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Abstract 
Structural control technologies, especially passive ones, have been developed as effective measures to mitigate 
undesired response of civil structures in the past decades. Tuned mass dampers (TMDs) are one of the most applied 
passive control technologies. The high control performance of TMDs is obtained by tuning the frequency of TMDs to 
the frequency of primary structures for resonant motions. This frequency tuning, however, posts potential risk of ill 
performance when the frequency of primary structure shifts from its initial designs. By contrast, nonlinear energy sinks 
(NESs), with a nonlinear force-displacement relationship, are competent to reduce structural responses within a wide 
range of frequencies. Since the dynamics of a NES is relevant to its relative motions to the primary structure, the 
nonlinearity of NESs also makes the effectiveness of NESs depend on the input energy level. To address these issues, a 
novel passive mass damper, namely asymmetric nonlinear energy sink (Asym NES), is proposed in this study. Asym 
NESs, configured based on conventional NESs, are characterized by integrating linear and nonlinear restoring forces to 
mitigate the unwanted responses of building structures. In particular, Asym NESs consist of an auxiliary mass which is 
statically balanced at a deformed position through a linear and a nonlinear spring. This configuration produces an 
asymmetric restoring force in the Asym NES. First, the restoring force of Asym NESs and the equations of motion of an 
Asym NES-attached structural system are derived. Subsequently, the Asym NES is experimentally tested on a small-
scale three-story steel frame the natural frequencies of which can be altered by changing the number of columns per 
story. The performance of the Asym NES is also compared with a TMD and a cubic NES under impulsive excitations. 
Test results demonstrate the effectiveness of the Asym NES as well as its robustness against changes in the structural 
frequency. The validated Asym NES model is further applied in the numerical investigation on a six-story benchmark 
building to highlight its effectiveness and robustness in potential practical applications. A suite of 106 seismic ground 
motions with wide-ranged energies are applied to the structures with original and decreased frequencies. The results 
show that the Asym NES processes high effectiveness in response reduction and strong robustness against changes in 
both structural frequency and input energy level, exhibiting great potential in response control under extreme seismic 
events.  
Keywords: structural control, passive control, nonlinear energy sink, energy robustness, seismic response 
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1. Introduction 
Structural control technologies have been developed as effective measures to mitigate undesired responses of 
buildings, bridges, and infrastructures in the past decades [1]. Although active and semi-active control 
approaches have witnessed great progress and provided higher control capacity than their passive 
counterparts [2-4], passive structural control technologies are still much more widely applied in engineering 
practice nowadays. The advantages of passive control strategies lie in their stability, reliability, and 
simplicity without any need for power supply and feedback system. Tuned mass dampers (TMDs) are one of 
the most widely used structural control devices in practical applications currently [5]. A TMD consists of a 
secondary mass connected to the primary system through a linear spring and a damper. By resonating out of 
phase with the primary structure, the TMD transfers a considerable amount of energy from the primary 
structure to the auxiliary mass and eventually damps out the transferred energy with large relative motions. 
From the design point of view, TMDs do not interfere with vertical and horizontal load paths and are 
therefore relatively easy to implement in new buildings and in existing ones [6]. 

To ensure an effective control performance of TMDs, the key point is to select proper mass, stiffness, 
and damping for the TMD. The tuning approaches that determine the relationship between the natural 
frequencies of the TMD and the primary structure have, therefore, become a subject of interest in TMD 
studies. To date, TMDs have been extensively adopted to enhance the serviceability of tall buildings under 
wind loadings [7-9]. Meanwhile, researchers also extended it into the community of earthquake engineering 
in the past years. Some optimum TMD parameters and optimization algorithms have been derived under 
various types of ground excitations [10-12], part of which considered the uncertainties resulted from the 
changing environment [13-15]. However, the seismic response mitigation effect of conventional TMDs had 
not been effective as the TMD had little effect on the maximum responses under earthquakes [16]. 
Additionally, a considerable mass of TMD was required to achieve a sizeable reduction in the response, 
especially for structures with large damping ratios [6], which in turn compromised the applicability of TMDs. 
More importantly, the most challenging issue of the TMD is that its effectiveness can be drastically 
undermined when the TMD is detuned [17] or when the system exhibits nonlinear behavior [18] which is 
likely to happen to structures under extreme seismic events.  

