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Abstract

Real- and fast-time hybrid simulation is used for structural testing of components with rate-dependent restoring force. In
order to ensure a stable closed-loop simulation, the numerical substructure response must be computed within about 1-2
msec using a real-time computer. As a consequence, the majority of nonlinear finite-element environments conceived
for soft-time computing cannot be reused. This argument motivated the development of a state-space simulation
framework for hybrid testing compatible with real-time computing. Modularity is achieved by assembling nonlinear
state-space finite-elements using a dual-assembly approach. The major advantage is that any element is associated with
a simple ordinary differential equation. As a result, the automatic generation of real-time code is strongly simplified.
The accuracy and stability of the framework are studied with numerical simulations. An experimental application
demonstrates the effectiveness of the tool.

Keywords: Real-time hybrid simulation; state-space modeling; partitioned time integration; localized Lagrange
multipliers; hysteretic nonlinearity.

1 Introduction

Hybrid simulation (HS) is used to investigate the response of structural prototypes subjected to realistic
loading histories using hybrid models. The hybrid model combines a physical substructure (PS) and a
numerical substructure (NS) that interact with each other in a real-time closed-loop simulation. Specifically,
the PS is tested in the laboratory using servo-controlled actuators equipped with force transducers, while the
NS is instantiated in a numerical simulation environment. HS entails less effort for performing seismic
testing compared to shake tables [1].

If the PS restoring force is rate-dependent, it requires performing HS in fast- or real-time. This means
performing HS with a testing time scale 1<A<20 indicatively. In order to ensure a stable closed-loop
simulation, the NS response must be computed within about 1-2 msec using a real-time computer. As a
consequence, the majority of nonlinear finite-element environments conceived for soft-time computing
cannot be reused. This argument motivated the development of state-space HS algorithms, for which hard
real-time implementations are straightforward. The work of Bursi and co-workers was pioneering in this
sense since it proposed state-space models and Rosenbrock schemes to perform HS. Monolithic and
partitioned algorithms are reported in [2] and [3], respectively. An extended study covering both types of
schemes is reported in [4]. More recently, [5] proposed a state-space partitioned time integrator based on the
Generalized-a scheme of [6]. Specifically, the algorithm couples state-space equations of PS and NS using a
dual-assembly procedure based on classical Lagrange multipliers (CLM). Interface compatibility of state
vector rates ensures a stable coupled simulation. The algorithm was implemented on a MATLAB xPC target
and used to perform HS of a reinforced concrete bridge at EUCENTRE, Pavia, Italy. A major advantage of
the framework is that interface forces represented by Lagrange multipliers can be used to feed an input-
output dynamic identification algorithm that estimates the parameters of the PS online, as demonstrated in
[7]. In addition, compared to the Rosenbrock schemes of [4], algorithmic damping can be tuned with a single
parameter.

All partitioned time integrators reviewed so far assemble the equation of motion of the hybrid model by
coupling PS and NS state-space models. Such an approach requires manually harnessing nonlinear
evolutionary equations of hysteretic forces and reduced-order substructure matrices. The procedure is time-
consuming, and verification is not robust. Also, none of the described schemes allow for imposing time-
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varying Dirichlet boundary conditions, which are necessary, for example, to implement multi-support
excitation. In response to these two limitations, this paper describes a newly conceived HS algorithm that
utilizes a partitioned approach to assembling the state-space equation of motion of the hybrid model. State-
space elements, instead of substructures, are coupled using the localized Lagrange multiplier (LLM)
approach [8]. Compared to the CLM, the LLM leads to a unique set of compatibility equations to describe
the coupling between elements. As a result, the Steklov-Poincaré operator utilized to solve the equation of
motion with a two-stage solution approach is unique and non-singular. The advantage is that the user simply
specifies element connectivity matrices in a finite-element fashion. In addition, time-varying Dirichlet
boundary conditions can be set to implement multi-support excitation in seismic HSs.

The paper is organized as follows. Section 2 describes the state-space partitioned algorithm, while Section 3
discusses numerical validation and Section 4 experimental validation. Section 5 summarizes conclusions and
future outlooks.

