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Abstract 
An isolation system with traditional sliding bearings, such as friction pendulum isolators (FPIs), is usually a long-period 
system with constant isolation frequency. Although this type of isolation systems may perform well in a far-field 
earthquake, its seismic response is likely to be amplified in a near-fault earthquake with long-period components. In 
order to enhance isolation performance and prevent excessive isolator displacement due to near-fault earthquakes, in 
this study, a new type of passive adaptive sliding isolators named the double sliding isolator with variable curvature 
(DSIVC) is studied experimentally. A DSIVC isolator mainly consists of an upper and a lower variable-curvature 
sliding interfaces and a slider placed in between the two sliding interfaces. The isolator stiffness provided by a DSIVC 
will vary along with the isolator displacement. Therefore, compared with an FPI, the DSIVC possesses adaptive nature 
that helps avert the resonant-like response exerted by a near-fault earthquake and thus lead to a smaller isolator size. 
Moreover, since a DSIVC has two sliding interfaces, it is able to provide an equal isolator displacement capacity with a 
smaller isolator size, so both manufacture cost and installation space of the isolators can be reduced. The above features 
make the DSIVC a more economical and efficient isolator. In this paper, a bi-directional analytical model for a general 
DSIVC will be introduced and verified experimentally by conducting an element cyclic test with uni- and bi-directional 
excitations. The experimental and theoretical results of this study verify the feasibility and adaptability of the DSIVC 
isolation technology.  
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1. Introduction 
Traditional sliding isolators, e.g., friction pendulum isolators (FPIs), have been proved to be a very effective 
means for seismic protection of structures or equipment under a regular earthquake [1]. An FPI usually has a 
spherical sliding surface of constant curvature that results in a constant isolation stiffness and vibration 
period. Recent studies have discovered that an isolation system consisting of this type of isolators may incur 
excessive isolator displacement in a near-fault earthquake with long-period pulse components, due to a 
resonant-like response [2-3]. Consequently, in order to ensure the safety of an FPI-isolated structure located 
in a near-fault area, the design size of sliding bearings have be enlarged dramatically, and thus the 
manufacturing cost and installation space will be considerably increased as well.  

To overcome this isolation problem associated with long-period earthquakes while to maintain the 
isolation efficiency in far-field (regular) earthquakes, which usually do not contain long-period components, 
some researchers have proposed using sliding isolators with variable curvature (SIVC), which have a 
concave and axially symmetric sliding surface with variable curvature [4-11]. As a result, the isolation 
stiffness and frequency of an SIVC isolation system will vary along with the isolator displacement. 
Compared with an FPI, the SIVC possesses adaptive nature that may help avert the resonant-like response 
under a near-fault earthquake and thus lead to a smaller isolator size, provided that the geometry of the 
sliding surface is properly designed. The effectiveness and feasibility of SIVCs has been verified both 
theoretically and experimentally in the previous works by the authors of the present paper [6, 7, 11]. 

To further reduce the dimension of SIVC isolators, the notion of double sliding isolators with variable 
curvature (DSIVCs) was proposed in recent literature but has not been verified by experiment [12, 13]. 
Different from a SIVC that has only one concave sliding surface, a typical DSIVC isolator mainly is 
composed of an upper and a lower variable-curvature sliding interfaces and a slider. The slider, with friction 
pads on its both sides, is placed in between the two sliding surfaces. A DSIVC is physically similar to a 
double friction pendulum isolator (DFPI), expect that its dual sliding surfaces are not made spherical, but 
with variable curvature [14]. A DSIVC has all the advantages and features of the SIVC mentioned above. 
Moreover, since it has two sliding surfaces, the DSIVC is able to provide an equal isolator displacement 
capacity with a smaller isolator size, so both manufacture cost and installation space of the isolators can be 
reduced. The DSIVC can also provide more adaptability and design flexibility than an SIVC does. These 
features make the DSIVC a more economical and efficient isolator. The objective of this study is to derive 
the formula of bi-directional force-displacement relation for the DSIVC and to verify the formula 
experimentally by conducting a DSIVC element test. Through the analytical and experimental study, it is 
expected that the outcome of this paper will expertise the application of sliding-type passive adaptive 
isolation systems. 

