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Abstract

This paper investigates the inelastic response of a yielding structure coupled with a damped rocking wall. The
paper first derives the nonlinear equations of motion of a yielding oscillator coupled with a rocking wall when it
is equipped with vertical energy dissipation devices, which offer either hysteretic or viscous damping. Then, the
dependability of the one-degree of freedom idealization is validated against the nonlinear time-history response
analysis of a multistory moment-resisting frame that is coupled with a damped stepping rocking wall. The
SDOF idealization presented in this paper compares satisfactory with finite-element analysis of a multi-story
building coupled with a damped stepping rocking wall; therefore, the SDOF idealization can be used with
confidence for preliminary analysis and design. The study also shows that in most cases, use of dampers are
effective way of reducing maximum deformation in the coupled system; while the additional lever arm for the
dampers appears to have marginal effect on the peak response, in particular for taller walls.
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1. Introduction

The concept of coupling the lateral response of a moment resisting frame with a rigid core system goes back to
the early work of Paulay and Fintel [1, 2]. With this design, interstory drift demands are reduced at the response
of transferring appreciable shear-forces and bending moments at the foundation of the rigid core wall.

About the same time, the early concepts of the alternative strategy for seismic protection by modifying
the response of a structure with specially designed supplemental devices were brought forward in the seminal
papers by Kelly et al. [3].

Clearly, the paper by Kelly et al.[3] marks the beginning of the use of response modification devices for the
seismic protection of structures and among several original contributions it suggests the use of rocking shear-
walls in association with energy dissipation devices for the seismic protection of moment-resisting frames (Fig.
2 of the paper by Kelly et al. [3] that is reproduced in this paper as Fig. 1 (a)). In this way, the stepping core
wall does not suffer from large ductility demands and possible cyclic degradation while recentering happens
invariably due to gravity. Despite its remarkable originality and technical merit, the paper by Kelly et al.
1972 did not receive the attention it deserved and it was some two decades later that the PRESSS Program
reintroduced the concept of uplifting and rocking of the joint shear wall system [4-6].

Following the PRESSS program a number of publications presented experimental and analytical studies
on the cyclic loading of structural systems coupled with vertically restrained rocking walls [7, 8]. Given that
damping during impact as the wall alternate pivot points is low ([9-11] and references reported therein), the
idea of introducing supplemental energy dissipation devices in structural systems coupled with rocking walls
received revived attention ([12—15] among others.) some 30 years after the original idea presented by Kelly et
al. [3] . These subsequent studies were partly motivated from the need to eliminate the generation of a weak-
story failure in multi-story buildings together with the need to ensure recentering of the yielding frame [16-18].
At the same time alternative proposals on the use of pinned rocking walls [19, 20], where the weight of the wall
works against the stability of the structure motivated a series of recent studies that revisited the dynamics of a
moment-resisting frame coupled with a rocking wall either stepping or pinned [21-24] by accounting explicitly
of the role of the of the rotational inertia of the rocking wall. These studies led to valuable conclusions,
including that the vertical tendons in tall, stiff, stepping rocking walls have marginal contribution even when
they offer a high axial stiffness [24].

In view of these recent findings, the paper examines the contribution of viscous and hysteretic dampers to
the response of a yielding frame coupled with a rocking wall shown in Fig 1.

2. Dynamics of a Yielding Oscillator Coupled with a Rocking Wall with Supplemental
Damping

With reference to Fig. 1(b), this study examines the dynamic response of a yielding single-degree-of-freedom
(SDOF) structure, with mass, mg, pre-yielding stiffness, k1, post-yielding stiffness, ks and strength, (), that is
coupled with a free-standing stepping rocking wall of size, R = v/b?> + h?, slenderness, tan o = b/h, mass m,,
and moment of inertia about the pivoting (stepping) points O and O’, I = %mw R?. Vertical energy dissipation
devices are mounted to the rocking wall at a distance, d, from the pivoting points of the wall as shown in Figs.
1(b) and 2. In the interest of simplicity, it is assumed that the arm with length L, that couples the motion is
articulated at the center mass of the rocking wall at a height, h from its foundation as shown in Fig. 1(b).

