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Abstract 

Distributed plasticity models are commonly used to simulate the nonlinear behavior of axial-flexural reinforced concrete 

(RC) elements (e.g., slender walls, columns) up to the ultimate displacement at failure. The predicted response from these 

models is largely governed by the assumed stress-strain constitutive models for the concrete and steel materials. While 

several traditional models exist for the concrete compressive stress-strain behavior up to crushing, the predicted ultimate 

(failure) displacement of RC elements when using such constitutive models is highly sensitive to the assumed critical 

length defined by the integration method (i.e., length where the nonlinear deformations and damage concentrate). Plastic 

hinge integration methods and material regularization approaches have been separately proposed to obtain an accurate 

prediction of the ultimate displacement for RC elements with softening post-peak behaviors. However, in the case of 

plastic hinge integration, the simulated ultimate displacement may be highly sensitive to the assumed plastic hinge length. 

In the case of regularized material constitutive relationships, the local response of the element (e.g., section curvatures 

and material strains) may be incorrectly estimated. It may be possible to mitigate these limitations by combining the 

plastic hinge concept with the material regularization concept. Towards this goal, this paper presents a numerical 

investigation comparing the cyclic lateral load-displacement simulations of RC walls and columns using plastic hinge 

models with traditional and regularized concrete and steel stress-strain relationships. Furthermore, a sensitivity analysis 

of the simulation results to the assumed plastic hinge length is conducted. The study shows that regularized plastic hinge 

models are capable of accurately simulating the global lateral load-displacement response (including the ultimate 

displacement) of RC walls, while being mesh insensitive. However, the regularization equations need further 

improvement for the accurate simulation of ultimate displacement for RC columns.  
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1. Introduction 

Since the use of nonlinear numerical models is becoming common in earthquake engineering design practice, 

it is essential to develop effective modeling techniques that can accurately predict the behavior of reinforced 

concrete (RC) elements through failure (e.g., peak strength, ultimate displacement). Previous research towards 

these modeling goals has focused on lumped plasticity models using semi-empirical equations to define the 

moment-rotation backbone parameters to simulate RC columns [1,2], and on distributed plasticity models to 

simulate RC flexural walls [3,4]. 

Although lumped plasticity models are numerically robust and simple to implement, they present major 

drawbacks: 1) variations in axial and shear loads cannot be accounted for during the analysis; and 2) there is 

no standardized guidance for the cyclic moment-rotation relationships [5]. In comparison, distributed plasticity 

models with fiber sections can allow for more accurate simulations of RC elements because they can capture 

the variation of axial load in the axial-flexural interaction, and the cyclic response of the element is simulated 

through cyclic uniaxial concrete and steel material constitutive stress-strain relationships. 

It is well known that in distributed plasticity models, the ultimate displacement (i.e., failure 

displacement) of a RC element with softening post-peak behavior (e.g., due to concrete crushing or rebar 

buckling) is highly sensitive to the length of the critical integration point over which the nonlinear behavior 

and failure of the element are concentrated [3,4,6,7]. To reduce this variability, researchers have proposed two 

approaches: 1) plastic hinge integration methods, in which the length of the critical integration point is matched 

to an assumed or experimentally-calibrated plastic hinge length [6], and 2) regularized constitutive stress-strain 

relationships for concrete and steel based on experimentally-calibrated values of post-yield failure energy [4,7]. 

Each of these approaches has limitations. In the case of plastic hinge integration, the simulated ultimate 

displacement of the element may be highly sensitive to the plastic hinge length, while in the case of regularized 

material constitutive relationships, the local response of the element (e.g., section curvatures and material 

strains) may be incorrectly estimated [4,7]. It may be possible to mitigate these limitations by combining the 

plastic hinge concept with the material regularization concept. Towards this goal, this paper compares the 

cyclic lateral load-displacement simulations of RC walls and columns using plastic hinge models with: 1) 

traditional material stress-strain relationships – defined as “un-regularized plastic hinge models;” and 2) 

regularized material stress-strain relationships – defined as “regularized plastic hinge models.” A sensitivity 

analysis of the simulation results to the assumed plastic hinge length is also presented. 

