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Abstract 
The tuned mass dampers have been applied and proven effective for the seismic response mitigation of the reinforced 
concrete chimneys. However, a large additional mass is generally needed for the application of tuned mass damper, 
which may be inappropriate due to the additional moment action. In this study, a lightweight vibration mitigation device, 
which is called the tuned mass inerter system (TMIS), is used for the seismic response mitigation of the chimney. The 
TMIS is composed of a spring element, a parallel inerter subsystem and a tuned mass element. In the TMIS, the parallel 
inerter subsystem is applied for providing the mass enhancement effect and also the energy absorption and dissipation 
effect, and the spring element is set for tuning the mass element. The motion governing equation of the chimney 
structure with TMIS is given firstly. A performance demand-based optimization design method is proposed for the 
seismic response suppression of the reinforced concrete chimney using the TMIS. A benchmark RC chimney model is 
used to exemplify the proposed method. It is concluded that the application of TMIS in tall chimney is effective for 
seismic vibration control and for the reduction of physical mass in comparison to the traditional tuned mass damper. 
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1 Introduction 
Reinforced concrete (RC) chimneys are usually tall and slender, and believed to be vulnerable under the 
horizontal loads [1, 2]. In order to increase the reliability of this structure, the additional tuned mass damper 
(TMD) has been adopted for the design or retrofit of chimney [3, 4]. However, a large additional mass is 
usually needed for the application of TMD. 

Recently, the inerter, which can provide a large inertance with a small physical mass, is introduced 
and proven effective for the structural vibration control [5]. The inerter is a two-terminal element whose 
reaction force is proportional to the relative acceleration of the both ends of the inerter element [6]. This 
device has been adopted to civil engineering for reducing the structural vibration response [5, 7-9]. By 
incorporating into the mechanical elements (i.e., spring element and damping element), many types of 
devices using inerter element with different layouts have been proposed and investigated for its application 
in structures [10, 11]. Additionally, Zhang et al. [12-14] proposed a series of tuned mass inerter systems 
(TMISs) based on tuning mass lightweight, including the tuned inerter mass system (TIMS) for suppressing 
the vibration of floor under the human-induced excitation, the tuned parallel inerter mass system (TPMIS) 
for mitigating the vibration of wind turbine tower and the tuned liquid inerter system (TLIS) for reducing the 
oscillatory motion. Although a number of researches have been conducted for the inerter in civil engineering, 
the application of the inerter-based device in tall and slender chimneys still need to be studied due to the 
special and important role of a chimney in some industries. 

In this study, a lightweight vibration mitigation device, called tuned mass inerter system (TMIS), is 
used for the seismic response mitigation of the RC chimney. The TMIS is composed of a spring element, a 
parallel inerter subsystem and a tuned mass element. The numerical model of RC chimney with TMIS is first 
given. The optimal design method is proposed for the RC chimney with TMIS. A benchmark model of RC 
chimney is adopted to verify the proposed design method. And also, a comparative study is performed 
between the chimney with the traditional TMD and the TMIS to illustrate the advantages of TMIS for the 
seismic mitigation of the RC chimney. 

2 Illustrative modeling 

2.1 Illustration of TMIS 

 
Fig. 1 Model of TMIS 

The mechanical model of TMIS is depicted in Fig. 1. The TMIS is presented by replacing the damping 
element of a TMD with a series-parallel layout Ⅱ inerter subsystem [15]. This device is composed of three 
parts: a tuning spring, a tuned mass and a SPIS-Ⅱ. The inerter element with the mass enhancement effect is 
employed to decrease the required physical mass of the tuned mass. The additional TMIS is expected to 
obviously improve the structural performance with a lightweight device. 

In the TMIS shown in Fig. 1, tk  and sk  are the stiffnesses of the tuning spring and the spring element 
in SPIS-Ⅱ, respectively; dc  denotes the damping parameter; tm  and inm  denote the tuning mass and the 
inertance of the inerter element, respectively; tx  and sx  are the displacement of the tuning mass and the 
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spring in SPIS-Ⅱ, respectively. For the inerter element, the output force inF  is proportional to the relative 
acceleration of its two terminals. 

2.2 Modeling of chimney with TMIS 

The numerical model of RC chimney with TMIS is built herein to check its seismic performance. The 
chimney is modelled as an assemblage of two‐dimensional (2D) beam elements with both the translational 
degrees of freedom (DOF) and rotational DOF at each node, as shown in Fig. 2. To facilitate the numerical 
analysis of the chimney with TMIS, the rotational DOF of the chimney is condensed. The mass matrix pM  
of the chimney can be obtained by simply remove the rotational inertia involving the rotational DOF ( iθ  in 
Fig. 2b) of each node. The stiffness matrix pK  of the chimney is built by employing the static condensation. 
The Rayleigh damping is adopted to obtain the damping matrix pC  of the chimney. Using the dynamic 
equilibrium condition, the governing equation of motion for the uncontrolled chimney is expressed in Eq. (1), 
where { }1 2

T
nx x x=x  , x  and x  are the vector of the nodal displacement, velocity and acceleration 

of the uncontrolled chimney relative to the ground, { }p 1 1 1 T=ι   is the influence coefficient vector, 

gx  represents the ground motion. 
 p p p p p gx+ + = −M x C x K x M ι     (1) 
 

 
Fig. 2 Models of the chimney: (a) uncontrolled model; (b) lumped mass model; (c) chimney with TMIS; 