In contrast to TMDs that are featured by linear force–displacement relationships, nonlinear energy 
sinks (NESs) are a type of passive energy absorbers which possess essentially nonlinear (i.e., a non-
linearizable restoring force). This nonlinearity enables NESs to effectively reduce the structural responses 
over a wide range of frequencies and to transfer energy from the primary structure to the device in a one-way 
irreversible manner (known as targeted energy transfer) [19,20]. NESs can also excite the higher vibration 
modes of the primary structure where the energy is dissipated more rapidly [21-23]. Both experimental and 
numerical studies have been carried out to demonstrate the robustness of NESs against changes in the natural 
frequency of primary structures [24-29]. The frequency-robustness of NESs results from the continuous 
change of the stiffness at different displacements. This changing stiffness enables the NESs to vibrate at 
different frequencies. It is obvious that the frequency range of an NES must contain the fundamental 
vibrational frequency of the primary structure to ensure the occurrence of resonance for an effective response 
reduction. However, for the most studied NESs that have cubic force–displacement relationships, the control 
efficiency may deteriorate when the input energy is not optimal [30]. Not only the control performance is 
degraded due to the discrepancy between the frequencies of the cubic NES and the primary structure but also 
damages may be caused by the larger force to local structural components. To address this issue, mass 
dampers with both linear and nonlinear characteristics have been developed, which allows the control device 
to be robust against changes in both the energy level and the structural frequency [31,32]. 

In this paper, a novel passive mass damper, namely asymmetric NES (Asym NES) is developed. The 
proposed Asym NESs aim to reduce the unwanted energy dependence while keeping the favorable frequency 
robustness of conventional NESs. Asyms NES are configured based on cubic NESs and have two types of 
springs including a cubic spring and a linear spring. The restoring force of the Asym NES and the equations 
of motion (EOMs) of an Asym NES-attached structural system are derived. The Asym NES is 
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experimentally tested on a small-scale three-story steel frame structure with different column layouts. In the 
experiment, a comparable TMD and cubic NES are also realized and the measured responses of these control 
systems are analyzed. The Asym NES is investigated numerically on a six-story moment-resisting-frame 
(MRF) structure with different structural frequencies. The control performance of the Asym NES is further 
examined when subjected to a suite of 106 seismic ground motions with various input energies. 

2. Asymmetric nonlinear energy sink 
An Asym NES consists of an auxiliary mass attached to the primary structure through two types of springs 
including a cubic-type nonlinear spring and a linear spring. The cubic spring is realized through the same 
configuration as employed in the cubic NES (Fig.1(a)), where the attached mass is connected to the primary 
structure through springs perpendicular to its moving direction. The perpendicular springs are unstressed at 
the undeformed position. The force in the moving direction of the mass resulting from the perpendicular 
springs is given by Eq. (1). 

( )( ) ( ) ( )2 2 2 2 2 3 32 of k l x l x l x k l x x= + − + = +                                        (1) 

where k is the stiffness of the springs, l is the original length of the springs, and x is the displacement of the 
mass m from the undeformed position. This force can be rewritten in Taylor’s Expansion so that when the 
displacement is relatively small, the higher order terms can be neglected. The force therefore can be written 
as in Eq. (2). 

3
Cubicf k x=                                                                              (2) 

where 2
Cubick k l= . 
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Fig. 1 – Conceptual models of (a) cubic NES and (b) Asym NES 

The Asym NES (Fig.1(b)) introduces a linear stiffness element into the cubic NES. The mass reaches 
static equilibrium at a deformed position. The cubic force is balanced with the linear force produced by the 
linear spring. Taking the static balanced position as the initial position, the cubic and linear forces in the 
moving direction of the mass are shown in Eqs. (3) and (4), respectively. 