2.  Model Description 

The force-based (FB) beam-column element in OpenSees [8] was used to model RC walls and columns  in this 

study. This is a two-node line-element where fiber sections are assigned at integration points (IP) along the 

length of the element, and plane section deformations are assumed at each IP. Each fiber section is divided 

into a number of concrete and steel fibers, where nonlinear concrete and steel uniaxial stress-strain material 

relationships are assigned. 

In order to ensure that the length of the critical IP exactly matched the desired plastic hinge length, the 

FB beam-column element with the modified Gauss-Radau integration method [9] with six integration points 

was used in both the regularized and un-regularized plastic hinge models. IP locations (𝑥) and integration 

weights (𝑤) for the modified Gauss-Radau method are presented in Eq. (1), where, 𝐿 is the total length of the 

element, 𝐿𝑝𝐼 and 𝐿𝑝𝐽 are the plastic hinge lengths at the two ends, and 𝐿𝑖𝑛𝑡 = 𝐿 − 4𝐿𝑝𝐼 − 4𝐿𝑝𝐽. The modified 

Gauss-Radau method includes integration points at the element ends (i.e., 𝑥1 and 𝑥6 in Eq. (1)), thus accurately 

modeling the maximum moment at the base of a wall or column element, and integrates quadratic polynomials 

exactly to provide the exact solution for linear curvature distributions [6].  

𝑥 = {   0; 8𝐿𝑝𝐼/3; 4𝐿𝑃𝐼 + 𝐿𝑖𝑛𝑡(3 − √3)/6; 4𝐿𝑃𝐼 + 𝐿𝑖𝑛𝑡(3 + √3)/6; 𝐿 − 8𝐿𝑝𝐽/3;    𝐿}
𝑤 = {𝐿𝑝𝐼; 3𝐿𝑝𝐼; 0.5𝐿𝑖𝑛𝑡; 0.5𝐿𝑖𝑛𝑡; 3𝐿𝑝𝐽; 𝐿𝑝𝐽}

  (1) 
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Unconfined and confined concrete fibers were simulated with the Concrete02 material in OpenSees. 

The pre-peak compressive stress-strain relationship in Concrete02 is defined by the Hognestad parabola, with 

initial stiffness (i.e., Young’s modulus) 𝐸𝑐 = 4700√𝑓𝑐
′ (in MPa units) according to ACI 318-19 [10]. Beyond 

the peak stress point, which is assumed to be reached at a strain of 𝜀𝑜 = 2𝑓𝑐
′/𝐸𝑐 for unconfined concrete and 

𝜀𝑐𝑜 = 2𝑓𝑐𝑐
′ /𝐸𝑐 for confined concrete (which uses the confined strength ratio, 𝐾 = 𝑓𝑐𝑐

′ /𝑓𝑐
′ according to Mander 

et al. [11]), the stress-strain relationship reduces linearly to a residual compressive stress. The tensile behavior 

of the concrete is bilinear, reducing to zero residual stress through tension-softening after cracking. Steel 

reinforcement was simulated using the Menegotto and Pinto [12] model, which is available in OpenSees as the 

Steel02 material. The MinMax material model was used in combination with Steel02 to simulate complete loss 

of steel compressive stress, representative of buckling, when the ultimate strain of confined concrete, 𝜀𝑐𝑢 is 

exceeded [4]. More details on the un-regularized and regularized materials used in the models are presented 

next.  

The shear force-deformation relationship was incorporated at the section level and was assumed linear-

elastic with an effective shear modulus of 𝐺𝑒𝑓𝑓 = 0.04𝐸𝑐 as recommended elsewhere [4,13].  

 

2.1 Un-regularized materials 

The ultimate strain of the unconfined concrete was taken as 𝜀𝑢= 0.004 at a residual stress of 0.2𝑓𝑐
′, while the 

ultimate strain of the confined concrete was calculated using Eq. (2) [14], where, 𝜌𝑠 is the total volumetric 

ratio of confining steel and 𝜀𝑠𝑢 is the confining steel strain at maximum tensile stress, which was taken as 0.09. 