 
Fig. 1 – Schematic diagram of a double sliding isolator with variable curvature (DSIVC) 
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2. Formulation of bi-directional force-displacement relation for a DSIVC 
2.1 Mathematical model 
Figure 1 shows the schematic diagram of a DSIVC isolator that consists of an upper sliding plate, a lower 
sliding plate and a slider placed between the sliding plates. Similar to those of a DFPI isolator, the sliding 
surfaces of the upper and lower plates of the DSIVC are symmetrical about their central axes (i.e., 1z  and 

2z  axes in Fig. 1), but their curvature is variable along with the radial coordinates 1r  and 2r  (see Fig. 1). 
Consequently, the geometric shapes of the upper and lower sliding surfaces can be defined by the geometric 
functions (or the elevation functions) )( 11 rz  and )( 22 rz . The slider that is in contact with both sliding 
surfaces has a friction pad on each of its two sides. The isolator friction force will be determined by the 
material property of the friction pads. Since the DSIVC has two sliding surfaces, it is able to provide 
displacement capacity equal to that of an SIVC but with an isolator size about one-half of the DSIVC size.  

 
Fig. 2 – Mathematical model of a DSIVC 

The mathematical model for the DSIVC under bi-directional motion may be depicted by Fig. 2. In the 
figure, 1x  and 1y  are the displacements of the upper sliding plate relative to the slider in x and y directions, 
respectively, while 2x  and 2y  are the slider displacements relative to the lower sliding plate in x and y 
directions, respectively. Symbols 1µ and 2µ  represent the friction coefficients between the slider and upper 
and lower sliding plates. Symbols 1bk  and 2bk  may denote the stiffness of the upper and lower sliding 
plates. In latter numerical simulation, 1bk and 2bk will be assigned a very large value for numerical stability. 
Moreover, symbols 1rk  and 2rk  represent the effective isolation stiffness generated by the concaved upper 
and lower sliding surfaces, respectively. The values of 1rk  and 2rk  will depend on the chosen geometric 
functions of the upper and lower sliding surfaces, and can be expressed as  
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In Eq. (1), W denotes the axial load of the DSIVC isolator, and )( 11 rz′  denotes the first derivative of )( 11 rz  
with respect to 1r . 

2.2 Derivation of force-displacement relation 
In order to obtain a unique solution for the force-displacement relation for the DSIVC, the following three 
conditions of mechanics have to be satisfied simultaneously: equilibrium condition, element constitutive law 
and geometric compatibility condition. These mechanical conditions will be established in this subsection by 
using Fig. 2.   

(1) Bi-directional equilibrium condition:  

As shown Fig. 1 and Fig. 2, since the upper and lower sliding plates are placed in series, the shear 
forces between the slider and two sliding surfaces should be equal, i.e.,  

 xx UU 21 = , yy UU 21 =   (3) 

where xU1  and xU2  denote the x-directional horizontal shear forces of the upper and lower sliding plates, 
respectively; while yU1  and yU2  denote the y-directional shear forces of the upper and lower plates, 
respectively. Eq. (3) can be further rewritten in the following matrix form 

 0UD =0   (4) 
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Furthermore, the model shown in Fig. 2 indicate the isolator shear forces mentioned above actually involve 
frictional and restoring force components provided by the fritional element and the variable spring elements 
( 1rk  and 2rk ), respectively; therefore, we have 

 fr uuU +=   (6) 

where ru  and fu denote the vectors of the restoring force and frictional force, respectively, and can be 
written explicitly as 
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where xru 1  and yru 1  denote the restoring forces provided by the upper sliding plate in x and y directions, 
respectively; xru 2 and yru 2  are the restoring forces provided by the lower sliding plate in x and y directions, 
respectively; xfu 1  and yfu 1  denote the frictional forces exerted on the upper sliding surface; xfu 2  and y2fu  
denote the frictional forces exerted on the lower sliding surface.  
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(2) Element constitutive law:  

Fig. 2 indicates that the restoring forces of the DSIVC in each direction shall depend on the variable 
stiffness ( 1rk  and 2rk ) and isolator displacements in that direction; therefore, the restoring forces can be 
expressed as  

 rrr XKu =   (8) 

where  
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In the last equation, rK  is the stiffness matrix, rX  denotes the displacement vector containing bi-directional 
displacements of the upper and lower sliding plates, isolation stiffness 1rk  and 2rk  have been defined in Eq. 
(1). Eq. (8) is also known as the element constitutive law for the DSIVC. Further substituting Eq. (8) in Eq. 
(6) yields 

 frr u+XKU =  (10) 

Also, substituting Eq. (10) in Eq. (4), one may rewrite the equilibrium equation as following 

 0=uD+XKD frr 00  (11)  

(3) Geometric compatibility condition:  

In view of Fig. 1 and Fig. 2, the upper and lower sliding plates are placed in series, so the total isolator 
displacement of the DSIVC in a certain direction should be equal to the addition of the displacements of the 
upper and lower sliding plates in that direction. Therefore, we have 

 tr XXD =1  (12) 
where 
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where symbols tx  and ty  represent the isolator total displacement in the x and y directions, respectively.  

