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Abstract 

Considered as one of the most effective seismic protection devices, the friction pendulum (FP) system is 

nowadays widely used around the world. While its design and analysis are generally carried out using one-

dimensional or two-dimensional models based on the principle of a linearized pendulum motion, computational 

models capable of describing the motion of a mass sliding with friction on a sphere may be more appropriate 

when assessing displacement demands under extreme events. In the present work, a three-dimensional 

computational formulation is developed accounting for large oscillations and the geometric nonlinearities owed 

to the spherical concave surfaces characterizing FP systems. The performance of these systems is then assessed 

under three-directional near-fault and long-period ground motions. The results are presented in the form of 

displacement response spectra for different values of the friction coefficient.   
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1. Introduction

Seismic isolation is a widely adopted technology for the protection of building infrastructure from 

earthquakes. Based on the introduction of a system of low lateral stiffness devices between the 

building and its foundation, base isolation aims at reducing the earthquake-induced forces in the 

structure by shifting its fundamental period to the long-period range. Consisting of an articulated pad 

sliding on a spherical concave surface, one of the most effective and widely used seismic protection 

systems is the friction pendulum (FP) [1, 2]. As opposed to flat sliding devices, the curved sliding 

surface of FP systems allows to establish a recentering force. The shear force transmitted across the 

isolation system to the superstructure is controlled by the coefficient of friction of the sliding surfaces. 

Friction should be high enough to prevent sliding under low-intensity earthquakes and wind but as 

low as possible to limit the shear force transmitted to the structure. To achieve larger displacement 

capacities with no increase in the size of the devices, friction bearings with multiple sliding surfaces 

were conceived, namely the Double Concave Friction Pendulum (DCFP) and the Triple Friction 

Pendulum (TFP) bearings [3-5]. A major advantage of these systems over the single surface FP is that 

they allow to control the response of the system under multiple levels of ground shaking [6-8]. 

Friction pendulum systems have been studied extensively in the last few decades and, in their 

different versions, they are nowadays widely used all over the world. However, due to their relatively 

recent adoption for the seismic isolation of buildings and bridges, plenty critical aspects of their 

behavior are still under investigation. These include the dependence of the friction coefficient on 

contact pressure, sliding velocity and temperature [9-13], as well as the effects of vertical ground 

acceleration, uplift, impact and residual displacements [14-24]. For a review of current knowledge and 

research gaps on these topics, and some history of friction-based isolation systems, the reader is 

referred to [25]. 

After recent severe earthquakes, such as Kobe (1995) and Tohoku (2011), considerable 

attention has been devoted to the effects of near-fault and long-period earthquakes on the performance 
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of tall buildings and base-isolated structures [26-30]. However, no particular study has focused on the 

resonant effects of nearly periodic ground motions on friction pendulum systems. It is well known that 

for the low friction coefficient values used in seismic isolation, and if linear geometry is assumed, the 

response at resonance of a classical friction pendulum system is unbounded [31-34]. Recent analytical 

and numerical studies by the author [35] show that if large oscillations and non-linearities due to the 

spherical geometry of the system are taken into account, the displacement demands, although limited, 

still exceed by far the design capacities of the isolation devices. While it is common practice to 

analyze the behavior of FP systems using 1D [2, 36, 37] or 2D [15, 38] models based on the principle 

of a linearized pendulum motion, more sophisticated 3D formulations [39] should be adopted when 

assessing displacement demands under extreme bi-directional and tri-directional ground motions. 

 In the present work, a novel three-dimensional formulation is developed describing the 

geometrically nonlinear motion of a mass sliding with friction on a sphere. The formulation presented 

is used in the response simulation of FP systems under three-directional near-fault and long-period 

ground motions.  

2. Governing equations 

Shown schematically in Fig.1, FP bearings consist of an articulated pad sliding with controlled 

coefficient of friction, μ, on a spherical concave surface of radius R. As shown in Fig.1, we introduce 

a fixed cartesian coordinate system (O, X, Y, Z) defined by unit vectors ex, ey and ez along the positive 

X-axis, Y-axis and Z-axis, respectively. The position of the slider on the spherical surface is then 

identified by 

 ;h z h x yz x y= + = +r r e r e e   (1) 

Similarly, as shown in Fig.2, the force, F, acting on the slider is given by 

 ; h x x yh yzV H H= += +F F eF e e   (2) 

where Hx, Hy are the horizontal forces and V is the vertical force. 