𝜀𝑐𝑢 = 0.004 + 1.4𝜌𝑠𝑓𝑦𝜀𝑠𝑢/𝑓𝑐𝑐
′          (2) 

The stress at ultimate strain of confined concrete was obtained following Mander et al. [11] (which uses 

Popovic’s equation), and the MinMax material model in OpenSees was used in combination with Concrete02 

to simulate the complete loss of concrete compressive stress upon hoop fracture at 𝜀𝑐𝑢. 

 

2.2 Regularized materials 

The concrete and reinforcing steel regularization approaches recommended by NIST [5] for the numerical 

modeling of slender RC walls were adopted in this study, as conceptually presented in Fig. 1. The regularized 

ultimate strain for unconfined concrete, 𝜀𝑢 , at residual stress, 𝑅𝑐𝑓𝑐
′ , was calculated using Eq. (3) and an 

assumed value of concrete crushing energy, 𝐺𝑓𝑐. This equation was derived by equating the shaded area of 

Fig. 1a to 𝐺𝑓𝑐/𝐿𝑐𝑟, and implies that a larger value of 𝜀𝑢 is required in a model with a smaller critical integration 

length, 𝐿𝑐𝑟. A similar relationship for the ultimate strain of confined concrete, 𝜀𝑐𝑢, can be obtained by replacing 

the appropriate terms, as shown in Eq. (4).  

𝜀𝑢 =
1

1+𝑅𝑐
⋅ [

2𝐺𝑓𝑐

𝑓𝑐
′𝐿𝑐𝑟

−
𝑓𝑐

′

𝐸𝑐
+ (1 + 𝑅𝑐)𝜀𝑜 + 𝑅𝑐

2 𝑓𝑐
′

𝐸𝑐
 ]       (3) 

𝜀𝑐𝑢 =
1

1+𝑅𝑐𝑐
⋅ [

2𝐺𝑓𝑐𝑐

𝑓𝑐𝑐
′ 𝐿𝑐𝑟

−
𝑓𝑐𝑐

′

𝐸𝑐
+ (1 + 𝑅𝑐𝑐)𝜀𝑐𝑜 + 𝑅𝑐𝑐

2 𝑓𝑐𝑐
′

𝐸𝑐
 ]      (4) 
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Fig. 1 – Regularization of material stress-strain curves. a) unconfined concrete; b) confined concrete; c) 

reinforcing steel. Based on [5] 

The unconfined and confined concrete crushing energy were calculated using Eq. (5) and Eq. (6), 

respectively [5], where 𝑓𝑐
′ is in MPa. The residual stress was taken as 20% of the peak stress [i.e., 𝑅𝑐 = 𝑅𝑐𝑐 = 

0.2 in Eq. (3) and Eq. (4)] for both unconfined and confined concrete.  

𝐺𝑓𝑐 = 2𝑓𝑐
′           (5) 

𝐺𝑓𝑐𝑐 = 1.70 𝐺𝑓𝑐          (6) 

Regularization of the reinforcing steel stress-strain relationship was performed using Eq. (7) and Eq. (8) 

(see Fig. 1c for details), where the gage length, 𝐿𝑔𝑎𝑔𝑒 was assumed as 200 mm [5].  

𝜀𝑠𝑢
′′ = 𝜀𝑦 + (

𝐿𝑔𝑎𝑔𝑒

𝐿𝑐𝑟
) (𝜀𝑠𝑢 − 𝜀𝑦)         (7) 

𝑏′′ =
𝑓𝑢−𝑓𝑦

𝐸𝑠(𝜀𝑠𝑢
′′ −𝜀𝑦)

= 𝑏
(𝜀𝑠𝑢−𝜀𝑦)

(𝜀𝑠𝑢
′′ −𝜀𝑦)

         (8) 

No recommendations for the regularization of concrete and steel materials for the cyclic modeling of 

RC columns were identified by the authors in the literature. Therefore, Eq. (3) to Eq. (8), which were developed 

based on experiments of slender RC walls, were also used in this study to evaluate their implications in 

modeling RC columns. 