(4) Bi-directional force-displacement relation for DSIVC: 

Next, combining Eq. (11) (the equilibrium condition) and Eq. (13) (the compatibility condition) yields 
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Finally, solving Eq. (14) for vector rX  and substituting the solution into Eq. (10), we have 

 )()()(+)())()(()( ttttttt trfr XEKuIBKU +=   (16) 
where 

 BK=B -1 ˆ)()( tt ,  EK=E -1 ˆ)()( tt   (17)  

Eq. (16) describes the bi-directional relationship between the isolator’s internal shear forces )(tU  and total 
displacements )(ttX  for a DSIVC. This equation will be used to compute the isolator shear forces and to 
generate the numerical hysteresis loop of the DSIVC, which will be compared with the test results. 

3. Element cyclic test of DSIVC 
3.1 Description of specimen – DPFPI isolator 
In order to verify the feasibility of DSIVC isolation technology and the correctness of the force-displacement 
formula derived in the previous section, an element cyclic test was conducted for a DSIVC isolator. The 
geometric functions for the upper and lower sliding surfaces of the tested DSIVC are identical. The 
following 8th order polynomial function, which is similar to the one proposed by Lu et al. [6] for a SIVC, 
was adopted as the geometric function for both sliding surfaces. 

 
21416181

2468
)( rdrcrbrarz +++=   (18)  

where 1a , 1b , 1c  and 1d  are constant coefficients, and r  is the radial coordinate (see Fig. 1). Since the 
geometric function of the tested DSIVC is defined by the polynomial of Eq. (18), hereafter the tested 
specimen is called the double polynomial friction pendulum isolator (DPFPI). Moreover, the polynomial 
coefficients in Eq. (18) are purely mathematic without engineering meaning. In this study, these coefficients 
will be converted into some design parameters for the convenience of design purpose, as will be explained 
below.  

 
Fig. 3 – Normalized restoring force of the DPFPI 
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In the theory of SIVC with a single sliding surface, the first derivative )(rz′  of the geometric function 
is equivalent to the restoring force normalized with respect to the isolator’s axial load W [6, 7]. Fig. 3 shows 
the curve of the normalized restoring force )(rz′  for one single sliding surface of the tested DPFPI, whose 
geometric function is defined by Eq. (18). As shown in Fig. 3, the normalized restoring force of the DPFPI 
possesses a softening section followed by a hardening section. Notably, five design parameters 

),,,,( 21210 DDkkk  are shown in Fig. 3. Among them, 0k  denotes the initial isolator stiffness; 1D  and 2D  are 
the isolator displacements corresponding two level design earthquakes usually specified in a seismic design 
code (e.g., DBE and MCE); 1k  and 2k  are the tangential stiffness at the displacements 1D  and 2D , 
respectively. Note that 1D  is also the critical isolator displacement at which the isolator is changing from 
softening behavior to hardening behavior as shown in Fig. 3. With the above definition for the five design 
parameter, the relation between the four polynomial coefficients ( 1a , 1b , 1c , 1d ) and design parameters can 
be expressed by the following equations 
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Table 1 – Parameters of DPFPI sliding surfaces used in element test.  

