification considering nonlinearity can be made through the
time-domain nonlinear analysis of soil layers, however, in such theoretical methods, we need detailed velocity
information down to the seismological bedrock and nonlinear properties of sediments, which are difficult to obtain in a
wider area for a scenario-type seismic risk evaluation. The proposed method has a wider applicability and is easier to
use than the theoretical methods, without knowing the detailed information of soft sediments.
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1. Introduction
The investigations about site amplification factors have been going on for decades. In general, the site

amplification factor was defined as a seismic waveform amplification factor from a certain subterranean
layer to the earth’s surface. The site amplification factors depend on the S-wave velocity of the soil layers,
the density of soil, internal damping of the layers, and composition of the soil layers. Shima [6] proposed that
it is almost a linear relationship between the analytically calculated site amplification at a site and the ratio
of-the S wave velocity near the earth’s surface to the S-wave of the seismic bedrock, although the
intermediate layers are different. Furthermore, Finn [7] proposed that the nonlinear soil effect on the site
amplification during the strong motion has to be considered. Later, Kawase and Matsuo [8] and Kawase [9]
utilized the GIT (Generalized spectral inversion technique) method to separate the source, path, and site
amplification factors from the data of K-NET and KiK-net and JMA Shindokei network in Japan
successfully. About the evaluation of the nonlinear site response, Wen et al. [10] proposed the EHVR of S-
wave on the earth's surface could be regarded as an indicator of soil nonlinearity. Then, Noguchi et al. [2]
defined an index named DNL (The degree of nonlinearity) as a function to quantify the difference between
EHVR of weak motions and EHVR of strong motions. The EHVR of weak motions stands for the linear case,
and the EHVR of strong motion can stand for the nonlinear case.

In this study, we not only quantified the degree of difference between the EHVR considering the linear
soil behavior with EHVR considering the nonlinear soil behavior but also reproduced pseudo EHVR
considering soil nonlinearity. Then, by the simulation or direct calculation from either Nagashima et al.’s
Program [3], DYNEQ [5], VACF (Vertically Amplification Correction Function) method, VHbR method, or
VACF-NCF method (Vertically Amplification Correction Function & Nonlinearity Correction Function
hybrid method), we obtained the site amplification factors considering soil nonlinearity and compared them
with each other.

2. The DoD (Degree of Difference) for soil nonlinearity
2.1 Sites & Data
In this study, we selected total of 119 sites, which recorded strong motions more than 70 cm/s2 in terms of
PGA from Kinki area in the southwestern Japan. The selected sites were shown in Fig.1. To avoid a
disturbance from soil nonlinearity, we selected first the records in which PGA is from 4 to 15 cm/s2 to ensure
what we obtained are in the linear regime. Here, the PGA means the largest acceleration of north-south
acceleration, west-east acceleration.

To avoid an intense influence of surface waves, we only utilized the weak motions in which epicenter
distances are less than 150 km. We also checked each waveform by sight to ensure there is not a significant
influence of surface waves on the waveform. Another selection is the date of the recorded earthquake. We
selected the data from 2000 to 2019 in most of the sites. However, in some sites, EHVRs have a significant
difference after 2001, 2004, or 2007. In that case, we selected a part of the data from 2000-2019. Table 1
shows the particular sites and the selected durations in those sites.

Table 1 – Selected years of data in particular sites

Sites HYGH03 HYGH04 HYGH05 HYGH06 HYGH07 HYGH09 HYGH11 HYGH12

Years 2008-2017 2008-2018 2001-2005 2012-2016 2008-2016 2008-2018 2009-2018 2009-2018

Sites HYGH13 NARH01 NARH03 NARH04 NARH05 NARH06 NARH07

Years 2016 2001-2006 2008-2018 2008-2014 2001-2007 2008-2018 2009-2018
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Fig. 1 – Sites selection (on top of the map from Google Earth, 2019)

Fig. 2 – Soil linear EHVR & Soil nonlinear EHVR

2.2 Degree of difference
As an example in Fig.2 showed, the purple line is a nonlinear EHVR of one record, whose PGA was

277.3 cm/s2. The black line is a linear EHVR calculated as an averaged value over several weak motions at
MIE017 site. For EHVRs RMS (root mean squared) values of two horizontal components are used
throughout this paper. We found a systematic difference between the purple line (the nonlinear EHVR) and
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the black line (the linear EHVR) clearly, and we proposed that the difference could be regarded as a shift of
EHVR from linearity to nonlinearity, and these shifts exist in both the frequency axis (X-axis) and the
amplitude axis (Y-axis).

