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Abstract
A parameter selection algorithm based on exhaustive search was used for the design of an optimal Tuned Mass Damper Inerter
(TMDI), based on the classic tuned mass damper (TMD). The TMDI is a modified passive vibration control device, that
combines the TMD with a mechanical flywheel element of negligible mass, called inerter, which is the mechanical equivalent of
an electric capacitor that develops a resisting force proportional to the relative acceleration of its terminals. The optimal
properties of the TMDI are determined using an exhaustive search methodology using a set of properties (mass, damping and
stiffness) for the TMDI and evaluating the performance of the device by measuring the reduction of the structural response of
the controlled system when it is seismically excited. Parameters as peak displacement, interstory drift and RMS value of
displacement are stored and a new set of properties for the TMDI are selected, starting the process again. When all the possible
combinations of properties are used, the algorithm compares the configuration of TMDI to determine which one is more
efficient at reducing the peak displacement of the structure and the RMS value of the displacement, labeling it as the optimal
configuration. To test the optimization methodology proposed, the performance of a TMDI used for the vibration control of a
11-story building is studied under seismic excitation by four different earthquake existing records. The results show that the
proposed methodology is effective in finding the configuration to design an optimal TMDI.

Keywords: Tuned mass damper inerter; structural control; exhaustive search, optimization process.

2. Introduction

Research focused on passive vibration control of civil engineering structures has taken remarkable importance in countries
subjected to significant seismic risk. Since its appearance [1], the Tuned Mass Damper (TMD) has become one of the most
studied and tested control vibration device; however, considerable amounts of mass must be attached to the main structure to
effectively reduced seismic performance of the TMD equipped structures, which in occasions may result impractical or
economically unfeasible. Considering this, Marian and Giaralis [2] proposed the Tuned Mass Damper Inerter (TMDI), a novel
device that couples the conventional TMD with the inerter [3], a device with negligible mass that induces an equivalent mass
amplification effect called inertance, being a 1/200 ratio between the real device mass, and the inertance added [4]. In this novel
mechanism, the inerter acts as a link between the TMD and the story floor immediately below the TMD location, in such a way
that the large kinetic mass simulated by the inerter is used to improve the performance of the conventional TMD, and
furthermore, decreasing its weight [5]. Subsequently, several authors contributed to the development of mathematical models
and different configurations for TMDIs [6-8].

The accurate design of TMDI systems, as with TMDs, is based on finding the optimal tuning parameters that achieve the best
performance of the system. Several authors [9-12] have contributed in this field through investigation of the response of single
degree of freedom system, excited under harmonic or stochastic loads, where the optimization process objective is to minimize
displacement or acceleration, or to maximize energy dissipation. The behavior of multi-degree of freedom systems equipped
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with TMDIs was also investigated, alongside with the optimal design, based on parametric studies referred to the decrease in
acceleration and displacement [13-15]. It is noteworthy, that in all these previous works, the numerical models employed to test
the performance of TMDIs were only single degree of freedom systems or shear frame building structures; moreover, the
dynamic action employed for the tuning processes is not compatible with the impulsive nature, and random frequencies that
characterize the seismic action. Therefore, the effectiveness of TMDI systems has not been validated yet, for seismic
approaches.

The investigation presented here, focuses on the optimal tuning parameters for TMDI systems computed through the use of an
exhaustive-search based algorithm; the objective functions in the optimization process are based on strategic parameters that
lead to an efficient design, such as horizontal peak displacement, interstory drift, and root mean square (RMS) values of
horizontal displacements. The numerical model employed in the study is based on a 11-story building located in Medellin,
Colombia, considering 11 horizontal degrees of freedom (one at each level) and applying a static condensation on the remaining
vertical displacements and rotations degrees of freedom. This model is subjected to four different existing earthquake records.
The results show that the proposed methodologies are effective in finding the configuration to design an optimal TMDI,
achieving reductions of up to 30% in the story peak displacement and RMS value of the story displacement, and up to 25% in
the maximum peak interstory drift.

2. Seismically excited multi-degree of freedom system equipped with tuned mass damper inerter (TMDI)

The inerter device (Fig.1) is a mechanical equivalent of the electric condenser [3]. This mechanism is an element of negligible
mass with two nodes that can move independently from each other, generating a resisting force proportional to the relative
accelerations of its two terminals, calculated according to equation. (1), where F is the resisting force on each node, b is the
proportionality constant, in terms of mass, which defines the inerter device, and i and j son are the accelerations in nodes i and
j, respectively:

 i jF b u u   (1)

Fig. 1 – Inerter device idealization.