2 The state-space partitioned scheme

In the proposed framework, the equation of motion of the hybrid model is obtained via dual-assembly of
element equations given in the state-space form. Likewise, for a single generic element, the equation of
motion reads,

M X+R|X|=F|(t|+BA D
with,
u I 00 -v 0
X=|v[,M=[0 m 0|,R=|rlu,v,s||,Flt|=|flt] ()
s 0 0 I glu,v,s 0

u, v and s specify vectors for displacement, velocity, and additional state variables; u and v always come as
a pair in second-order mechanical systems, while s gathers all state-variables that model nonlinearities with
memory such as, e.g. hysteresis; m is the mass matrix of the element, whereas I and O are identity and zero
matrices, respectively; r'u,v,s) describes the nonlinear restoring force vector, whereas g[u,v,s) gathers
the evolutionary equations pertaining to . Finally, f t] is the externally applied load. The Lagrange
multipliers /A enforce compatibility with the other elements, as described in the Boolean connectivity matrix
B. The method of localized Lagrange multipliers is used to assemble a set of element state-space elements of
index i € |1,.., nI as defined in (1) to form the equation of motion of the hybrid model. The equation of
motion of the hybrid model coincides to the following differential-algebraic equation (DAE),

MmXu>+R[i»(X£iiw) :F‘”[t)+B‘3”A[” (3a)
G[il\XliI\_i_éti?Xg:O (3b)
G k*=hl| 9
Z (Em Am)_i_EcAc:O (3d)

i=1
where (3a) is an instance of (1) for element i-th; (3b) expresses the compatibility between each element i-th
and the set of generalized interface degrees-of-freedom (DoFs); (3c) enforces state trajectories h(t) on a
subset of the hybrid model DoFs. Accordingly, X gathers all state-space element DoFs subjected to
Dirichlet boundary conditions expressed by (3b) and (3c). Coupled DoFs (3b) are taken once without
repetition. Finally (3d) enforces interface force balance among state-space finite-elements. Connectivity
matrices are defined as,
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where [ and [ collocate interface DoFs on state-space finite-elements. For a comprehensive description of
how matrices |*' and [ are formulated, the reader is referred to the original work of [8]. The additional

matrix [ identifies the subset of X9 subjected to imposed trajectories h|t )

The proposed state-space partitioned algorithm utilizes the trapezoidal rule scheme to integrate the response
of a generic element. The procedure for integrating (3) with a time-step At=t,,, — t, utilizes a two-stage
solution approach. The basic idea, is that the coupled response of the hybrid model, which satisfies interface
force balance (Neuman BCs) and compatibility (Dirichlet BCs) is obtained as the superposition of free and
link solutions,

i i (il
X[k‘+1: kLl,f+Xk+1,l (5a)
K=K+ Xl (5b)
The trapezoidal rule scheme is used to compute the free solution, which neglects Dirichlet BCs,
X=X+ X Atl1 -y (6a)
il i il [iJ(N[ﬂ
Xk+1,f_D (Fk+1_R Xk+1,f) (6b)
i _ i il
Xiar, ;= Xyar X1 Aty (60)
The link solution is obtained via linearization of (3),
il _ il pli) Al
X,...,=D" B"A[,, Aty (7a)
il i plil Ali
XIE+I,I_D1 Bl Ali+1 (7b)

where the dynamic tangent stiffness D'’ reads,

D"'=M"+K;| Aty ®)
oR"( x|
complex-step differentiation [9]. For physical elements, R ”()N( ‘,ﬁ‘,{l f) contains the measured restoring force r'’
6rm(ug') ar“’(a[(;")

a u\:i? a u‘ i
matrices. If (6-7) is substituted into (5), the expression of Lagrange multipliers and generalized interface
state reads,

For numerical elements, RW(X(;’+1 f) is an analytical expression, and K=

0= is computed using

|

, and K| is assembled based on the initial tangent stiffness k= and damping (=

" N . . "l o [ " o [
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where H is the so-called Steklov-Poincaré operator, which maps Dirichlet to Neuman BCs by means of a
linearization of the DAE in (3).