( ) ( )3
Cubic Cubicf x k x r= +                                                                     (3) 

( )Linear Linear 0f x k x f= +                                                                      (4) 

where r is the distance between the undeformed position and the static balanced position, kLinear is the 
stiffness of the linear spring, and f0 is the initial linear force in the linear spring at the statically balanced 
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position. This initial force can be obtained by solving the force equation at the statically balanced position as 
shown in Eqs. (5) and (6). 

( ) ( )Cubic Linear0 0f f=                                                                        (5) 

3
0 Cubicf k r= −                                                                               (6) 

Therefore, the resultant spring force of the Asym NES becomes 

( )3 3
Spring Cubic Linear Cubicf k x r k x k r= + + −                                                      (7) 

The damping force of the Asym NES is 

Dampingf cx= 

                                                                              (8) 

where c is the damping coefficient of the device.  

Fig.2 compares the spring force–displacement relationships of a TMD, a cubic NES, and an Asym 
NES. Fig. 2(c) shows the linear and cubic spring force components of the Asym NES. The nonlinearity is of 
a less degree in the Asym NES than in the cubic NES in either the positive or the negative direction, but the 
overall adjustability to the tuning of frequency is enhanced due to the asymmetric force–displacement 
relationship observed in the Asym NES.  
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Fig. 2 – Force–displacement relationships: (a) TMD, (b) cubic NES, and (c) Asym NES 

3. Experimental study 
3.1 Primary structure and equations of motion 

In this section, the Asym NES was experimentally tested on a small-scale three-story steel frame structure. 
The structure consisted of three identical floor plates and a base plate. The floor plates with a dimension of 
440 mm×440 mm×15 mm were connected with the columns by steel bolts. A smaller steel plate with a 
dimension of 300 mm×300 mm×10 mm was designed as an additional weight for every story. This smaller 
plate can be removed to install the fixtures and the control devices in the top story so that the total weight of 
each story would be kept approximately the same. The base plate had a dimension of 1100 mm×1100 
mm×15 mm and can be regarded as a rigid foundation for the test structure. The columns were made from 
mangalloy (i.e., manganese steel) to ensure large displacement capacity without yielding. With this feature, 
the structure can be assumed to be elastic. The effective heights of the columns at the first (bottom) story, the 
second story, and the third (top) story were 225 mm, 235 mm, and 235 mm, respectively. The columns had a 
cross-section of 80 mm×1.5 mm with the distinctive strong and weak axes so that the structure can only 
move along the weak axis of the column section. The geometric configuration and physical setup of the test 
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frame are given in Fig.3. To investigate the sensitivity of the proposed control strategy to the variable 
property of the primary structure, two different column layouts were considered in the experiment. The 
structure with six columns on every story was deemed as the intact primary structure while the structure with 
four columns on every story represented the damaged primary structure. The Asym NES that was designed 
for the six-column structure will be tested on both structures. 
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Fig. 3 – Geometric configuration and physical setup of the test frame (unit: mm) 

System identification was performed on the six-column and four-column structures without any 
control devices functioning on the top story. In these uncontrolled structures, the upper plate of the top story 
was replaced by the fixtures of the control device. An additional mass block of 4.58 kg which was the mass 
of the Asym NES was also fastened to the top story. The resulted floor masses were 32.40 kg for the top 
story and 29.61 kg for the middle and bottom stories. The ICP-type accelerometers (Model 601D 
manufactured by AFT Electronic Technology Co., Ltd.) were used to measure the story accelerations. The 
data acquisition system AZ804-A and analyzer AZ308 (manufactured by CRAS Co., Ltd.) were used with a 
sampling rate of 1000 Hz throughout the experiment. The displacements were obtained by integrating the 
measured accelerations over time twice and a bandpass filter from 1 Hz to 20 Hz was applied to the 
experimental data. The identified natural frequencies of the six-column primary structures were 2.02 Hz, 
5.75 Hz, and 8.25 Hz for the first, the second, and the third modes, respectively, whereas the natural 
frequencies of the four-column primary structure were 1.57 Hz, 4.51 Hz, and 6.49 Hz for the first, the second, 
and the third modes, respectively. A fundamental modal damping ratio of 0.3% was identified for both 
structures. 