2.1. Kinematics of the Structural System

During rocking motion, the center of mass of the rocking wall uplifts by v; therefore, the initially horizontal
coupling arm rotates by an angle ). Accordingly, the horizontal translation of the center of mass of the rotating
wall, x, is related to the horizontal displacement of the SDOF oscillator, u, via the expression, cos ¢ = 1— “—Z"”;

whereas, sin 1) = v/ L. From the identity, cos? ¢ + sin? ¢y = 1, one concludes that the horizontal displacement,
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Fig. 1 — (a) Moment-resisting frame coupled with a stepping rocking wall with vertical supplemental dampers
as was introduced by Kelly, et al. [3], (b) A single-degree-of-freedom idealization of a yielding oscillator
coupled with a stepping rocking wall with supplemental dampers.

u of the SDOF oscillator is related to the horizontal displacement z of the center of mass of the rotating wall
via the expression:

u x v2

=l \1- 5 (1)
In this paper, the coupling arm is assumed to be long enough so that v?/L? is much smaller that unity
(v?/L? << 1); and in this case v = x. A recent study by Makris and Aghagholizadeh [21] on the re-
sponse of an elastic oscillator coupled with a rocking wall showed that the effect due to a shorter coupling arm
is negligible.

The system under consideration is a single-degree-of-freedom system where the lateral translation of the

mass, u is related to the rotation of the stepping rocking wall 6 via the expression (In equations of this paper,
whenever there is a double sign (e.g. 1) the top sign is for # > 0 and the bottom sign is for § < 0):

u=+R[sina —sin(a F0)], @=ROcos(aF0) and i =R |fcos(aT0)=+6sin(a T 9)} (2)

During rocking motion of the wall, the upward displacement; v; of the damper appended at the side of the wall

across the pivoting point is
vy = S1[sin(¢1 & 0) — sin ¢1] 3)

whereas the downward displacement; vy of the damper appended at the side of the wall that is stepping on the
pivoting point is
vg = Sa[sin ¢o — sin(¢e F 6)] 4)

b__b
\ \

e
2

Fig. 2 — Geometric quantities pertinent to the dynamic analysis of a rocking wall with energy dissipators.

3
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where S1 = /(20 + d)? + 12, So = Vd? + [2, singy = 1/S1 and sin ¢y = [/S5.
The elongation of damper, e; appended at the side of the column across the pivoting point is: e; = d; — [,
where 9§ is offered by the cosine rule:

61 = S14/1 + cos2p; — 2cos py cos(py £ ) 5)

and by using that e; = d; — [, the elongation of the damper is

e1(t) =5 [\/1 + cos2¢p; — 2 cos i cos(py +0) — sin (6)

The time derivative of the elongation e (t) is expressed in terms of the independent variable 6 and its time
derivative, 0:

B S cos p1 ésin(gol +0)
V/1+ cos2p; — 2 cos py cos(ip1 & 0)

éx(t) )

Similarly, the contraction of the dampers appended at the side of the column that is stepping on the pivoting
point is es = [ — d, where Js is

09 = So \/1 + cos?pg — 2 cos ps cos(pa F 0) )

and by using that es = [ — J9, the contraction of the damper is

ea(t) = Sz {sin P2 — \/1 + cos2py — 2 cos @3 cos(pa F 0) 9)

The time derivative of the contraction e (t) is expressed in terms of the independent variable 0 and its time
derivative, 6

Ss cos 9929 sin(pa F 0)

éo(t) =
2(t) \/1+0052<p2 — 208 2 cos(pa F 0)

(10)

2.2. Constitutive Laws of Non-Linear Viscous and Hysteretic Dissipation Devices

The energy dissipation devices appended to the rocking column as shown in Fig. 1 can be either linear or
nonlinear fluid dampers [25, 26] or hysteretic (yielding) dampers such as buckling restrained braces [27-30].