Based on this premise, the procedure for integrating (3) from £, to t;,; is summarized as a sequence of steps:

D
2)
3)
4)

For each element i-th, solve the free problem at £, using (6)
Solve the interface problem at £, using (9)

For each element i-th, solve the link problem at {;,, using (7)
Compute the coupled solution using (5).

The order of accuracy of the proposed partitioned state-space time integrator is computed numerically
considering a linear split-mass system. The corresponding initial value problem reads,

10
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00
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where parameter values read,

(1]

m, :m(zl':m‘f:‘: m[ZZ':O.S,km: km:().S

Convergence is evaluated w.r.t. to a reference to Y, at {,;=0.1 sec computed using the monolithic

trapezoidal rule time integration scheme with a time step At,,=1 X 10" ° sec. The corresponding plot is
reported in Figure 1. As can be observed from the plot, the scheme is 2™ order accurate.
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Fig. 1 - Convergence of the partitioned time integration scheme.

3 Numerical validation

3.1 Reference case study

The proposed scheme is benchmarked numerically and experimentally using the case study depicted in
Figure 2. As can be appreciated from the figure, the benchmark case study consists of a cantilever beam (PS)
connected to a nonlinear Bouc-Wen spring (NS). A sinusoidal displacement trajectory h (t) is imposed to the
free end of the spring. For a comprehensive review of Bouc-Wen-type springs see [10].

Cantilever beam (PS): 1 Uy PS up x4 2
k= 3EI° é) t t 1 to
E=2.110° MPa Txg
L x H x W =462 x 10 x 100 mm y
p = 7850 kgim® TU1

@1 Ps 02

Bouc-Wen spring (NS):
gy = K, NS
ﬁs

Baw = k1000, vgy = kf2000, ng,, =1
m=10kg

Displacement history: N
Umax =5 mm @3 Tuz
f=0.2Hz %
v 1,
h(t) = Upmaxsin(frt) @
a b
Fig. 2 — Benchmark case study: a) experimental properties; b) exploded view with internal displacement
components.

Following the DAE (3) the state-space NS element of the hybrid model is defined as,
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where A is the elastic stiffness, while 3, y and n determine the shape of the hysteretic loop of the restoring force of the
nonlinear spring. Similarly, the state-space PS element (the cantilever beam) is defined as,

o ollir] |-Vl o

10
01 0 0| [-vE]]| O
+ 2=
0 0 my 0|2 2 [|fil (12)
00

P
0 ml; \'IZP -rf| |f2 (t)
Finally, for the sake of clarity, all connectivity matrices are provided for this example,

0 0
0 0 00
GN:]_ 0 0 0O 0’(—;1\1:_0 1 O,BN:]_ O,EN:1 0 (13a)
01 0 0O0O 0 0 1 0 1 0 1
0 0
0 0
1 0 0 O 1 0 0 8 8 L0
G = GP=- B°= B°=-
[O 1 0 0} [O 1 ] 1 0 8 (1) (45
0 1
1 0
EC:—[(l) 8 (1)],5":—0 0 (13c)
0 1

3.2  Error propagation analysis

The PS restoring force is contaminated with measurement noise, which propagates through the HS.
Accordingly, an uncertainty propagation analysis of this noise is performed numerically considering RMS
values calibrated on the experimental setup described in Section 4.1. In this regard, Figure 3 and 4 collects
100 realizations of the HS response simulated numerically to a reference deterministic simulation. As can be
appreciated, noise has little effect on the displacement response of the hybrid model.
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Fig. 3 — Displacement response of the hybrid model with and w/o measurement noise: a) full time history; b)
close up view on a mid-segment.
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Fig. 4 — Restoring force response of the hybrid model with and w/o measurement noise: a) full time history;
b) close up view on a mid-segment.