3.  Experimental Database 

A database of eight previously tested walls and ten columns, was used to evaluate the numerical models. This 

database is presented in Table 1, where 𝑡 and 𝐿 are the wall thickness and length, respectively, 𝑊 and 𝐻 are 

the column width and height, respectively, 𝐻𝑒𝑓𝑓  is the effective height (defined as the distance between the 

maximum and zero moment locations), 𝑓𝑐
′ is the unconfined concrete compressive strength, and 𝑓𝑦 is the steel 

yield stress. All of these specimens presented ultimate failure modes due to concrete crushing (with or without 

rebar buckling), and therefore, softening post-peak behavior occurred. The specimens were slender (i.e., 

𝑀/(𝑉𝑙) ≥2) and had a wide range of material properties and axial load ratios (i.e., 𝑃/(𝑓𝑐
′𝐴𝑔)). The last column 

of Table 1 shows the mean plastic hinge length, 𝐿𝑝.𝑚𝑒𝑎𝑛, calculated according to three different available 

equations for RC walls [15–17] and six different equations for RC columns [18–23].  
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Table 1 – Experimental wall and column database 

RC Walls 

Specimen ID Reference 
𝒕 

[mm] 

𝑳 

[mm] 

𝑯𝒆𝒇𝒇 

[mm] 

𝒇𝒄
′  

[MPa] 

𝒇𝒚 

[MPa] 

𝑷

𝒇𝒄
′ 𝑨𝒈

 
𝑴

𝑽𝑳
 

𝑳𝒑,𝒎𝒆𝒂𝒏 

[mm] 

WSH4 [24] 150 2000 4560 40.9 576.0 0.06 2.3 566 

WSH6 [24] 150 2000 4520 45.6 576.0 0.11 2.3 539 

RW1 [25] 102 1219 3810 31.6 434.5 0.10 3.1 403 

WP1 [26] 152 2286 8560 35.8 506.0 0.10 3.7 745 

WP2 [26] 152 2286 8560 41.7 506.0 0.08 3.7 757 

WP3 [26] 152 2286 8560 42.4 506.0 0.08 3.7 758 

WR10 [27] 200 1500 3000 36.2 449.0 0.08 2.0 415 

HPCW03 [28] 100 1000 2100 57.2 433.3 0.18 2.1 274 

RC Columns 

Specimen ID Reference 
𝑾 

[mm] 

𝑯 

[mm] 

𝑯𝒆𝒇𝒇 

[mm] 

𝒇𝒄
′  

[MPa] 

𝒇𝒚 

[MPa] 

𝑷

𝒇𝒄
′ 𝑨𝒈

 
𝑴

𝑽𝑳
 

𝑳𝒑,𝒎𝒆𝒂𝒏 

[mm] 

Unit 1 [29] 400 400 1600 46.5 446.0 0.10 4.0 215 

Unit 4 [29] 400 400 1600 40.0 446.0 0.30 4.0 232 

Unit 1 [30] 400 400 1600 25.6 474.0 0.20 4.0 243 

Unit 6 [30] 550 550 1650 32.0 511.0 0.10 3.0 267 

Specimen 9 [31] 305 305 1676 33.3 363.0 0.26 5.5 228 

Specimen 11 [31] 305 305 1676 31.0 363.0 0.28 5.5 230 

U1 [32] 350 350 1000 43.6 430.0 0.00 2.9 209 

U7 [32] 350 350 1000 39.0 437.0 0.13 2.9 217 

BG-1 [33] 350 350 1645 34.0 455.6 0.43 4.7 250 

BG-4 [33] 350 350 1645 34.0 455.6 0.46 4.7 257 

4.  Simulation Results 

The analysis results obtained using the un-regularized and regularized plastic hinge models are presented in 

this section. For the regularized models, the mean plastic hinge length (𝐿𝑝,𝑚𝑒𝑎𝑛 in Table 1) was used as the 

critical integration length, 𝐿𝑐𝑟 in Eq. (3), Eq. (4), and Eq. (7). The 𝐿𝑝,𝑚𝑒𝑎𝑛 was also used for defining the length 

and weight of the integration points in Eq. (1). The results are evaluated based on the numerical-to-

experimental ratios of the effective stiffness (𝑅𝐾𝑒), maximum strength (𝑅𝑉𝑚𝑎𝑥), and ultimate displacement 

(𝑅𝛿𝑢). The effective stiffness and maximum strength were calculated from the mean (considering the positive 

and negative loading directions) backbone curve for each specimen. The effective stiffness was calculated as 

the slope between the origin and the point on the mean backbone curve corresponding to 70% of the maximum 

strength. The ultimate displacement was defined as the displacement corresponding to a 20% reduction in 

lateral load resistance from the maximum strength based on the effective lateral load-displacement curve with 

P-Δ effects removed as presented in Berry et al. [34] so as to capture material deterioration rather than 

geometric effects. 

