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Abstract

The response values by Multi-Degree-of-Freedom (MDOF) Model using Rocking Free Motion and Coupled System in
non-linear analysis are described. The rocking free motion are usually discussed in dynamic soil-structure interaction.

The equation of damped free motion of rocking for the rigid body is described in the following equation (Abst. 1). In
this model, m is the mass, B(=2b) is the width of the rigid body, H (=24) is the height and g is the gravity acceleration.
In equation (Abst.1), I is the moment of inertia at the ground surface, ¢, is the damping coefficient, 4; is the rocking
stiffness, 0"'= (d?0/d?%) is the response acceleration of angle, 0’ (= do/dy) is the response velocity of angle and ¢ is the
angle. M (=k; 0) is the internal moment of the rigid body, the relationship between M and 6 is assumed with the positive
rocking stiffness and the negative one.

10"+¢, 0k 0=0  (Abst. 1)

In this non-linear analysis for rocking, the relationship of A — 6 is assumed. The rocking stiffness of the ground 4; (>0)
is also assumed when 6 is around zero from - to £ and M is decreased to be zero after M is almost mgb until 9 is
almost b/h. The initial point is when 6 is some value and the velocity is zero.

The functions of velocity are defined as the differential equations at time ¢ of the above functions of angle.

Because the stiffness (M/6) is negative to be (—mgh), the complementary functions include the hyperbolic functions
(sinh, cosh) and constant b/A. The parameters, damping factor 1, circular frequency wi, constant 4, circular
frequency w ,1, constant B1 when 8 is more than g (6 >£) and others are defined by the initial values 6 = , and the
velocity is zero. Some of the parameters, /1 or ws, are defined by imaginary number i (= \/—_1 ) because the stiffness is
negative. For example, when the stiffness k; (= —mgh) is negative, the circular frequency w1 should be square root of
(ki 1) (w1=+/k; /I =\/—mgh/I =i+/mgh/I =i,/g/h ) which could be defined by i. Not only e; or ws but

also 41 or s are defined by i because the damping coefficient ¢; in equation (Abst. 1) is a constant real number

(h1 w1 = cl(2m) = ho wo = h2 ), even if the stiffness was changed.

In the conclusion, when the stiffness is negative and the coupled system is maintained, the response moment and the
response angle were calculated by the hyperbolic functions.

Keywords: Response Values, Rocking Motion, MDOF, Hyperbolic Function, Negative Stiffness, Coupled System

© The 17th World Conference on Earthquake Engineering -2c¢-0160 -



The 17th World Conference on Earthquake Engineering

17" World Conference on Earthquake Engineering, 17WCEE
Sendai, Japan - September 13th to 18th 2020

1. Introduction

The response values by Multi-Degree-of-Freedom (MDOF) Model using Rocking Free Motion and Coupled
System in non-linear analysis are described. The rocking free motion are usually discussed in dynamic soil-
structure interaction.

The equation of damped free motion of rocking for the rigid body is described in the following Eq. (1).
In this model, m is the mass, B(=2b) is the width of the rigid body, H (=2#4) is the height and g is the gravity
acceleration. In Eq. (1), 7 is the moment of inertia at the ground surface, ¢, is the damping coefficient, k; is
the rocking stiffness, #”= (d°0/d%) is the response acceleration of angle, 8’ (= dé/d?) is the response velocity
of angle and ¢ is the angle. M (=k; @) is the internal moment of the rigid body, the relationship
between M and @ is assumed with the positive rocking stiffness and the negative one.

In the conclusion, when the stiffness is negative, the response moment and the response angle were
calculated by the hyperbolic functions.

2. MDOF using Rocking Free Motion and Coupled System
2.1 Non-Linear Time History Response Analysis for Rocking

Generally, the equation of damped free motion of rocking in Fig. 1 was described in Eq. (1). In Fig. 1, m was
the mass, B(=2b) was the width of the rigid body, H (=2/4) was the height and g was the gravity acceleration.
In Eq. (1), according to Ref. [1], 7 was the moment of inertia at the ground surface (I = m h?), ¢; was the
damping coefficient, k; was the rocking stiffness, & was the response acceleration of angle, @ was the
response velocity of angle, 4#; was the length of the moment arm by external forces and 6 was the angle. M (=
kr @) was the internal moment of the rigid body, the relationship between A7 and &was shown in Fig. 1 (b) [1].
When k; was assumed to be too large at 6= 0 and M was assumed to be 0, mgb or —mgb, the mathematical
solutions for each @are very difficult.