The Asym NES is attached to the top story of the primary structure so that the auxiliary mass will 
experience the strongest motion possible. The EOM for the Asym NES is 

                                                         ( )A A Spirng Damping A 3 gm x f f m x x+ + = − +                                                              (9) 

where x3 is the displacement of the top story relative to the ground, gx  is the ground acceleration, xA is the 
displacement of the Asym NES relative to the top story of the primary structure, mA is the mass of the Asym 
NES, and fSpring and fDamping is the restoring force and the damping force of the Asym NES as defined in Eqs. 
(7) and (8), respectively.  

For the primary structure, the spring force and damping force produced by the Asym NES can be seen 
as external forces exerted on the top mass. Therefore, the EOMs for the primary structure written in matrix 
form are  

g

Spirng Damping

x
f f

 
+ + =  + 

Mx Cx Kx G


                                                             (10) 
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                                                                     { }T
1 2 3x x x=x                                                                      (11) 

T
1 2 3

0 0 1
m m m− − − 

=  
 

G                                                                  (12) 

where mi is the mass of the ith story of the primary structure, xi is the displacement of the ith story relative to 
the ground, M, C, and K are the mass, damping, stiffness matrices of the primary structure, respectively, and 
G is the influence matrix for loadings.  

 1×Φ7-90(mm) 
2×Φ7-95(mm) 

 
Fig. 4 – Experimental configuration of the Asym NES 

Table 1 – Identified parameters of three devices 

Device 
Stiffness coefficient Viscous damping coefficient (N·s/m) 

Friction coefficient 
Linear (N/m) Cubic (N/m3) Six-column Four-column 

Asym 200 9.5×104 2.3 3.8 0.003 

TMD 780 — 2.5 3.8 0.003 

NES — 4.8×105 2.3 2.3 0.003 

 

3.2 Design of Asym NES and model validation 

The Asym NES had a mass that was 5% (4.58 kg) of the total mass of the structure. To investigate this novel 
control device, the Asym NES was physically compared with a TMD and a cubic NES with the same mass 
ratio. The auxiliary mass moved along a sliding rail through a series of bearings. Baffles were placed at both 
ends of the rail as a safety measure. Both the linear and the cubic springs were realized by sets of rubber 
cords with a diameter of 7 mm, which connected the auxiliary mass to the fixtures in the transverse direction. 
The set of pre-tensioned rubber cords represented the linear spring in the TMD, whereas the set of 
unstretched rubber cords represented the cubic spring in the cubic NES. For the Asym NES (Fig.4), two sets 
of rubber cords connected to different pairs of fixtures were used, representing the linear spring and the cubic 
spring. The design parameters of the Asym NES were determined based on the identified model of the six-
column primary structure. Numerical optimization was carried out in the MATLAB [33] to obtain the linear 
and nonlinear stiffnesses of the Asym NES. An initial velocity of 0.2 m/s was applied to every mass in the 
system. The objective of the optimization was to minimize the root-mean-square (RMS) of the top story 
displacement of the six-column primary structure during the initial 10 s (approximately 20 cycles). The 
comparable TMD and cubic NES were optimized by the same objective as the Asym NES. The actual 
parameters of the devices were, however, somewhat different from the design values due to the manufacture 
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discrepancies. The resulting parameters for the Asym NES, the TMD, and the cubic NES are listed in Table 
1.  

To validate the analytical and numerical models of the Asym NES-attached structural system, the 
experimental responses of the Asym NES structure under free vibrations were compared with its numerical 
counterparts. Fig.5 shows the displacements of the auxiliary mass and the top story of the Asym NES 
structure with four columns as an example. The numerical predictions agreed well with the experimental 
responses generally.  
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Fig. 5 – Experimental and numerical responses of the Asym NES structure: (a) device displacement and (b) 
top story displacement 

3.3 Response investigation and discussions 

In the experiment, the Asym NES structure, the TMD structure, the cubic NES structure, and the 
uncontrolled structure were considered. All structures were subjected to the same initial-displacement 
condition. The top story was forced statically to have a 0.03 m deformation relative to the base plate and no 
external force was imparted to the middle and bottom stories. The initial displacements of the middle and 
bottom stories can be calculated using the identified stiffness distributions of the primary structures.  