Fig.2 shows that if we denote by P the normal force to the sliding surface, and by Fc the 

Coulomb friction force, force F may be also written as 

 
c RP= +F F e   (3) 

where eR is the time varying unit vector of the normal to the sliding surface and can be written as 

 21 ;h
R z h h

z
z R R

R R

 
= + − = − −  

 

r
e e r r   (4) 

Using Eq. (2) and Eq. (4), the magnitude of the normal force, P, to the sliding surface may be 

computed as 

 1h h h
R h R z R hP V V

R R R
=  =  +  =  − − 

r r r
F e F e e e F   (5) 
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Fig. 1 – Friction Pendulum kinematics: a) 3D representation of mass sliding on spherical 

surface, b) unit vectors of coordinate system, c) 2D view of mass sliding on spherical surface, 

d) 3D representation with sliding surface omitted    

 

The Coulomb friction force, Fc, can be expressed as 

 
c P=

r
F

r
  (6) 

where, as shown in Fig.3, 
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Fig. 2 – Representation of force, F, acting on friction pendulum slider 

 

 

Fig. 3 – Representation of velocity vector ṙ  

 

The horizontal force Fh may be written as 

 ( ) ( )h x x y y=  + F F e e F e e   (8) 

Substituting Eq. (3), Eq. (4) and Eq. (6), Eq. (8) becomes 
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 h h
h P

R

 

= +  
 

r r
F

r
  (9) 

Now, substituting Eq. (9) into Eq. (5) leads to 

 

1

1

h h

h h h h

R R
P V

R R R


− 

= −

−  − 

r r

r r r r

r

  (10) 

Finally, substituting Eq. (10) into Eq. (9), the horizontal force, Fh, becomes 

 

1

1

h h

h h
h

h h h h

R R
V

R

R R R





−   
= − +  

 −  − 

r r

r r
F

r r r r r

r

  (11) 

2.1 Equations of motion 

In the case of earthquake excitation, the equations of motion of the friction pendulum system are 

given by 

 
0 0 1 0

0 0 0 1
h h hg

m m

m m

     
+ = −     

     
r F r   (12) 

where m is the mass of the superstructure. More concisely, Eq. (12)  may be written as 

 
( ),h h h

h hg
m

+ = −
F r r

r r   (13) 

where 
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  (14) 
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and r̈hg is the vector of bidirectional horizontal ground motion. Note that vertical ground acceleration, 

z̈g, is included through V. In the numerical simulations of the following section, nonlinear Eq. (13) is 

discretized in time using Newmark and solved by Newton’s method.   

3. Earthquake simulations 

In this section, Eq. (13) is solved for a number of nearly periodic, near-fault and long-period recorded 

ground motions. The two horizontal components and the vertical component of each ground motion 

are applied simultaneously. The analyses are carried out for a wide range of periods of the isolation 

system and the results are presented in the form of displacement response spectra for different values 

of the friction coefficient, μ. The norm of the horizontal displacement vector, rh, normalized with 

respect to the radius of curvature, R, is represented in the spectra. 

The first ground motion to be considered in this work is the one recorded at station SCT 

(Secretaria de Communicaciones y Transportes) during the 1985 Mexico City earthquake. 

Downloaded from the IIUNAM's Strong Motion Network (RAII-UNAM) operated at the Institute of 

Engineering of the National Autonomous University of México, the three components of motion, two 

horizontal (N00E, N90E) and one vertical (V), are shown in Fig.4. The displacement response spectra 

for values of the friction coefficient, μ, varying between 0.03 and 0.10 are plotted in Fig.5. Despite the 

modest magnitudes of horizontal and vertical ground acceleration, the displacement demands are quite 

significant due to the nearly-harmonic character and long duration of the ground motion.  

 

    

Fig. 4 – Components of ground motion recorded at station SCT during the 1985 Mexico City 

earthquake: a) N00E, 311 b) N90E, c) vertical 

 

Fig. 5 – Displacement response spectra for SCT tri-directional ground motion 
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Three values of ||rh||/R are denoted by horizontal lines in Fig.5, namely 0.1, 0.2 and 0.3. The 

value of 0.1 indicates the onset of nonlinear behavior, 0.2 is a typical design limit, while 0.3 

represents that value below which the error associated with the use of a geometrically linear response 

theory can be considered acceptable. The displacement spectra can be used to determine the 

combination of period, T, and coefficient of friction, μ, that the isolation system should be designed 

for to guarantee that the maximum allowable displacement is not exceeded.          