10 +c,0+ k,0 = —myh, (1)
M
B:ﬁﬂ] A
M b W\ Uplift point
N mg plift p
N
H=2h o
mg
9 7
i T —mgb
(a) Rigid Body in Motion (b) Relationship of A and 6

The ground was rigid. o was the angle of the width to the height (b/4).

Fig. 1 - Rigid Body in Motion and the Relationship between the internal moment M of the
centre of the gravity and the rotation angle of rocking &when the ground was rigid
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If the start of analysis has some horizontal displacement without velocity, and during the motion there
were no external forces, the analysis should be simple. Therefore, in Fig. 1(b), in this non-linear time history
response analysis for rocking, the relationship of A — @ was assumed, the rocking stiffness of the ground 4;
(>0) was also assumed when & was around zero from —gto £ and M was decreased to be zero after M was
almost mgb until &was almost «. The initial point was when #was some value and the velocity was zero.
The relationship of M — #and the equation of damped free motion of rocking were as follows;

p<0 i M= mgh(a-0) 2)
~-B<O< B M= k, 6 3)
0<—f : M =-mgh(a+06) (4)
10+c,0+M =0 (5)

These complementary functions at time ¢ were known. Normally, to solve Eqg. (5) for Eq. (3), the solution
6= C e should be considered. To solve Eqg. (2), after the characteristic equation using p doesn’t have the
constant o, the solution & —a= @, = C e should be considered. Thus, the response velocity @, = d(6,)/dt =
d(#-a)/dt = d@/dt = & and the response acceleration ¢, = d*(0,)/dt = d*(6-c) /d* = d*6/d’*t =& were not
dependent on a. Eq. (2) has the negative stiffness. Therefore, these characteristic equation using p was as
follow;

p’ +2hla)lp_a)12 =0 (6)

Damping factor /1 and circular frequency @1 were real numbers.

The solutions p,, p, of Eq. (6) were

D =—hao, + o ]”12 +1 (7)
Dy = —ho, — o4 hiz +1 (8)

In Eq. (7) and (8), h,, was always smaller than @, [n? +1, (hyo, < @,,[n? +1). Therefore, always p,
was negative and p, was positive (p, < 0 < p,). Because p; was positive, the complementary function 6 =
C,e nly C,e "' were described in Eq. (9), (10) and (11) using hyperbolic functions (sinh, cosh) and constant

o or trigonometric functions (sin, cos). In Eq. (9) and Eq. (11), the constant « were necessary to maintain the
equilibrium for moment, according to Eq. (2) and Eq. (4), respectively.

B <6 : 0= a+e"™'(4,coshaw,t+ B, sinhw,r) (9)
where @, = w,,/h’+1
—B<O< B 0= e"'(4,co8m,,t+B,SiNw,t) (10)
where @, = wg\1-h}
3
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0<-f : O=—a+e ™' (4,coshw,t+B,sinha,,t) (11)
where @, = w,,/h?+1

The undetermined coefficients, 41, B1 and others, were calculated from the initial values and the stiffness
respectively. The functions of velocity and acceleration were defined as the differential equations at time ¢ of
the above functions of displacement.

When @ was close to g, after the initial point, the interval time in the analysis was 0.0005 (sec)
(=2,000Hz) in Eq. (6). After the time when @was }, the initial values of #and the velocity @ in Eq. (3) were
defined to continue the analysis.

According to Eq. (3), the period 7; during grounding given by the positive stiffness k; was considered
to be 0.1 (sec). (T: =2 +/1/k; =0.1 (sec))

By the way, on the above analyses, all parameters were real numbers because the characteristic equation
of Eg. (6) was setup for the negative stiffness, while the other characteristic equation well known as Eq. (12)
was also setup for the positive stiffness, where the solutions were Eq. (13), according to the values of 6.