Fy = C, |e(t)]%sgn [6(t)] (11)

where 0 < ¢ < 1 is the exponent of the damper, C,, is the damping constant with units: [m][L]*~9[T]¢~2, and
sgn| ] is the signum function. e(t) is the stroke of the damper that is given by Eq. (4) when the damper is in
elongation (e(t) = e1(t)) and by Eq. (7) when the damper is in contraction (e(t) = e2(t)). When ¢ = 1, Egq.
(9) reduces to a linear viscous law: Fy = c1é(t).

When torsionally yielding steel-beam dampers, buckling restrained braces (BRB) or other yielding devices
are used, their constitutive law can be expressed by the Bouc-Wen model [31, 32]

Fy=akqe(t) + (1 —a)kquy 2(t) (12)

in which, kg is the preyielding stiffness of the device, u,, is the yield displacement, a is the post-to-pre- yielding
stiffness ratio and —1 < z(¢) < 1 is the dimensionless internal variable described by

() = — [é(t) = Be(t) |2(8)]" = |e()] 2(8) |z (13)

Uy
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Again, e(t) is the stroke of the hysteretic device that is given by Eq. (4) when the damper is in elongation
(e(t) = e1(t)) and by Eq. (7) when the damper is in contraction (e(t) = ex(t)). In Eq. (15), constants 3,y and
n are model parameters to be discussed later in the paper.

2.3. Equation of Motion of the Entire System

With reference to Fig. 1(b) dynamic equilibrium of the mass m gives:
ms(ii +tig) = —Fs —cu+ T (14)
where F is the force the develops in the nonlinear spring and is described by the Bouc-Wen model [31, 32].
Fy(t) = akiu(t) + (1 — a)kiuyz(t) (15)

in which, a = ko/ky is the post-to-pre- yielding stiffness ration of the nonlinear oscillator and —1 < z(¢) < 1
is a dimensionless internal variable described similarly with Eq. (15) but with constants 3, and n defined
based on oscillator hysteretic behavior.
Case 1. 6 > 0:

For positive rotations (§ > 0), dynamic equilibrium of the rotating wall with mass, m,,, equipped with
vertical dampers installed on each of its side as shown in Figs. 1(b) and 2 gives

I = —TRcos(a — §) — mygRsin(a — 0) — myiigRcos(a — 0) — Fg,r1 — Fg,mo (16)

in which Iy and Fy, are the damping forces in the damper across the pivoting point and the damper at the
pivoting point side respectively and r; and 2 are moment arms of the dampers about pivoting point

= S cosoy sin(py + 6) (17)
V/1+ cos?pr — 2 cos p1 cos(ip1 £ 0)
i 0
r9 = So COS P2 sin(p2 9) (18)

V/1+ cos?pa — 2 cos s cos(p2 F 0)
The axial force 1" appearing in Eq. 16 is replaced with the help of Eqs. 14 and 15, whereas for a rectangular
stepping wall, I = 4/3m,,R? and upon dividing with m,, R%, Eq. 16 gives the following equation which is
expressed only in terms of the variable, 6(t).

(3 + ocos? (o — 9))9 + o cos(a — 0) [awi(sina — sin(a — 0)) + 2€w16 cos(a — )
+60% sin(a — 0) + (1 —a)wigz(t)] (19)
=-Z {(o + 1) cos(a — 0) + sin(a — 0) + %% + %%}

in which o = mg/m,, is the mass ratio parameter.

Case 2. 0 < 0:

For negative rotations one can follow the same reasoning and the equation of the coupled system is:

(%—i— ocos?(a+6))0 — o cos(a + 0) [aw? (sin o — sin(a + 0)) — 26w1 0 cos(a + 0)
+6? sin(a + 0) — (1 — a)w? F2(t)] (20)

=—4 |:(0' + 1)%9 cos(a+ 0) —sin(a + 6) + rfilg% + %%}

In Egs. (19) and (20), the terms multiplied with the parameter o = m/m,, are associated with the dynam-
ics of the nonlinear oscillator whereas the remaining terms are associated with the dynamics of the rocking wall
with vertical dampers. When the yielding oscillator is absent (o = w; = & = 0), Egs. (19) and (20) reduce to
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the equations of motion of the free-standing rocking wall equipped with dampers [33].