Equations of motion are laid out for the TMDI equipped n degrees of freedom structure represented in Fig.2. ki, ci and mi

symbolize the structure’s stiffness, damping, and mass at each story i, respectively. The TMDI device is idealized as the
combination of a conventional TMD and an inerter, where the constant b is the TMDI inertance, mTMDI is its mass, while the ¿
stiffness and damping coefficients are kTMDI y cTMDI, respectively.
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Fig. 2 – TMDI equipped n degrees of freedom system.

Thus, the dynamic behavior of the TMDI equipped n+1 degrees of freedom system, subjected to ground acceleration, may be
modelled through the space-state representation stated with equation 2, where  tz represents the state vector first derivative, A

is the transition state matrix, B is a matrix representing the location of the external excitation on the structural system, M is the
system’s mass matrix, 1 is a unitary vector of order (n+1),  gx t is the time dependent soil acceleration, and C and K are is the

system’s damping and stiffness matrices, respectively, as shown below:

     gt z t x t z A BM1  (2)
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3. TMDI optimal parameters selection methodology

This work utilizes an exhaustive-search optimization process, which is a simple and direct methodology resulting in accurate
solutions, at the expense of a high processing power, and consisting in the examination of all possible solutions, continuously
comparing which of these combinations afford the most efficient solution to the problem at the lowest cost.

Thus, the TMDI devices optimal design consists in the determination of the values for critical damping ratio, ζTMDI, defined with
equation 3, and frequency ratio, υTMDI), defined with equation 4, for the dissipating device, where cTMDI, mTMDI, ωTMDI , b and ω1

are the TMDI’s damping, mass, angular frequency, inertance and fundamental natural frequency, respectively:

 2
TMDI

TMDI
TMDI TMDI

c

m b






(3)

1

TMDI
TMDI





 (4)

The proposed methodology starts with continuous closed sets of possible optimal parameter values for ζTMDI and υTMDI. First, the
process generates a division of these sets in a finite number of values, encompassing all the optimal values set for each
parameter. The optimization method utilizes all possible finite values combinations generated in the division process of the
closed sets, in such a manner that each one of the discrete values, and its respective combination, are employed for the
calculation of the TMDI’s mass (mTMDI), damping (cTMDI) and stiffness (kTMDI), based on expressions (3) and (4), assuming a
fixed device mass ratio (µ) and a fixed inertance ratio (β) for the complete optimization process, where µ and β are defined with
equations (5) and (6), where mTMDI, m1 y b are the TMDI mass, the generalized system mass, through which the structural
system’s fundamental natural frequency may be obtained, and the device’s inertance value, respectively:

1

TMDIm

m
  (5)

1

b

m
 (6)

Once the TMDI parameters are determined, the controlled structural system’s response is calculated for each specific
acceleration record. The response data is stored in a data base and the performance parameters are processed in order to stablish
comparison criteria among the different examined value sets. In the next step, new discrete values are selected for ζTMDI and
υTMDI, and the process is repeated. When the algorithm has exhausted all possible solutions to the optimization problem, the
structure’s maximum peak displacement, the root mean square (RMS) displacement values, and the peak story drift minimum
values are defined, using equation 7 through 9.

  min max i peakOA1 X (7)

   min max ipeakOA2 RMS X (8)

  min max ipeakOA3   (9)

4. Case-study building

The proposed optimization technic is applied on a numeric model based on an existing 11-story reinforced concrete building
located in Medellin, Colombia, shown in Fig.3 (a), which houses the city’s official lottery. The structure is a combined frame
and wall system, with story height of 2.72 m, as shown in Fig.3 (b). To simplify the dynamic analysis, one of the structure’s
planes was selected to model the optimization process, as shown in Fig.3 (c). The plane frame was idealized assuming infinitely
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rigid floor diaphragms, so the horizontal degrees of freedom in each floor could be reduced to one, eliminating the vertical
degrees of freedom, and condensing the rotational degrees of freedom. Thus, the model was reduced to one degree of freedom
per story.

a) Building’s frontal façade b) 3D structural model c) Plane frame to model the proposed method
Fig. 3 – Medellin’s Lottery building.

Equations 10 and 11 show the stiffness and mass matrix for the model, respectively. The model’s damping matrix (C) is
assumed to be Rayleigh damping matrix, linearly proportional to the stiffness and mass, with a critical damping ratio of 5% for
all modes.
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Fixed values for mass ratio (µ) and inertance ratio (β) of 5% are used for the whole TMDI parameters selection process. Two
closed value sets for parameters ζTMDI, and υTMDI are defined with equations 11 and 12:

0 0.5TMDI  (11)

0 2TMDI  (12)

These ranges are typical for conventional TMDI devices and are a reasonable starting point for the TMDI parameters selection
process [10]. The model is subjected to the earthquake records shown in Table 1.

Table 1 – Earthquake ground-motions records used in the optimization process.