P’ +2hyw,p+ af =0 (12)
Do = —hyoy + a)o\ll_ ho2 (13)

In negative stiffness, the circular frequency w1 (= square root of (k; /1) (w1= \/k, /1 =\/— (mgh/I) =
iJmgh/I =i[g/n ) maybe described using imaginary unit i (= v/-1). The damping factor /1 for the negative
stiffness maybe also described using i , because the damping coefficient ¢; which was a constant real number
(h1 w1 =c11(2I) = ho wo = h2 w>) through analyses. The moment of inertia at the ground surface 7 was still m

h? (I=mh?). Finally, during the above analyses, all numbers could be real numbers without imaginary numbers
by using Eq. (3) and the other characteristic equation well known.

For example, an analysis when damping ratio /g in elastic area of rocking motion of MDOF was 0.4%,
(ho = 0.4%), damping ratio %, in inelastic area was 0.1 (21 = 0.1) for negative stiffness or 7; = 0.1 (sec) in Fig.
6, the other values were follows ; wo =59.5 (rad./sec), w1 =2.37 and ho wo = h1 w1 = h2 w2 = 0.238 (1/sec).
In this section, the values of 41 and w1 were described without their units because they maybe had imaginary
numbers.

2.2 MDOF using Rocking Free Motion and Coupled System

In MDOF analyses using Rocking Motion, the lower level has the non-linear relationship between moment
and angle of Rocking and the upper level has the linear relationship between horizontal force and horizontal
displacement in Single-Degree-of-Freedom (SDOF). The analyses maintain coupled system.

In analyses, x; is horizontal displacement of SDOF, ¢ is relative displacement at a storey in SDOF, ¢
is rocking angle, m1 is mass of SDOF, I is moment of inertia (= my Hy%), k1 is stiffness of SDOF, ks is stiffness

of rocking, c¢1 is damping coefficient of SDOF(= 24 /mk, ), crs is damping coefficient of rocking (=
2h ‘/[kRS ), ¥ is horizontal acceleration record on the ground surface, H: is height of SDOF, A1, hgs are
damping ratios of SDOF and rocking respectively.

The relationship of horizontal force of SDOF Fiand ¢ is elastic. In Eq. (14), the right side was assumed
to be {0} for rocking free motion, and Eq. (14) was described using matrix of Eqg. (17) which had external
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damping forces in free motion. As for Introduction, analyses which maintained coupled system meant
calculating the solutions x1, & when any non-diagonal elements of stiffness matrix [K] was not zero ‘0’. In
these analyses, the external forces were 0, therefore, the solutions were calculated by the eigenvalue analysis.

1

(b) Relationship of F1and &
in the upper level (Elastic)

Uplift point

Initialpoinl
A

(c) Relationship of moment A and angle 9 of
Rocking motion at the ground level (Inelastic)

(a) Rocking motion at the
ground level and Single-
Degree-of- Freedom
(SDOF)

Notes) a=b/ H1
Bis the angle of Uplift point when M less than mgb is divided by krs.

Fig. 2 - Rocking motion and Single-Degree-of-Freedom (SDOF)

my +¢ X, +k (x, — OH,) = -m,j (14)
10 + ¢ + ko 0 = —myH,
x,=6H, +9 (15)

Cimy 0% ¢ 0 ||x ki —kH, |[x,-b| |O

ped ' {0 [Hé}J{O CRSHB}J{O —mlgHj{H—a}_{O} (49
[my O][%] [¢ O 1[x ki, —kH, |[x| |0

seosn [0 0okls ool A @
[m Ol[%] [e¢ O ][% ko —kH, |[x+b| |O

b<h { 0 IHH } " 0 CRSHQ}-{O —mlgHj{9+ a} - {O} (18)

During inelastic phase, corresponding to Eq. (2) and (4), the analyses were executed using Eq. (16)
and Eq. (18). Moreover, when the upper and the right element “- k1 H1” of stiffness matrix [K] in Eq. (16)

was also considered into the lower and the right element to be Eq. (19). These “- k1 H1” in Eq. (20) or (22)
are considered to be Coupling Terms.