The next ground motion to be considered was recorded in the city of Kashiwazaki, at K-NET 

station NIG018, during the Chuetsu-Oki 2007 earthquake. The three components of ground 

acceleration are shown in Fig.6. The two components of horizontal acceleration (EW and NS) are 

characterized by a short duration, strong low-frequency content, and a series of long-period seismic 

pulses typical of near-fault records [40, 41]. The displacement response spectra for values of the 

friction coefficient varying between 0.03 and 0.10 are plotted in Fig.7. 

 

   

Fig. 6 – Components of ground motion recorded at K-NET station NIG018 in Kashiwazaki during the 

2007 Chuetsu-Oki earthquake: a) EW, b) NS, c) vertical 

 

Fig. 7 – Displacement response spectra for Kashiwazaki NIG018 tri-directional ground motion 

 

We now consider the ground motion recorded at K-NET station MYG005, in proximity of the 

Naruko volcano, during the 2008 Iwate–Miyagi Nairiku earthquake affecting the Tohoku region of 

northeastern Honshu in Japan. The three components of ground motion are shown in Fig.8 and the 

displacement response spectra for values of the friction coefficient varying between 0.03 and 0.1 are 

plotted in Fig.9. 

Finally, we consider the near-fault ground motion recorded at El Centro, Southern California, 

during the 1979 Imperial Valley earthquake. Downloaded from the COSMOS (Consortium for 
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Strong-Motion Observation Systems) Strong Motion Virtual Data Center (VDC), the three 

components of ground motion are shown in Fig.10. In Fig.10c, we note the presence of a very strong 

component of vertical ground acceleration, with peaks of about 1.5 g. For a friction pendulum system 

with period T=3 s and coefficient of friction μ=0.03, Fig.11a shows how the strong vertical 

acceleration causes the normal force, P, to the sliding surface to switch from compression to tension, 

indicating uplift of the superstructure. Exactly the same happens for T=3 s and μ=0.10, as shown in 

Fig.11c, as well as for any other values of period, T, and coefficient of friction, μ. As shown in 

Fig.11b and Fig11d, no uplift occurs if vertical ground acceleration is excluded from the analysis. The 

displacement response spectra for values of the friction coefficient varying between 0.03 and 0.1 are 

plotted Fig.12. To avoid the occurrence of uplift, the vertical component of ground acceleration was 

not considered in this case.  

 

   

Fig. 8 – Components of ground motion recorded at K-NET station MYG005, in proximity of the 

Naruko volcano, during the 2008 Iwate-Miyagi Nairiku earthquake: a) EW, b) NS, c) vertical 

 

Fig. 9 – Displacement response spectra for Naruko MYG005 tri-directional ground motion 

4. Conclusions 

A three-dimensional formulation has been presented for the dynamic analysis of FP systems including 

large oscillations and the inherent nonlinearities related to the motion of a mass sliding with friction 

on a sphere.  

Analyses carried out under a set of tri-directional near-fault and long-period recorded ground 

motions have shown displacement demands that exceed by far the capacity of the isolation devices in 

a wide range of periods. It is therefore important, when designing and implementing these systems, to 
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always carry out a careful seismic hazard analysis in order to exclude the occurrence of events that 

can cause the catastrophic failure of the isolation devices.  

It has been seen that strong vertical ground accelerations can potentially determine tension 

forces in the friction devices and consequent uplift of the superstructure.  

Extension of the current FP formulation to include effects such as the dependence of the friction 

coefficient on normal force, sliding velocity and temperature is the subject of ongoing work by the 

author. 

 

   

Fig. 10 – Components of ground motion recorded at El Centro during the 1979 Imperial Valley 

earthquake: a) EW, b) NS, c) vertical 

  

 

Fig. 11 – Response to El Centro earthquake in terms of normal force, P, to the sliding surface for FP 

system with period T=3 s: a) tri-directional ground motion (μ=0.03), b) bi-directional horizontal 

ground motion (μ=0.03), c) tri-directional ground motion (μ=0.10), d) bi-directional horizontal ground 

motion (μ=0.10)  
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Fig. 12 – Displacement response spectra for El Centro bi-directional horizontal ground motion 
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