3. Parameters of the Problem

The Bouc-Wen model described by Eqs. (15) and (13) is a phenomenological model of hysteresis originally
proposed by Bouc [31] and subsequently generalized by Wen [32]. The Bouc-Wen model essentially builds on
the bilinear idealization shown in the bottom-left of Fig. 1. Only three of the five constitutive parameters (k1=
pre-yielding stiffness, ko= post-yielding stiffness, u,= yield displacement, ()= strength and F,= yielding force)
of the bilinear Bouc-Wen model are independent and needed to be defined.

In this work, the authors select the pre-yielding stiffness k1 = mgw?, the post-yielding stiffness ky =
aky and the strength of the structure ). With reference to Fig. 1 (bottom-left), Fyy = kjuy, = Q + kauy.
Accordingly, u, = Q/(k1 — k2) and F, = k1Q/(k1 — k2). The parameters (3, v and n appearing in Eq. (13)
are established from past studies on the parameter identification of yielding concrete structures and assume
the values: = 0.95, v = 0.05 and n = 2 [34, 35]. With the parameters 5 = 0.95, v = 0.05 and n = 2
being established, the peak inelastic displacement, 4, of the SDOF system shown in the Fig. 1 (bottom) is a
function of the following parameters:

Umaz = f(wi, %7 a,&,p,tana, o, g, Fy, parameters of excitation) 2n
Here, it is assumed that upon yielding, the structure maintains a mild, positive, post-yielding stiffness =
ko = 0.05k1, therefore a = 0.05 [34, 35]. Furthermore, it is assumed that the pre-yielding damping ratio,
& = C/(2msw1) = 0.03 and rocking walls with slenderness, tan o = 1/6.
In this study, torsionally yielding steel-beam damper similar to one that has been used in the stepping
pier of the South Rangitikei Rail Bridge in New Zealand is used [3, 36, 37], hence hysteretic dampers with
kq - uy = 900kN = fguz{ = 0.05 is selected.

First, zero-length dZmpers attached at the pivoting points are considered (I = ¢1 = ¢2 = d = S = 0 and
S1 = 2b); therefore Egs. (6) and (17) simplify to

bsin 6
= 2v20V/1 — 0 d =Vo——" 22
e1 cos an 1 T —cosd 22)

For small rotations cos = 1 — #%/2 and sinf = tan = 0, therefore, the expressions given by Eq. (22)
further simplify to )
S

7 ~ 2b (23)
Accordingly, the full nonlinear equation of the stepping pier with zero-length hysteretic dampers at its pivoting
points can be found by plugging in values of Fy, from Eqgs. (11) or (12), 1 from Eq. (23) and Fj, =2 = 0
into equations of motion (19) and (20).

In the similar case, when zero-length viscous dampers are used at the pivoting points, the time derivative of

the stroke is _
é1 = V2001 + cos 0 (24)

which for small rotations simplifies to é;(¢) = 2b.

By comparing, the right hand-side of the equation of motion for each cases of hysteretic and viscous damper,
a peak damping force from the viscous dampers Cq[2bémax]q, will match the yield capacity of the torsionally
yielding hysteretic dampers when

e; = 2btand and ry =2b

kduy

. 25
(2b01max)" @

q =
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which for the case of a linear viscous damper Eq. (25) simplifies to

k‘duy

26
2b9max ( )

Fig. 3 plots force-displacement loops, together with displacement u(t), normalized velocity 9 /D, time histories
with a structure having 7 = 0.8sec, /ms = 0.15g which is coupled with a rocking wall wy /p = 10, 0 =
ms/m,, = 5 with supplemental hysteretic dampers (left) and linear viscous dampers (right) when subjected to
the Newhall/360 ground motion recorded during 1994 Northridge, California earthquake.

To have comparable damping forces for hysteretic damper and linear-viscous damper (considering hys-
teretic damping force ratio of oty — 0,05, ), using Eq. (26), damping constant C'; of the viscous damper

Mmwg

calculated as C'1 = 479 M g/ sec, since the maximum rotational velocity for this case is émax = 0.058 rad/sec
which yields to a similar damping force for both cases.