To quantify the shift between nonlinear and linear EHVRs, we proposed Eq. (1). Here n is the number
of frequency data of EHVR, c is a coefficient to balance the weight, f is frequency, EHVRlin is the linear
EHVR, EHVRnon is the nonlinear EHVR, alpha and beta are two variables, which can influence DoD in the
frequency and the amplitude.

�隈� 
� �l

� ���隈��th���� � � �lt� �lt�

�th��隈� � � ��

�
(1)

If we used Fig. 2 to explain Eq. (1), alpha could be regarded as a shift in the frequency axis from the
linear EHVR to the nonlinear EHVR, beta could be regarded as a shift in the amplitude axis from the linear
EHVR to the nonlinear EHVR. The value of DoD could be regarded as an averaged amplitude difference,
which has already been transformed into the logarithmic coordinate system.

By changing the values of alpha and beta, we can obtain a figure like Fig. 3. The bright color means
the DoD is large, and the deep color means DoD is small. The red point in Fig. 3 means that when alpha is
equal to 0.05, and beta is equal to -0.01, the DoD, which is equivalent to 0.16, is minimum. Due to the DoD
is an averaged amplitude difference, the smallest DoD means the difference is smallest, and also implies the
matching between the linear EHVR and the nonlinear EHVR is best. The alpha and beta in this best
matching case is treated as a piece of data to help us finish Fig.5 and Fig.6.

Fig. 3 – The different values of DoD by changing alpha and beta
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Fig. 4 – Soil linear EHVR, nonlinear EHVR and reproduced EHVR

In the example in Fig. 4, the black line is an averaged linear EHVR, the purple line is a nonlinear
EHVR, and the green line is a reproduced nonlinear EHVR from the black line (The linear EHVR) with the
obtained alpha and beta in the best matching case. This figure shows that after we calculated the alpha and
beta in the best matching case, we moved the linear EHVR (The black line) by this alpha and beta in the
frequency axis and the amplitude axis to obtain the reproduced EHVR (The green line). Due to the
reproduced EHVR and the nonlinear EHVR are very similar, we regarded the alpha and beta in the best
matching case as the real shift from the linear EHVR to the nonlinear one, and we named this alpha and this
beta as αs and βs.

After we utilized more than 7,000 pieces of data from Kinki-area for calculating their αs and βs, we
obtained two empirical figures. They are Fig. 5 and Fig. 6. We should note that the significant nonlinearity
can be seen only those records with PGA higher than 100 cm/s2 and that βs becomes positive in that
nonlinear regime on the average, meaning higher amplification than the linear regime.

Fig. 5 – The relationship between αs and PGA Fig. 6 – The relationship between βs and PGA
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2.3 Nonlinearity correction function (NCF)
In this study, because we assumed that nonlinear response would happen when PGA exceeded 100 cm/s2, we
only utilized the data whose PGA exceeds 100 cm/s2 to fit a curve by parabolic function. We obtained Eq. (2)
and Eq. (3) after fitting. We showed the utilized data and the parabolic curves of Eq. (2) and Eq. (3) in Fig. 7
and Fig. 8.

Fig. 7 – The parabolic function about αs Fig. 8 – The parabolic function about βs

��  t�Ǥ��� � ��隈�lt�쳌䁖� Ǥ�Ǥ
(2)

��  t�l��� � ��隈�lt�쳌䁖� Ǥ�Ǥ
(3)

After that, we defined fc(i) and ac(i), fc(i) is the frequency of corrected EHVR on the i point and ac(i) is
the amplitude of corrected EHVR on the i point, which can be modeled by f(i), the frequency of initial
EHVR on the i point and a(i), the amplitude of initial EHVR on the i point, as follows:

�� �  � � � lt��
(4)

�� �  � � � lt�� (5)
We named Eq. (2), Eq. (3), Eq. (4) and Eq. (5) as NCF (Nonlinearity Correction Function). The

correction by NCF means that if we have a predicted PGA, we can obtain relevant αs and βs. Then, we can
modify the averaged linear EHVR to reproduce predicted nonlinear EHVR by αs and βs.

Fig. 9 is an example to show the reproduced EHVR by NCF; the purple line is a single nonlinear
EHVR by a single recorded earthquake data. In Fig. 9, the utilized earthquake data is ‘MIE0170010310143’.
The black line is the averaged linear EHVR at MIE017. The green line is the reproduced EHVR based on the
best matching, in other words, based on the smallest DoD. The blue line is the corrected EHVR based on
NCF. The blue line is very close to the green line and so it is very difficult to distinguish to each other. This
means that our estimated EHVR by NCF is very similar to the estimated EHVR based on the smallest DoD
and hence the observed EHVR with nonlinearity. That is what we expect to find, and it shows that NCF is
appropriate to utilize to obtain nonlinear EHVRs empirically. However, we should note that there are
significant scatters in the individual values of corrections as shown in Figs. 7 and 8. We should accept these
degree of deviation in our average prediction of NCF.
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Fig. 9 – Four types of EHVR to compare in the nonlinear regime.