[y
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{mljél +o X +k(x —0H) =-mj (19)

16 +CRSH._k1x1H1,+kRS(9:_mlj}Hl
B <0 : E xl Lla 0 5?1 N ky —-kH, |[x—b _ 0 (20)
_O I_ o 0 Crs 0 _lel _mlng 00—« 0
-B<O< B 0] xl L 0 %1 + f TR a0 (21)
L0 1]10) |0 cp||l0) [—kH, ke |0 0
0<-p : m 0] xl N g 0 %1 N k, —kH, ||x+b _ 0 (22)
0 7]6 0 cxs |0 —kH, —-mgH, ||0+a 0

3. Analysis and Results

In the analysis, while the damping ratio was a parameter, the response moment M and the response angle 6 of
the centre of mass were calculated and compared with the experimental values. In recent years, the
experimental project of free-standing concrete column specimens by placing some situations of ground was
produced, when the damped free motion given an initial value of the horizontal displacement was performed
by the several corporations [3]. Specimens, height 3.7m, width 1.1m, the thickness 1.5m and the weight 104.9
kN in the free end. The height of the centre of mass was 1.743m. The specimens were placed on the ground,
were inclined to the top displacement horizontally 0.375m and so on. During these experiments.

In Fig. 3, the Idealized relationship between M and & for the rocking motion at the lower level shows
the typical points which were the M = mgb = 57.7kN - m was in y-axis and the angle of the width to the height
(b/h) (=550/1,743 = 0.316 rad.) in x-axis. In experimental relationship, the Uplift point (M,8) = (57.6kN-m,
0.0005rad.) and the Initial point (37kN-m, 0.113rad.) were proposed. The Initial point was located under the
line of the Idealized relationship. These points were exchanged to the relationship between the shear coefficient
(FImg), which was shear force (F) divided by the weight (mg), and the horizontal displacement (x) of the centre
of mass. For the idealized and experimental F/mg and x, the idealized point was (F/mg, x) = (0.315 -, 0.087cm)
and the Initial point (0.202 -, 19.7cm).

As for the upper level SDOF, the period was 0.2 (sec) and damping coefficient Zspor = 5%.

MEN- 0

60

Uplift point /
(57.6kN-m, 0.0005rad.)|  *°
20 k (Calculated

! “Period by this
stiffness & 1 is 0.11sec)
<} T T

-0.1 0.1 0.2 0.3 0.4
20 O (rad.)

mgb (=57.7 KN-m)

Initial point
(37kN-m, 0.113rad.)

-0.4

40 Idealized M and &

~m— Experimental M and ¢

-80

Fig. 3 - Relationship M - 6 of Rocking Model

Fig. 4 shows the comparison of experimental results (€ ec ) and analysis results (dsc ) when the number
of coupling term “- k; H,” of Matrix [K] in Eq. (14), (16), (17) and (18) was one. In analysis results, damping
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ratio Ao in elastic area of rocking motion of MDOF is 0.8%,( 4o = 0.8%), or damping ratio 41 in inelastic area
is 0.2/i ( h1 = 0.2/i’). Another analysis were made when /o = 0.4%, or h1 = 0.1/ .

In Fig. 4, Fig. 5, Fig.6 and this section 3., the imaginary number i was described in order to show that
the analyses had negative stiffness.

In Fig. 4, the amplitude of response angle (s ), when time was near 10 (sec) and /o = 0.4%, were close
to the experimental results (fec ) than &sc , when i = 0.8%. And the response shear coefficients Co (= F1 /
mag) of the upper level SDOF were calculated. The maximum Co were about 1.4 or 2.7. These values of Co
were larger than the required value of Co more than 0.2 in the regulations.

0.15
S 010 Qe
(] G
= (Experimental
> 0.05 Results)
[}
=) - 9 SG (Analysis)
< 000 ho=08%
3 hq=0.2/i
£ 005 _ 1
g V Time (sec) || G g anaysis)
x 010 hg=0.4%
hq=0.1/i
-0.15

Notes)

(1) 95(} =X1/H1

(2) An analysis when Damping Ratio 4, wan elastic area of Rocking Motion of MDOF was
0.8%,( ho = 0.8%), or Damping Ratio 4, in inelastic area was 0.2/i ( h; = 0.2/i ).
Another analysis when &g = 0.4%, or h; = 0.1/i .