Fig.6 illustrates the displacements of the top story for all the structures considered. As these control 
devices were designed for the six-column primary structure, all three control strategies were very effective in 
reducing the responses of the intact structure. Slight beating phenomenon was observed in the controlled 
responses due to the very small damping of the experimental setup. This beating phenomenon was the most 
observant in the TMD structure because that an in-tune TMD adds a new frequency to the system which is 
very close to the fundamental frequency of the primary structure. The Asym NES was capable of attenuating 
the responses as effectively as the TMD and the cubic NES. For the four-column structures, the fundamental 
natural frequency of the uncontrolled structure decreased from 2.02 Hz to 1.57 Hz, representing the property 
change from an intact structure to a damaged structure. The TMD deteriorated in response mitigation as it 
was no longer in tune with the primary structure. On the contrary, the cubic NES and the Asym NES 
maintained a relatively good performance compared to the TMD, although the two devices were not 
specifically designed for the four-column primary structure. From the above discussion, the Asym NES 
demonstrated both the linear and nonlinear dynamic characteristics as an integrated control strategy with 
favorable control effectiveness and strong frequency robustness. 
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Fig. 6 – Experimental responses of (a) six-column structures and (b) four-column structure 

4.  Seismic application 
4.1  Optimization of Asym NES on a six-story primary structure 

The control capacity of the Asym NES was numerically investigated on a six-story steel MRF structure 
illustrated in the FEMA P-751 [34]. The special steel MRFs on the perimeter of the building provide the 
lateral load resistance for the structure. The building is designed as an office building which consists of five 
bays at 8.53 m in the north-south (N-S) direction and six bays at 9.14 m in the east-west (E-W) direction. 
This MRF structure was condensed into a linear lumped-mass model moving only in the N-S direction. The 
model assumes Rayleigh damping with a 2% damping ratio for the first and the third modes. The 
fundamental natural period of the primary structure is 0.62 s. 

The three control devices were considered and separately attached to the top story of the primary 
structure. To compare the control capacity of the devices (especially the portion contributed by their springs), 
parameters including the mass and the damping were set the same values for all the three types of mass 
dampers. Considering the space limitation in the practical application, a mass of 3.95×105 kg that was 5% of 
the total mass of the primary structure was employed. The optimizations were conducted under an impulsive 
excitation which was exerted to the structure by applying an initial velocity of 0.8 m/s to every mass in the 
system. The objective was to minimize the RMS of the top story displacement during the initial 10 s. The 
global search algorithm was applied for the optimization. The stiffness and the damping coefficients of the 
TMD were optimized to be 3.13×107 N/m and 1.08×106 N∙s/m, respectively, corresponding to a frequency 
ratio to the primary structure of 0.88 and a damping ratio of 15.41%. This damping was then used for the 
cubic NES and the Asym NES. For the cubic NES, the optimized nonlinear stiffness coefficient was 
1.50×109 N/m3. For the Asym NES, a deformed distance of 0.2 m was preset which was deemed reasonable 
in consideration of the stroke. The optimal linear and nonlinear stiffness coefficients were 1.41×108 N/m and 
7.33×107 N/m3, respectively.  