 The numerical-to-experimental ratios of the evaluation parameters for the wall and column specimens 

are presented in Table 2. Looking at the mean and standard deviation results for the walls, both the un-

regularized and regularized plastic hinge models accurately simulated the effective lateral stiffness and 

maximum strength. The regularized models also provided accurate predictions of the ultimate displacement, 

with a mean ratio of 0.94. In comparison, the un-regularized wall models resulted in a highly overestimated 
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(unconservative) prediction of the ultimate displacement, with a mean ratio of 1.98, and a significantly 

increased standard deviation. This trend was opposite for the column specimens, where the regularized models 

resulted in a worse prediction of the ultimate displacement as compared with the un-regularized models, even 

though there were improvements in the prediction of the effective stiffness and maximum strength.  

Overall, the results in Table 2 suggest that: 1) since the concrete stress-strain relationships used in the 

un-regularized plastic hinge models were obtained mainly from the testing of RC columns [11], they are better 

in simulating the ultimate displacement of columns than that of walls, 2) the regularized stress-strain 

relationships significantly improved the accuracy of the ultimate displacement simulations for RC walls, but 

not for columns, and 3) Eq. (5) and Eq. (6) for the unconfined and confined concrete crushing energy, 

respectively, are not adequate to simulate the ultimate displacement of RC columns.  

The lateral load-displacement behaviors of the RC wall specimens simulated using the regularized 

plastic hinge model are presented in Fig. 2, while the behaviors of the column specimens simulated using the 

un-regularized plastic hinge model are presented in Fig. 3. The experimentally measured behaviors of the 

specimens are depicted in red. These results show that the models were able to capture the complex cyclic 

behaviors (i.e., strength and stiffness degradation and pinching) of the specimens up to failure reasonably well.  

Table 2 – Numerical-to-experimental ratios of evaluation parameters   

Specimen ID 
Un-regularized Regularized 

𝑹𝑲𝒆 𝑹𝑽𝒎𝒂𝒙 𝑹𝜹𝒖 𝑹𝑲𝒆 𝑹𝑽𝒎𝒂𝒙 𝑹𝜹𝒖 

RC Walls 

WSH4 1.36 0.91 0.64 1.26 0.97 1.10 

WSH6 0.72 0.98 1.73 0.73 0.96 0.86 

RW1 1.05 1.06 1.68 1.04 1.07 1.15 

WP1 1.10 1.08 2.54 1.11 1.07 0.86 

WP2 0.72 1.20 3.28 0.78 1.07 0.80 

WP3 0.70 1.15 2.89 0.74 1.06 0.92 

WR10 1.09 1.00 2.20 1.13 0.97 1.00 

HPCW03 0.94 0.94 0.87 0.94 0.93 0.87 

mean 0.96 1.04 1.98 0.97 1.01 0.94 

st. dev. 0.24 0.10 0.93 0.20 0.06 0.13 

RC Columns 

Unit 1 1.21 0.96 0.67 1.20 0.97 1.05 

Unit 4 1.06 0.93 0.61 1.02 0.96 1.16 

Unit 1 1.20 0.95 1.08 1.10 1.01 0.63 

Unit 6 1.36 0.98 0.96 1.35 1.00 0.74 

Specimen 9 1.46 1.03 1.15 1.38 1.05 2.01 

Specimen 11 1.21 1.00 1.39 1.16 1.02 2.31 

U1 2.02 0.95 0.97 1.20 1.22 1.96 

U7 1.61 1.08 0.71 1.61 1.02 0.63 

BG-1 0.92 0.82 0.99 0.81 0.90 0.99 

BG-4 0.85 0.91 0.97 0.74 1.01 0.70 

mean 1.29 0.96 0.95 1.16 1.02 1.22 

st. dev. 0.34 0.07 0.24 0.26 0.08 0.64 
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Fig. 2 – Lateral load-displacement behaviors of wall specimens. (Experimental results in red and regularized 

plastic hinge model results in black) 