4 Experimental validation

4.1 Hybrid simulation setup

The experimental validation of the proposed HS framework was performed using the same benchmark case
study described in Section 3.1. A newly conceived HS setup installed at the Dynamisk LAB of Aarhus
University was used for this purpose. In this regard, Figure 5 provides an overview of the experimental setup
and the real-time system. The shown experimental setup, has a steel cantilever beam as a PS. The
displacement of the simulated system is imposed on the PS by an electromechanical actuator, where a force
transducer between the actuator and the PS measures the restoring force. The experimental setup runs on a
Beckhoff RT-industrial PC, using TwinCAT to execute PLC code. This software uses the EtherCAT
protocol for communication allowing for a processing-on-the-fly approach. The model execution parameters
are then defined in Simulink from the details of the PLC task, as a discrete solver with fixed time steps, with
a prolonged timeframe in the pseudo-dynamic time range, with A=50. The time step is defined as a multiple
of the PLC execution rate corresponding to 10 ms.
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Fig. 5 - HS setup at Dynamisk LAB, Aarhus University.

As part of the numerical framework, a MATLAB parser was implemented to automatically generate the
SIMULINK model for real-time code generation compatible with the Beckhoff system. Figure 6 provides an
overview of the automatically generated SIMULINK model for the hybrid model. Blue and red bounding
boxes indicate portions of the SIMULINK model allocated for PS and NS state-space elements. The solution
block computes both free and link solutions based on state-space element outputs. For a thorough description
of the experimental implementation the reader is referred to [11].

>u Element 1
i 21 wlar (F:'gnhlever beam
zeros(4,1) P x0 _: It_elem f‘ R
cn
3
IC_d1f Res_dslay1 C)_ Restoring_force1
j B dif
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—wrif
) i 2D
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2 ) d2f
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E—
‘ R pirat fen
—»u ; —— W lem e
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IC_d2f Res_delay2 . Plelemeni2 o0
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Fig. 6 — Automatically generated SIMULINK model for real-time code generation.

© The 17th World Conference on Earthquake Engineering - 2b-0204 -



2b'0204 The 17th World Conference on Earthquake Engineering

xywcmi!h

Sendai, Japan
2020
-21

17™ World Conference on Earthquake Engineering, 17WCEE
Sendai, Japan - September 13th to 18th 2020

4.2  Results and discussion

Figure 7 summarizes the results of 4 HSs in terms of displacement and restoring force response
histories. For clarity, experimental results are compared to a numerical reference simulation performed using
the nominal stiffness of the PS computed with Bernoulli beam theory. Results indicate a slight
overestimation of the PS stiffness in the reference numerical simulation. The repeatability of experiments is
consistent with the error propagation analysis reported in Section 3.2. However, quantization noise is
remarkably suggesting that the force measurement range should be reduced to increase the resolution of
signals.

1]
<)
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IN]

[uN

—Reference

Displacement [mm
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(&2}

N

Restoring force
Restoring force [N]

-2.5

Time [s] Time [s] Displacement [mm]

a b C

Fig. 7— HS simulation results a) Time displacement; b) Time restoring force diagram; c) Displacement
restoring force diagram

Conclusions and future work

This paper presented a hybrid simulation algorithm based on partitioned time integration and state-space
modelling. Specifically, the partitioned time integration scheme utilizes the localized Lagrange multiplier
method to couple finite-elements defined by state-space equations to form substructures. The main advantage
of partitioned time integration is that Dirichlet boundary conditions can be imposed without the need for
Newton iterations. This is particularly useful to simulate multi-support excitation in seismic hybrid
simulations. Compared to the classical Lagrange multiplier method, the localized Lagrange multiplier
method provides a unique solution for the Steklov-Poincaré operator. This simplifies the implementation for
the automatic assembly of coupling equations. Finally, state-space modelling enables using a wide range of
phenomenological models for hysteretic restoring forces mainly developed in the field of dynamic
identification, which are well-suited for hard real-time computations. The proposed algorithm utilizes the
trapezoidal rule as a basic monolithic solver for the partitioned scheme. Notably, the algorithm is energy
preserving for Hamiltonian systems.

The hybrid simulation algorithm was validated with an experimental case study, where the physical
substructure was linear while the numerical substructure was nonlinear. The experiment was conducted using
a newly conceived single-degree-of-freedom hybrid simulation setup installed at the Dynamisk LAB of
Aarhus University.

Future work will be dedicated to introducing algorithmic dissipation using a generalized-a scheme as a basic
solver. The advantage is that high frequency eigenmodes spuriously excited by experimental errors can be
damped out.
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