3. Velocity inversion considering and linear and nonlinear soil behavior
We performed the S-wave velocity inversion considered soil linearity and soil nonlinearity by Nagashima et
al.’s Program based on the HHS method [3]. The calculation flow chart of Nagashima et al’s code is shown
in Fig. 10. This program can calculate the theoretical EHVR automatically, calculate the difference between
the theoretical EHVR and the observed EHVR, and find a model with the minimum misfit as the final
theoretical EHVR. The equation of misfit is as follows:

misfit  ����
���h �th�隈㌳� � � th��������Ǥ� (6)

In this equation, f is the frequency, HVRobs is the observed EHVR, HVRthe is the theoretical EHVR, fmin
is the minimum frequency, and fmax is the maximum frequency.

Fig. 10 – Calculation flow chart of HHS method [3]
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Here we only showed an example to represent the velocity structure considering the soil linearity and
soil nonlinearity. To perform DYNEQ [5] for horizontal site amplification factors, the S-wave velocity
structure models considering both soil linearity and nonlinearity are necessary.

Fig. 11 – Velocity structure considering soil linearity the resultant EHVRs with the observed one.

As Fig. 11 showed, the left-hand panel is the linear S-wave velocity structure at HYG023 determined
from the averaged EHVR for weak motions. The green line is the initial model before the inversion. At every
site, the nine grey lines correspond to nine models of inversion with different initial genes, respectively, and
the red line corresponds to the best inverted model, which has the minimum residual in Eq. (6). We chose the
velocity structure corresponding to the red line as the initial velocity structure when we executed the
nonlinear inversion. The right hand one is EHVRs of these velocity structures. The blue line is the averaged
observed linear EHVR, which is the target of the inversion. The green line is the HVR calculated from the
initial model before the inversion.

Fig. 12 – The velocity structure considering soil nonlinearity and its EHVR with the observed.

As Fig.12 showed, the left-hand panel is the nonlinear velocity structure at HYG023 determined from
the large PGA record, in comparison to the linear velocity structure in blue. Since the velocity structure
depends on a strong individual motion with nonlinearity, we used only EHVR of the individual strong
motion as a target to perform the inversion. In Fig.12, the left-hand one is the velocity structure. The blue
line is the initial model for the nonlinear inversion, which is the best model in the linear inversion. The red
line is the inversed nonlinear velocity model, which has a minimum residual from ten trials. In the right-hand
panel, the red line are inversed EHVRs for ten trials. The blue line is observed EHVR calculated from an
individual data named ‘HYG0230804170058’. The observed EHVR is well reproduced by the inversion and
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the inverted model from the high PGA record really showed the degradation of S-wave velocities in the
shallower part less than 10 m.

4. Comparisons of site amplification factors
Kawase et al. [4] proposed ‘Double empirical corrections to Nakamura method’. They mentioned that the
site amplification factor for the horizontal component (HHbR) could be defined as:

tꑈ䁖  tt㌳�  t��
t�㌳  �t�� h�� � � �

h��
t�㌳ �  �th� � ht㌳�

(7)

In Eq. (7), H_s is the horizontal component spectra on the surface, V_s is the vertical component
spectra on the surface, H_b is the horizontal bedrock input motion spectra. VHbR is the amplification ratio of
the V_s with respect to H_b. Because of the definition of HHbR, HHbR can be regarded as HSAF (Horizontal
site amplification factor). Double empirical corrections, which is a widely applicable method, means they
utilized the pseudo-EHVR and the empirical VHbR for obtaining the pseudo-HHbR. In this study, we utilized
both the individual VHbR calculated from site factors of vertical component in GIT [11, 12] and the
empirical VHbR calculated here in the same way as in Kawase et al. [4]. We named the latter empirical
VHbR, which is the averaged VHbR from more than 1,600 sites in Japan, as VACF (Vertically Amplitude
Correction Function) [13].

4.1 Comparisons of horizontal site amplification factors in the linear case
In the linear case, we calculated three types of HSAF (Horizontal Site Amplification Factor). As Fig.13
showed, the HSAF (Theory) is a theoretical horizontal site amplification factor. It is calculated by DYNEQ
based on the 1-D multiple reflection theory. Here, we used the inversed velocity structure considering soil
linearity, which we showed in Fig. 11, as the best S-wave velocity structure model. We obtained the site
amplification factors from 30 sites, among which Fig. 13 is only one example to show results.