Parameter for single sliding surface Equivalent parameter for  
double sliding surfaces 

Design parameter Polynomial coeff. Equivalent design parameter 

0k  1.786 (1/m) 1a  -432.505 )2/( 00 kke =  0.893 (1/m) 

1k  0.447 (1/m) 1b  248.984 )2/( 11 kke =  0.223 (1/m) 

2k  2.233 (1/m) 1c  -19.25 )2/( 22 kke =  1.116 (1/m) 

1D  0.080 (m) 1d  0.8925 )2( 11, DD t =  0.160 (m) 

2D  0.120 (m) 1e  0.0 )2( 22, DD t =  0.240 (m) 
 

For the tested DPFPI, Table 1 lists the values of the five design parameters ),,,,( 21210 DDkkk  and the 
corresponding four polynomial coefficients used to define dual sliding surfaces. Also listed in Table 1 are the 
equivalent design parameters ),,,,( ,2,1210 tteee DDkkk , which were obtained by treating the DPFPI as an 
equivalent isolator of single sliding layer. Notably, since the upper and lower sliding surfaces are identical, 
the values of the equivalent stiffness ),,( 210 eee kkk are exactly one half of those values for a single sliding 
surface, while the isolator design displacements ),( ,2,1 tt DD  become twice of the values for a single sliding 
surface. For comparison purpose, in Fig. 4, the geometric function of one single sliding surface of the DPFPI 
is compared with that of a counterpart DFPI. The DFPI has two identical spherical sliding surfaces whose 
radius of curvature is 735 mm, which results in an effective pendulum period of 2.43s. Fig. 5 compares the 
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effective restoring forces (normalized with respect to the axial load W) of the DPFPI and the DFPI. Notably, 
Fig. 5 shows that the line of the DFPI intersects the curve of the DPFPI at the critical displacement tD ,1 = 
0.16 mm, and the DPFPI exhibits obvious hardening behavior when the isolator displacement goes beyond 
200 mm.  

  
Fig. 4 – Geometric function of one single sliding 

surface of DPFPI and DFPI 
Fig. 5 – Normalized equivalent restoring forces of 

DPFPI and DFPI 
 

Table 2 –Property of slider and friction pads for DPFPI.  

Item Parameter 

Slider shape Cylindrical 
Slider height 40 mm 
Friction pad diameter 50 mm 
Friction coefficient  fµ = 0.09, sµ = 0.05, β = 10 

Allowable isolator displacement 280 mm 
 

Table 2 lists the properties of the slider and the friction pads. As shown in the table, the cylindrical 
slider has a height of 40 mm, and the diameter of the friction pads placed on both sides of the slider is 50 mm. 
The following Constantinou’s friction model [15] was considered in the test and later numerical simulation, 

 ( ) e V
f f s

βµ µ µ µ −= − −   (23) 

where fµ  and sµ  are the friction coefficients at high and low speed, respectively, V is sliding velocity and  
β  is speed rate factor. Through the test data, these coefficients were identified to be fµ = 0.09, sµ = 0.05, 
β = 10. 

3.2 Test setup and loading pattern 
The element test of the DPFPI was conducted by using a hydraulic testing frame called Multi-axial Testing 
System (MATS) located in the Taipei laboratory of National Center for Research on Earthquake Engineering 
(NCREE). The MATS is designated for testing the bi-directional hysteretic properties of small-scale seismic 
isolators. Fig. 6 shows the local view of the test setup with a DPFPI. As shown, the isolator was placed on 
the moving platform of the MATS that is able to generate bi-directional horizontal motion, and a triaxial load 
cell (200 kN) was placed between the isolator and the vertical actuator to measure the vertical load and bi-
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directional horizontal shear forces of the isolator. An optical sensing system made by NDI Inc. was 
employed to measure the 3D displacements of the DPFPI.  

Two types of displacement excitations were imposed to the DPFPI in the test, namely, unidirectional 
and bi-directional excitations. In the unidirectional test, a sinusoidal excitation of frequency 0.05 Hz was 
applied on the DPFPI, while the displacement amplitude was increased in 3 steps (80, 160, 240 mm) (see Fig. 
7(a)). In the bi-directional test, sinusoidal excitations were applied on the DPFPI in both x- and y-directions 
simultaneously with the loading frequencies of 0.1 Hz and 0.05 Hz, respectively. The displacement 
amplitudes in both directions were also increased in 3 steps (64, 128, 192 mm). The difference of loading 
frequencies in x- and y-directions creates an orbit of 8-shaped horizontal displacement on the tested DPFPI 
(see Fig. 8(a)). In all tests, the target vertical load was set to 40 kN. However, due to the elevation change of 
the sliding surface, variation on the vertical load was observed when the sliding speed increased.  