Earthquake
acceleration record

Date Magnitude
Peak

acceleration
(m/s2)

RMS value of
acceleration

(m/s2)

El Centro May 18, 1940 6.9 MW 3.1266 0.6005

Algarrobo March 3, 1985 8.0 MW 6.2885 1.4917

Kobe January 17, 1995 6.9 MW 8.0545 1.0443

Christchurch February 22, 2011 6.2 MW 8.0614 0.7318

The proposed method is applied to the model, calculating the main structure’s response parameters in each step, as described
above. The optimization process will be applied for OA1, OA2 and OA3 indexes. Thus, a comparative analysis of the TMDI
equipped model’s performance is conducted. Table 2 shows TMDI design parameters ζ and υ, obtained in each of the three
index alternatives, for β and μ fixed values of 5%.

Table 2 – TMDI optimization parameters for the different alternatives with β and μ of 5%

El centro Christchurch Kobe Algarrobo Average value

Optimization
alternative

ζTMDI υTMDI ζTMDI υTMDI ζTMDI υTMDI ζTMDI υTMDI ζTMDI υTMDI

OA1 0 0.02 0 0.02 0 0.10 0.01 0.02 0 0.04

OA2 0.14 0.02 0.09 0.02 0.17 0.02 0.07 0.02 0.12 0.02

OA3 0.29 0.03 0 0.02 0.08 0.14 0 0.08 0.09 0.07

Both damping and frequency ratios show optimization parameters that vary for each particular case, with the exception of the
results for the OA2 optimization index alternative, where the frequency ratio parameter results in a constant 2% for all
earthquake ground motion records. For the peak displacement reduction optimization alternative, the best results are obtained
with no damping (critical damping ratio value of 0%); For the peak displacement RMS reduction optimization alternative, the
best results are obtained with a critical damping ratio value of around 12%, corresponding to the mean value of the performance
under each of the four earthquake records. For both damping and frequency ratios, alternative OA3 results in wider parameter
variation between earthquake records, with average values of 9% and 7%, respectively. Fig.4 shows the TMDI design parameter
distribution for each one of the three optimization alternatives used.
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Fig. 4 – Design parameters distribution according to the optimization alternatives

Fig.5 shows the upper story displacement evolution against time, for the three alternative indexes of the TMDI equipped model,
as compared with the model with no dissipation device, for each earthquake ground motion record.

Optimization alternative OA1 generally results in the greatest response reduction for all four earthquake ground motions.
Likewise, optimization alternative OA3 presents the smallest displacement reductions, and in some cases results in displacement
amplification, as compared with the model with no dissipation device.
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Fig. 5 – Displacement time history of the 11th story for the uncontrolled and controlled models under the four earthquake
excitations used.
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These results are corroborated reviewing the performance of some of the story response parameters of the TMDI equipped
model, as shown in Fig.6.
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Fig. 6 – Uncontrolled and controlled story response parameters for the four different ground motion records used: a) Peak
displacement, b) maximum RMS value of displacement, c) interstory drift ratio

Thus, it may be seen that TMDI devices designed using optimization alternative OA2 are the most efficient, as it results in
significant reductions, not only for the maximum displacement RMS value, but also for the story peak displacements and, for the
most part, for the peak story drift. For example, for the model subjected to “El Centro” record, the TMDI designed with the OA2
optimization alternative resulted in peak displacement reductions of up to 30.68% (at the sixth level), of up to 30.62% in peak
displacement RMS value (at the upper level) and of up to 25.15% in the peak story drift (at the fourth story). The enhancement
achieved with OA2 in some cases exceeds the performance of the other optimization approaches, even in the response in which
OA1, and OA3 are focused. For example, when subjected to the “Algarrobo” ground motion, the peak displacement on the
second floor is diminished by the TMDI by 16.96%, for the OA1 alternative, while by the OA2 alternative it is diminished by
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19.80%, despite the fact that OA2 is not focused on decreasing the peak displacement. The same also happens in some cases for
the alternative in terms of de peak story drift. Thus, when subjected to the “Kobe” record, for the OA2 alternative, the peak story
drift ratio diminishes by 9.28%, while for the OA3 alternative the reduction is limited to 4.39%. Table 3 shows a summary of
response parameter reductions, associated to each floor’s displacement.