Fig. 3 in both cases shows that the rocking wall suppress the maximum response and use of dampers plays
in favor of reducing the peak displacements. In Fig. 3 (bottom) force-deformation relations of hysteretic (left)
and viscous (right) is shown. The loops at the bottom show left leg damper (heavier line) when the wall is
rotating on right corner and right leg damper when the wall is on left pivoting point. It should be noted that

T, :O.BS,mg:0.159,%:10,a:0.05,ﬂ=0.95,;/:0.05,n =2

02
02— g=5

04 0.1 ﬁ;p:z,.s

0.2 -02 -0.2
02 01 0 01 02 02 01 0 01 02 02 -01 0.2
u(m) Y

0t)/p
0(t)/p

[SN P
g Q 20
\d 0 @

. Right leg Left leg 008 Right Ie*é] Left leg
-5 -2.5 0 25 5 -5 -2.5 0 25 5
e1(t) sgn(f) [cm] e1(t) sgn(f) [cm]
Fig. 3 — Time history analysis of a nonlinear SDOF oscillator coupled with a damped stepping rocking wall,
when subjected to the Newhall /360 ground motion recorded during the 1994 Northridge, California earthquake.
Thin lines: No wall, Heavy solid lines: (thinner) with wall and no dampers (heavier) wall with hysteretic (left)
and linear viscous (right) zero-length dampers. Bottom: Force-displacement loops of the dampers.
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Fig. 4 — Time history analysis of a nonlinear SDOF oscillator coupled with a damped stepping rocking wall,
when subjected to the REHS ground motion recorded during the 2011 Christchurch, New Zealand earthquake.
Thin lines: No wall, Heavy solid lines: (thinner) with wall and no dampers (heavier) wall with hysteretic (left)
and linear viscous (right) zero-length dampers. Bottom: Force-displacement loops of the dampers.

since the dampers are at the pivoting point they will work only when they are appended at the side of the wall
across the pivoting point.

Fig. 4 plots force-displacement loops, together with displacement w(¢) time histories with a structure hav-
ing 71 = 1.2sec, @/ms = 0.08¢g which is coupled with a rocking wall wy /P = 10, o0 = mgs/m,, = 5 with
supplemental hysteretic dampers (left) and linear viscous dampers (right) when subjected to the REHS ground
motion recorded during 2011 Christchurch, New Zealand earthquake. Similar to the results presented in Fig. 3,
Fig. 4 shows that the damped system has smaller maximum deformation and the coupled system has minimal
residual deformation. In this case since the maximum rotational velocity is émaz = 0.038, viscous damping
constant ('} (calculated from Eq. (26)) is equal to C; = 1700 M g/sec.

4. Validation of The SDOF-Idealization

In this section the dependability of the single-degree-of-freedom idealization shown in Fig. 1 is examined
against the results obtained with the open-source code OpenSees when analyzing the nine-story moment re-
sisting steel structure designed for the SAC Phase II Project [38]. This structure that is well-known to the
literature [39, 40] was designed to meet the seismic code (pre-Northridge Earthquake) and represents typical
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Fig. 5 — Left: Nine-story moment-resisting steel frame designed for the SAC Phase II Project coupled with a
stepping rocking wall equipped with dampers at its pivoting points. Right: Geometric and physical character-
istics pertinent to the nine-story SAC building.

medium-rise buildings designed for the greater area of Los Angeles, California. The building’s dimensions and
structural information is shown in Fig. 5. The nonlinear behavior of the yielding SDOF spring in MATLAB is
matched with the pushover analysis results of 9-story building from OpenSees, as it shown in [24].