(3) Both analyses when Damping Ratio of SDOF /igpor = 5%.

(4) Until 10(sec), the amplification of the analysis results (6sg) in hy = 0.4% were
matching to the experimental results (0eg ).

Fig. 4 - Comparison of Experimental Results (6 ec E and Analysis
esults (8sc ) when the coupling term of Matrix [K] was one.

0.15
35 010 Oe,
= (Experimental
T 005 + —_— Results)
o -
=) R Hse (Analysis)
é 0.00 -+ \Vaz e h o =0.8%
aé o5 || 2 73 4 5 6 7 8 9 10 hq=020i
o i
% Time (sec _ 95(3 (Analysis)
& 010 hg=0.4%
hq1=0.1/i
-0.15

Notes)

(1) HSG =x1 /Hl

(2) An analysis when Damping Ratio 7, in elastic area of Rocking Motion of MDOF was
0.8%,( ho = 0.8%), or Damping Ratio /4, in inelastic area was 0.2/i ( hy = 0.2/i ).
Another analysis when i = 0.4%, or h; = 0.1/i .

(3) Both analyses when Damping Ratio of SDOF /gpor = 5%.

(4) The amplification of the analysis results (6sg) in /o = 0.8% or 0.4% were not matching
to the experimental results (6 eg ).

Fig. 5 - Comparison of Experimental Results (9_&368 and Analysis
Results (0sc ) when the coupling terms of Matrix [K] were two.
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0.15
Z 010 O, ,
IS (Experimental
;-; 0.05 . Results)
K] —0Osc (Analysis)
2 000 - hg=04% hgpor=5%
ﬁ 2\3 V4”5 B8 7 8 9 10 hq=0.1
2 -0.05 -
§ 010 Time (sec) — 0 sG (Analysis)
& : h0f0.4% I spop = 1%
h1=0.1/i
-0.15
Notes)

(2) An analysis when Damping Ratio 4, in elastic area of Rocking Motion of MDOF was
0.4%,( ho = 0.4%), or Damping Ratio 4, in inelastic area was 0.1/i ( 4, = 0.1/i).

(3) Both analyses when Damping Ratio of SDOF /ispor = 5% or 1%.

(4) The amplification of the analysis results (@sg) in Zspor = 1% were matching to the
experimental results (feg ).

Fig. 6 - Comparison of Experimental Results (eeef and Analysis
Results (0sc ) when the coupling terms of Matrix [K] were two.

Fig. 5 shows the results when the number of coupling term “- k1 H1” of Matrix [K] in Eq. (19) ~ (22)
was two. In Fig. 5, the analysis results were smaller than those when he number of coupling term was one.

Fig. 6 shows the results when the number of coupling term was two, 4o = 0.4%, or 41 = 0.1/i and damping
coefficient hspor of SDOF were 5% or 1%. In Fig. 6, the analysis results of hspor =1% were close to the
experimental results. The response shear coefficients Co of the upper level SDOF were also calculated. The
maximum Co were about 0.90 or 0.64. These values of Co for Aspor =1% were closer to the required value of
Co more than 0.2 in the regulations than those for /spor = 5%.

4. Conclusions

In this paper, the time history analyses of rocking motion of MDOF Model using Coupled System in non-
linear analysis were described when the stiffness during lift up is negative, the period during grounding was
0.1 (sec) and the SDOF Model for the upper structure was elastic. The main points of these results were as
follows;

(1) The Rocking Model analyses when the upper structure was SDOF Model and the lower model was rocking
motion, were executed in external damping free motions and non-linear analyses by eigenvalue analyses
and others.

(2) According to the analyses results, the response shear coefficient “Co” for the upper structure SDOF were

about 1.4 (-) or 2.7 (-) and about 0.64 (-). The Co was decreased because the number of coupling terms
was changed from one to two.

(3) These dynamic analyses for Soil-Structure-Interaction are still needed.
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