 

Fig. 3 – Lateral load-displacement behaviors of column specimens. (Experimental results in red and un-

regularized plastic hinge model results in black) 
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5.  Sensitivity Analysis 

The analysis results in the previous section were obtained using the mean plastic hinge length (𝐿𝑝,𝑚𝑒𝑎𝑛) from 

Table 1. The sensitivity of the evaluation parameters to the assumed plastic hinge length was also studied 

because there are many available recommendations for the plastic hinge length of RC walls and columns in 

the literature. To study the sensitivity of the numerical predictions, parametric analyses were conducted using 

plastic hinge length values, 𝐿𝑝 ranging between 0.75 and 1.25 𝐿𝑝,𝑚𝑒𝑎𝑛. The results showed that the sensitivity 

of the effective stiffness and maximum strength to the plastic hinge length was generally small for both walls 

and columns. Contrarily, the ultimate displacement was much more sensitive to 𝐿𝑝, and these results are 

presented below.  

The numerical-to-experimental ultimate displacement ratios ( 𝑅𝛿𝑢 ) from the un-regularized and 

regularized plastic hinge models are presented in Fig. 4a,b for the eight wall specimens, and in Fig. 4c,d for 

the ten column specimens. In general, the ultimate displacement from the un-regularized models (Fig. 4a,c) 

were very sensitive to the assumed plastic hinge length. The results show an increase of the numerical ultimate 

displacement as 𝐿𝑝 increases, with greater variations when modeling RC walls (Fig. 4a). In comparison, the 

ultimate displacement from the regularized plastic hinge models (Fig. 4b,d) was much less sensitive to the 

assumed plastic hinge length. This reduced sensitivity of the regularized models to the assumed plastic hinge 

length is primarily because of the post-peak stress-strain regularization of the unconfined and confined 

concrete (Eq. (3) and Eq. (4)) based on the critical integration length (i.e., 𝐿𝑐𝑟 = 𝐿𝑝). Additionally, the results 

in Fig. 5d further demonstrate the finding that Eq. (5) and Eq. (6) for the unconfined and confined concrete 

crushing energy, respectively, are not adequate to simulate the ultimate displacement of RC columns. 

Therefore, improved equations are needed for the concrete crushing energy of RC columns at the onset of 

failure. 

 

  

Fig. 4 – Sensitivity of ultimate displacement ratio to assumed plastic hinge length. a) un-regularized wall 

models; b) regularized wall models; c) un-regularized column models; d) regularized column models 
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6.  Conclusions 

This paper presents a numerical investigation comparing the use of traditional and regularized concrete and 

steel stress-strain relationships in plastic hinge models for the cyclic behavior of RC walls and columns with 

softening post-peak behavior. The important findings and conclusions from the study are as follows: 

1) Un-regularized plastic hinge models with traditional confined concrete stress-strain relationships 

according to Mander et al. [11] provided adequate predictions of the effective stiffness, maximum 

strength, and ultimate displacement of RC columns. However, the ultimate displacement was largely 

overestimated when using these models to simulate RC walls. This difference is attributed to the 

confined concrete stress-strain relationship used in the un-regularized models, which was calibrated 

mainly from experiments of RC columns.  

2) Regularized plastic hinge models accurately simulated the cyclic behavior or RC walls up to the onset 

of failure, including the ultimate displacement. 

3) Regularized plastic hinge models reduced the accuracy and increased the variability (i.e., larger 

standard deviation) in the prediction of the ultimate displacement for RC columns, even though the 

results were slightly improved for the effective stiffness and maximum strength. Thus, improved 

regularization equations are needed for the concrete crushing energy to accurately simulate the 

ultimate displacement of RC columns. 

4) The ultimate displacement of the un-regularized wall and column models was highly sensitive to the 

assumed plastic hinge length. This sensitivity was significantly reduced when using regularized 

models. This is a major advantage of using regularized material stress-strain relationships when 

modeling the nonlinear behavior of RC walls and columns with softening post-peak behavior. 
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