4.2  Seismic response investigation 

The seismic performance of the Asym NES was evaluated under a suite of 106 ground motions from the 
Imperial Valley earthquakes happened during the period from 1938 to 1979. These seismic records were 
downloaded from PEER Ground Motion Database [35]. Information including earthquake name, year, 
magnitude, station name, file name and peak ground acceleration (PGA) can be found in [32]. The PGAs of 
these records were wide-ranged from 0.065 m/s2 to 7.614 m/s2, representing earthquakes of various energy 
levels. The power spectral densities of these earthquakes were not limited to any specific types. 
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The seismic excitations were applied to the four systems with the original structural frequency and the 
decreased structural frequency (75% of the original value), respectively. Figs.7 and 8 compare the RMS top 
story displacements of the original-frequency structures and the decreased-frequency structures under the 
earthquakes, respectively. In these figures, the sequences of the earthquakes in the abscissa were rearranged 
in the increasing order of the uncontrolled responses (solid black lines in the figures). Although the 
frequency characteristics of earthquakes will affect the performance of control devices, their relationship was 
not the focus of this study and therefore was not discussed herein. In a sense, the TMD can be seen as the 
standard control method as a well-tuned TMD can effectively dissipate energy through its resonance with the 
primary structure. In Fig.7, the TMD structure had the smallest responses among all the systems with 
original frequency under the majority of the earthquakes. However, the performance of the TMD 
deteriorated greatly in Fig.8 as it became detuned when the structural frequency decreased. The performance 
of the cubic NES was very sensitive to the input energy level and was understandably less effective than the 
TMD and the Asym NES for original-frueqency structures. When the structural stiffness decreased, the 
structual responses were generally larger and shifted closer to the optimal response level of the cubic NES. 
Consequently, the cubic NES performed better on the decreased-frequency structure than on the original-
frequency structure. The Asym NES was almost as effective as the in-tune TMD for the structure with 
original frequency regardless of the energy levels of the earthquakes. When the structural frequency 
decreased, the Asym NES outperformed the other two control devices, having the lowest displacement 
RMSs under majority of the earthquakes considered. In conclusion, while the TMD was not suitable for 
structures with changed frequencies and the cubic NES was not suitable for excitations with wide-ranged 
energies, the Asym NES overcame those shortcomings and exhibited strong frequency-robustness and 
energy-robustness even under complex seismic excitations. 

 

   
(a) (b) (c) 

   
(d) (e) (f) 

Fig. 7 – RMS top story displacements of original-frequency structures under seismic excitations: (a) 0 mm to 
4.4 mm, (b) 1.5 mm to 5.9 mm, (c) 2 mm to 8.4 mm, (d) 3 mm to 16.2 mm, (e) 6.5 mm to 21.3 mm, and (f) 8 

mm to 76 mm 
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(d) (e) (f) 

Fig. 8 – RMS top story displacements of decreased-frequency structures under seismic excitations: (a) 0 mm 
to 4.4 mm, (b) 1.6 mm to 8 mm, (c) 2 mm to 8.4 mm, (d) 3 mm to 11.8 mm, (e) 8 mm to 36 mm, and (f) 14 

mm to 84 mm 

5.  Conclusions 
Asym NESs as a type of novel passive mass dampers are proposed in this study. Asym NESs are configured 
based on cubic NESs and consist of two types of springs including a cubic spring and a linear spring. The 
Asym NES mass is pulled to a new reference position where the cubic and linear spring forces are statically 
balanced. The restoring force of the Asym NES and the EOMs of an Asym NES-attached structure were 
derived. The experiment was carried out to validate the analytical and numerical models of the Asym NES 
and the experimental responses were compared between the Asym NES and the comparable TMD and cubic 
NES. The validated numerical model was then applied to further investigate the performance of the Asym 
NES on a six-story benchmark building when subjected to 106 seismic ground motions as a more realistic 
example. The conclusions are drawn as follows:  

1. The Asym NES has an asymmetric restoring force which exhibits both nonlinearity and linearity. 
The nonlinear component enables the Asym NES to resonate with a wide range of frequencies and the linear 
component can alleviate the performance sensitivity to input energy levels. 

2. The experiment on the small-scale three-story steel frame structure showed that all the three devices 
performed very well on the six-column structure which they were originally designed for. The Asym NES 
and the cubic NES outperformed the detuned TMD on the four-column structure. The Asym NES showed  
frequency robustness which was as strong as the cubic NES. 

3.  The seismic analysis showed that Asym NES was as effective as the in-tune TMD regardless of the 
energy levels of the earthquakes. Besides, this effectiveness was not affected by the frequency decrease in 
the primary structure which might happen during earthquakes. The ingenious design and excellent efficiency 
of the Asym NES offer a promising control strategy of high-performance for structural response mitigation 
under extreme seismic events. 
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