 

 
Fig. 6 – Setup of DPFPI element test 

4. Comparison of experimental and theoretical results 
4.1 Result of unidirectional excitation test 
Fig. 7 compares the experimental and simulated responses of the DPFPI under the unidirectional sinusoidal 
excitation. The subplots in Fig. 7 are (a) total isolator displacement, (b) isolator shear force, (c) isolator 
hysteresis loop, (d) slider displacements relative to the upper and lower sliding plate. Fig. 7(a) shows that the 
displacement generated by the MATS was able to exactly follow the given command. Fig. 7(b) shows that 
the experimental and simulated isolator shear forces match fairly well, except that the theoretical result 
underestimates the shear force in the larger displacement. Notably, in the numerical simulation of Fig. 7, 

1bk and 2bk were taken to be 3105.34 × kN/m. From Fig. 7(c), it is observed that the experimental hysteresis 
loop exhibits softening behavior followed by hardening behavior, as predicted by the theoretical result. This 
demonstrates that the DPFPI is able to possess variable mechanical property. Fig. 7(d) shows that the slider 
displacements relative to the upper and the lower sliding plates are equal and consistent, as expected by the 
theory. Nevertheless, there is a relatively large discrepancy between the experimental and simulated results 
in the hysteresis loop of Fig. 7(c) under the largest amplitude. This inconsistency may be due to the 
dimension (size) effect of the slider. Since the general formula derived in the previous section for a DSIVC 
assumes that the slider is a particle that can only exert point loads. However, in reality there is a contact area 
between the slider and the sliding surfaces. Consequently, the isolator stiffness predicted by Eq. (1) may 
produce modeling error.  
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4.1 Result of bi-directional excitation test 
Fig. 8 compares the experimental and simulated responses of the DPFPI under the bi-directional sinusoidal 
excitation. In the figure, the subplots are (a) orbit of bi-directional isolator displacement, (b) shear force in x-
direction, (c) shear force in y-direction, (d) hysteresis loop in x-direction, (e) hysteresis loop in y-direction. 
Fig. 8(a) shows that the MATS was able to follow the command and generated an 8-shaped bi-directional 
motion with a maximum radial displacement around 240mm. Figs. 8(b)-8(e) demonstrate that the theoretical 
results of the isolator shear forces and hysteresis loops in the both directions match well with the 
experimental results. This indicates that the formulation derived in the previous section is able to accurately 
predict the variable mechanical behavior of a DSIVC. The test results of Fig. 7 and Fig. 8 together also 
verify that the DSIVC is a feasibility isolation technology. 

 
(a) Total isolator displacement 

 
(b) Total isolator shear force 

 
(c) Hysteresis loop of isolator 

 
(d) Slider displacement relative to upper 

and lower plates 
Fig. 7 – Comparison of experimental and simulated results of DPFPI under unidirectional 

sinusoidal excitation (Freq. = 0.05 Hz; axial load = 40 kN) 

5. Conclusions 
In order to enhance isolation performance of sliding-type seismic isolators, in this study, the feasibility of 
using a passive adaptive isolator called double sliding isolator with variable curvature (DSIVC) was studied 
theoretically and experimentally. Because a DSIVC isolator has double sliding surfaces with variable 
curvature, the DSIVC not only possesses all advantages of sliding-type isolators, but also exhibits adaptive 
nature and is more economical than traditional sliding isolators. In order to predict the mechanical behavior 
of the DSIVC, a formula describing bi-directional force-displacement relation of the DSIVC was first 
derived in this study, and then verified experimentally by a DSIVC element test. The formula was derived 
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systematically by satisfying all mechanical conditions of the DSIVC, including equilibrium condition, 
constitutive law and geometric compatibility condition. The test result demonstrates that derived formula is 
able to predict the isolator shear force and hysteresis loop of the DSIVC under either unidirectional or bi-
directional excitations. The experimental result also show that the DSIVC is able to exhibit adaptive nature 
with variable mechanical property, which can be prescribed by the geometric function of the double sliding 
surfaces. Therefore, the feasibility of DSIVC isolation technology is verified experimentally in this study. 

 

 
(a) Orbit of bi-directional displacement 

 
(b) X-dir. shear force 

 
(c) Y-dir. shear force 

 
(a) X-dir. hysteresis loop 

 
(e) Y-dir. hysteresis loop 

Fig. 8 – Comparison of experimental and simulated results of DPFPI under bi-directional sinusoidal 
excitation (X-dir. freq. = 0.1 Hz; Y-dir. freq. = 0.05 Hz; axial load = 40 kN) 
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