Fig. 6 compares response histories computed with OpenSees at mid-height of the 9-story SAC steel build-
ing coupled with a damped rocking wall with the solutions obtained with MATLAB for the SDOF idealization
shown in Fig 1. In this figure, Comparison of the displacement time histories at mid-height of the nine-story
building coupled with a damped rocking wall (hysteretic damping (top) and viscous damping (middle)) com-
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Fig. 6 — Comparison of the displacement time histories at mid-height of the nine-story building coupled with a

damped rocking wall (hysteretic damping (top) and viscous damping (middle)) computed with OpenSees to the

displacement time-histories of the SDOF idealization with MATLAB, when excited with the 1994 Newhall/360,
Northridge, California (left) and the 1995 Takarazuka/000, Kobe, Japan (right) ground motions.
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puted with OpenSees to the displacement time-histories of the SDOF idealization in Fig. 1 with MATLAB,
when excited with the 1994 Newhall/360, Northridge, California (left) and the 1995 Takarazuka/000, Kobe,
Japan (right) ground motions. The damping properties is chosen similar to the one that has been used in the
stepping pier of the South Rangitikei Rail Bridge in New Zealand is used [3, 36, 37, 41] (similar to the previous
step). The top plots are when the stepping rocking wall equipped with hysteretic dampers and the middle plots
are when it is equipped with viscous dampers at its pivoting points. The comparison of the OpenSees and
Matlab solutions are in good agreement—in particular for the peak-response values and supports the use of the
SDOF idealization introduced in Fig 1.

5. Earthquake Spectra of a Yielding Oscillator Coupled with a Stepping Rocking Wall
with Supplemental Damping

In this section, equations of motion (19) and (20) are used to generate inelastic response spectra. Fig. (7) plots
displacement spectra of a yielding SDOF oscillator coupled with a stepping rocking wall with supplemental
zero-length (left) and finite length (with [/h = 0.2 and d/b = 0.1) (right plots) equipped with linear viscous
and hysteretic dampers when excited by the three different ground motions which labeled each accordingly.
First observation is that use of dampers are effective way of reducing maximum deformation in the coupled
system and more damping leads to smaller deformations. Also, in some cases like in the case of hysteretic
damper under 2011 REHS, Christchurch, New Zealand ground motion, damped system maximum response
exceeds the undamped yielding oscillator coupled with stepping wall system, which shows that the effectiveness
of hysteretic supplemental damping in suppressing the rocking response depends strongly on the kinematic
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Fig. 7 — Peak response of SDOF yielding oscillator coupled with a stepping wall with slenderness tan o« = 1/6
with zero-length (left plots) and finite length (with [/h = 0.2 and d/b = 0.1) (right plots) supplemental linear-
viscous or hysteretic dampers, when excited by the three strong ground motions.
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characteristics of the ground motion. Whenever the damped response exceeds that undamped response, the
exceedance is marginal and in most cases the damped response is lower than the undamped response.

There are several situations where it is suitable to place the supplemental energy dissipation devices with
a distance from the sides of a rocking wall. In this cases two additional parameters appear in the analysis, the
distance d of the connection of the dissipation device from the pivoting point and the length, [ of the dissi-
pation device. Fig. 7 (right) plots maximum response diagrams for yielding oscillator coupled with rocking
wall with slenderness tan o = 1/6 with finite- length supplemental viscous/hysteretic dampers with {/h = 0.2
and d/b = 0.1 and normalized damping constant —p = 5 and 10. In Fig. 7 (right) similar trends as those
discussed for the corresponding Fig. 7 are observed; while the additional lever arm d = 0.1b appears to have
marginal effect on the peak response in particular for taller walls.

6. Conclusions

This paper investigates the inelastic response of a yielding structure coupled with a damped rocking wall. The
full nonlinear equations of motion were derived, and the dependability of the one-degree-of-freedom idealiza-
tion is validated against the nonlinear time-history response analysis of the 9-story SAC steel building.

The SDOF idealization presented in this paper compares satisfactory with finite-element analysis of a multi-
story building coupled with a damped stepping rocking wall; therefore, the SDOF idealization can be used with
confidence for preliminary analysis and design.

The study also shows that in most cases, use of dampers are effective way of reducing maximum deforma-
tion in the coupled system; while the additional lever arm for the dampers appears to have marginal effect on
the peak response, in particular for taller walls.
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