Table 3 – Response reduction percentages for the different cases studied

Story
Peak displacement reduction (%) RMS value of the story displacement

reduction (%)
Peak interstory drift ratio

reduction (%)

OA1 OA2 OA3 OA1 OA2 OA3 OA1 OA2 OA3

El Centro

1 4,50 9,49 14,35 11,36 28,41 21,29 4,51 9,49 14,64
2 5,56 10,29 15,70 9,51 27,28 19,14 5,95 10,58 15,94

3 10,67 15,04 21,33 10,73 28,79 19,46 14,15 18,58 25,08

4 16,90 20,88 27,18 11,00 29,43 19,02 18,48 25,15 25,11

5 19,25 27,78 27,93 10,84 29,68 18,10 13,09 14,33 16,78

6 18,72 30,68 28,09 10,96 30,02 17,40 11,28 12,28 14,67

7 18,19 23,31 22,81 11,19 30,27 16,77 10,28 10,56 11,96

8 17,88 17,26 16,02 11,52 30,43 16,20 6,87 5,83 5,48

9 17,94 16,86 14,41 12,02 30,56 15,72 5,28 3,14 1,22

10 17,89 15,86 12,04 12,35 30,41 14,86 14,06 11,74 7,36

11 18,41 15,87 11,36 13,23 30,62 14,25 10,13 9,04 0,22

Christchurch

1 8,29 5,91 8,29 11,50 28,55 11,50 8,29 5,91 8,29
2 9,21 6,02 9,21 6,03 24,67 6,03 12,08 8,51 12,08

3 14,19 11,04 14,19 5,75 24,88 5,75 12,23 9,53 12,23

4 14,45 11,30 14,45 6,50 25,73 6,50 12,41 10,59 12,41

5 15,76 12,31 15,76 4,90 24,72 4,90 3,06 2,20 3,06

6 13,42 11,71 13,42 5,40 25,38 5,40 6,59 6,41 6,59

7 15,51 13,68 15,51 5,89 26,06 5,89 8,85 7,96 8,85

8 18,37 15,11 18,37 5,23 25,89 5,23 5,97 4,50 5,97

9 16,53 14,60 16,53 3,73 25,12 3,73 1,82 1,12 1,82

10 15,30 13,26 15,30 3,91 25,81 3,91 2,54 0,66 2,54

11 9,89 7,95 9,89 3,10 25,89 3,10 0,96 -0,26 0,96

Kobe

1 -9,64 4,91 14,43 -5,18 12,79 14,57 -9,64 4,91 14,43
2 -11,43 4,58 11,24 -2,44 14,78 13,93 -12,57 4,39 9,28

3 -14,34 4,83 4,75 -2,22 14,75 9,30 -19,91 6,03 -8,49

4 -18,33 5,58 -3,19 -2,68 14,66 4,65 -2,78 3,48 8,32

5 -13,38 3,70 -3,99 -3,58 15,12 0,06 -9,25 3,94 6,83

6 -3,59 3,12 -1,13 -5,74 15,82 -3,92 8,31 0,98 25,76

7 -0,70 2,94 -3,40 -7,89 17,22 -5,87 -0,81 -0,67 16,61

8 -1,88 3,17 -9,49 -9,97 17,58 -7,04 3,28 0,75 13,48

9 15,24 4,63 4,27 -8,83 17,84 -5,81 8,98 0,70 29,67

10 27,92 5,33 15,75 -6,36 17,42 -4,40 14,95 1,57 23,91

11 33,47 5,92 22,37 -4,36 17,38 -3,58 -7,70 4,88 2,74

Algarrobo

1 15,36 17,13 9,89 -0,81 2,89 -14,46 15,36 17,13 9,89

2 16,96 19,80 13,11 6,05 9,63 -9,30 17,21 19,98 14,73

3 12,37 13,56 16,30 6,83 10,60 -13,01 9,39 10,70 17,64

4 12,17 13,28 17,78 8,98 12,90 -14,09 13,30 14,05 -11,07

5 13,10 13,95 9,05 8,43 12,68 -17,70 12,26 13,62 -21,96

6 12,90 12,66 -11,85 9,69 14,19 -18,37 11,02 12,82 -1,96

7 13,32 12,27 -23,20 9,17 13,98 -21,77 9,10 7,50 1,95

8 15,44 13,37 -28,07 9,55 14,57 -24,19 5,44 5,01 29,18

9 16,77 13,82 -28,15 10,14 15,25 -25,15 5,59 5,36 30,03

10 17,66 13,70 -23,97 9,32 14,53 -25,92 11,56 12,26 32,00

11 16,64 12,60 -15,68 8,96 14,24 -24,68 16,92 17,98 9,67
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Conclusions

TMDI devices were designed in the present work, for the vibration control of a building subjected to various earthquake records.
The design parameters were optimized with an exhaustive-search based process. Three objective functions were explored in
order to reduce the structural response of the TMDI equipped model. Results show that all three optimization alternatives
studied effectively reduce, in a smaller or greater degree, the response records of the controlled building. A comparative analysis
of the response parameters indicates that the TMDI designed with the optimization alternative which aims to minimize the
structure’s peak displacement RMS, produces the most balanced, stable and successful control mechanisms ofr the reduction of
the different response parameters evaluated, diminishing peak displacements and peak story displacement RMS values in
between 3 % and 30%, and story drift ratios in up to 25%. Thus, the proposed methodology proved to be valuable and of simple
and straightforward implementation, and may be used when designing a TMDI equipped project.
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