The HSAF (EHVR*VHbR) is a close-to-exact observed HSAF from GIT. The EHVR is the averaged
linear EHVR. The VHbR is a ratio of vertical component spectra on the earth’s surface with respect to
horizontal component spectra on the seismic bedrock. It is also calculated from GIT by Nakano et al. [11, 12].
The method, which we utilized to obtain the HSAF(EHVR*VHbR), means that we could obtain high-
accurate site amplification factors even if we do not know the S-wave velocity structure once we perform
GIT.

The pHSAF (EHVR*VACF) means the pseudo horizontal site amplification factor. The VACF, which
calculated from Kawase et al. [13], is the averaged VHbR from all sites in the database with ten or more
records. The EHVR used here is the averaged linear EHVR. The VACF method is an empirical method to
obtain site amplification factors. It means that we need not perform any estimations of S-wave velocity and
rigorous velocity structure inversions. We could obtain site amplification factors anywhere, as long as we
have the EHVR or pEHVR from microtremors at that location.

From Fig. 13, we noted that the HSAF(Theory), the HSAF(EHVR*VHbR), and the pHSAF
(EHVR*VACF) are very similar to each other. They are incredibly similar in the tendency of descend and
ascend, and their frequency peaks are very similar. The differences between their amplitudes are within
acceptable limits. The results of comparisons noticed that as a very efficient method, the VACF method is
very desirable and appropriate.
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Fig. 13 – HSAF(Theory), pHSAF(EHVR*VACF), and HSAF (EHVR*VHbR)

4.2 Comparisons of horizontal site amplification factors in the nonlinear case
In the nonlinear case, if we assumed that there would be negligible nonlinearity in the vertical component,
we could regard that the value of nVHbR (Nonlinear VHbR) is the same as the value of VHbR. As Fig. 14
showed, we calculated four types of HSAF considering soil nonlinearity. Fig.14 is an example. Actually, we
obtained 68 site amplification factors considering soil nonlinearity from 68 pieces of strong motion data.

The nHSAF (Theory) is a theoretical nonlinear horizontal site amplification factor by DYNEQ. Here,
we used the inverted velocity structure considering soil nonlinearity, which we showed in Fig. 12, as the S-
wave velocity structure model deviated from the linear model. When we performed the nonlinear inversion,
the target EHVR is a ratio from an individual strong motion with high PGA.

The nHSAF(nEHVR*VHbR) is the close-to-exact observed nonlinear site amplification factor. The
nEHVR is the H/V ratio of an individual strong motion. The VHbR is the same as that utilized in the linear
case.

The npHSAF(nEHVR*VACF) is a nonlinear pseudo horizontal site amplification factor. The nEHVR
is the H/V ratio of an individual strong motion. The VACF is the same as that utilized in the linear case.

The npHSAF(EHVR*VACF*NCF) is another nonlinear pseudo horizontal site amplification factor.
The spectra from EHVR*NCF is the npEHVR (Nonlinear pseudo-EHVR) based on the NCF defined in Fig.
7 and 8.
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Fig. 14 – nHSAF(Theory), npHSAF(EHVR*VACF*NCF), nHSAF (nEHVR*VHbR), and
npHSAF(nEHVR*VACF) at HYG023.

Firstly, although the fluctuations on the nHSAF(nEHVR*VHbR) and the npHSAF(nEHVR*VACF) in
the lower panel are large relatively since they were calculated from an individual strong motion, we noted
that three types of nHSAF in the upper panel are extremely similar in the overall tendency of descend and
ascend. In the meantime, the matching of peak frequencies and their amplitudes is good, although it is not
perfect.

Secondly, the similarity between the nHSAF(nEHVR*VHbR) with the npHSAF (nEHVR*VACF)
shows a reasonable practicability of the effective VACF method again.

Besides, the nHSAF(nEHVR*VHbR) is the close-to-exact observed nonlinear site amplification factor,
and the npHSAF(nEHVR*VACF) is a nonlinear empirical site amplification factor calculated by the
effective and appropriate VACF method, they are powerful and practical as long as we have the observed
strong motions with high PGAs. However, in the high PGA case for the seismic prediction, if we want to
know an average level of the amplification at one site, the npHSAF(EHVR*VACF*NCF) is the only
empirical way to get HSAF since the npHSAF(EHVR*VACF*NCF) can be obtained from observed data in
the linear regime.

5. Conclusion
We have investigated observed strong motion data focusing our attention on the nonlinear characteristics that
emerged in the observed EHVRs with high peak ground acceleration. Our empirical model to predict
horizontal site amplification factors from EHVR, which accounts for both linear vertical amplification and
nonlinear horizontal variation from the linear amplification, was found to be quite effective within a
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reasonable range of nonlinearity. We need to extend our research to the data with much stronger nonlinearity,
and to the reproduction of waveforms.

.
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