Considering the common location of TMD in practice, the TMIS is installed at the top of the chimney 
to mitigate the seismic response as shown in Fig. 2c. The governing equation of motion for chimney with 
TMIS can be written as follows: 
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 g gx+ + = −MX CX KX M ι     (2) 
where M , C , K  and gM  are the mass, damping, stiffness matrices and the mass matrix the chimney with 

TMIS, respectively; X , X  and X  are the vector of the displacement, velocity and acceleration of the 
chimney with TMIS corresponding to the ground motion; ι  is the influence coefficient vector of the 
chimney with TMIS. The matrices mentioned above can be expressed as follows: 

 

( ) ( )

p N 1 N 1

1 N

1 N N 2 N 2

= in t in

in in

m m m
m m

× ×

×

× + × +

 
 + − 
 − 

M 0 0
M 0

0
  (3) 

 

( ) ( )

p N 1 N 1

1 N

1 N N 2 N 2

= d d

d d

c c
c c

× ×

×

× + × +

 
 − 
 − 

C 0 0
C 0

0
  (4) 

 

( ) ( )

[ ] [ ] [ ]
[ ]
[ ]

( ) ( )

p N 1 N 1

1 N

1 N N 2 N 2 N 2 N 2
N 1

0

= 0 0 0 ,where
0

0 0 0
1

T
t s t s

T
t t

T
s s

k k k k
k k

k k

× ×

×

× + × + + × +
×

  + − −       + −  =       −       

K 0 0 χ χ χ χ
K 0 χ χ

0 χ


  (5) 

 

( ) ( )

p N 1 N 1

g 1 N

1 N N 2 N 2

= 0
0 0

tm
× ×

×

× + × +

 
 
 
  

M 0 0
M 0

0
  (6) 

 { }1 2
T

N t sx x x x x=X    (7) 

 { }p= 1 0
TTι ι   (8) 

2.3 Seismic response under stochastic excitation 

For the seismic design of a structure, the stochastic excitations need to be appropriately considered. In this 
study, the ground motion gx  is assumed as a white noise with zero mean for the RC chimney with TMIS, 

and the corresponding power spectral density (PSD) function is expressed as ( ) 0S SΩ = , where Ω  denote 
the frequency of the excitation. To solve the structural random vibration response, the state space model of 
the chimney with TMIS under the stochastic excitation is employed. The state space description of Eq. (2) is 
expressed as 

 
( ) ( ) ( )
( ) ( )

s s s s

s s s

gt t x t

t t

= +

=

x A x E

z C x

 
  (9) 

where 
TT T

ss  =  x X X  is the state vector involving the nodal displacement and velocity of the chimney 

with TMIS. The corresponding state space matrices sA , sE  and sC  can be expressed as 

 -1s s s1 1 1 1
g

− − − −

    
=      =      =    −− − − −    

00 I I 0
A E C

M M ιM K M C M K M C
  (10) 

The observation matrix sC  in Eq. (10) involves the output variables vector ( )s tz  that includes all the 
nodal displacement and absolute accelerations for the chimney with TMIS relative to the ground. Under the 
white noise excitation, the output of the system ( )s tz  is also considered a stationary random process with 
zero mean and the covariance matrix is calculated as 
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 z s s
T=K C PC   (11) 

where the matrix P  is the state covariance and can be solve by the algebraic Lyapunov equation expressed 
as 
 s s 0 s s2 0T TSπ+ + =A P PA E E   (12) 

Then, the variance 2
,z iσ  for the system ( )s tz  can be obtain at the corresponding diagonal entry of zK . 

3 Optimal design of chimney with TMIS 
It can be seen, in Fig. 1, there are five parameters to be determined for the seismic design of chimney with 
TMIS. For convenience, the parameters of TMIS is expressed in a dimensionless form as follows: 

 
0

= , = , , = ,
2

t in s t d
t in k d

T t t t t

m m k c
M m k m k

ω
µ µ κ λ ξ

ω
= =   (13) 

where tµ , inµ , κ , kλ  and dξ  are tuned-to-primary mass ratio, inertance-to-mass ratio, the stiffness ratio of 
TMIS, natural frequency ratio and the damping ratio of TMIS, respectively; 0ω  and t t tk mω =  are the 

natural frequency of the chimney and TMIS, respectively; 
1

N

T i
i

M m
=

= ∑  is the total mass of the chimney. 

In this study, the stochastic displacement response 2
, Nz dσ  at the top of the chimney with TMIS is 

employed to evaluate the structural vibration. To estimate the vibration control effect of TMIS mounted on 
chimney, the stochastic displacement mitigation ratio Nγ  is defined as 

 ( ) ,

0,

, , , , N

N

z d
N t in k d

z d

σ
γ µ µ κ λ ξ

σ
=  (14) 

where , Nz dσ  and 0, Nz dσ  are the root mean square (RMS) value of the top displacement of the chimney with 
TMIS and the uncontrolled chimney, respectively. The calculation of 0, Nz dσ  is similar to the derivation of 

, Nz dσ  described in Subsection 2.3. 
As is mentioned above, the tuned mass of TMD is limited in its application of the tall slender chimney 

due to the additional moment action. Hence, the TMIS is proposed as a lightweight device for the seismic 
control of the chimney. For the optimal design of the TMIS in chimney, the tuned mass (i.e., tµ ) should be 
considered. In this study, Nγ  and tµ  are considered as the objectives in TMIS optimization. The parameters 

tµ , inµ , κ , kλ  and dξ  are the determined variables for optimal design. 
To simplify the design process, the dual objectives optimization of TMIS is transformed to a single 

objectives optimization using the ε -constraint method by setting ,limN Nγ γ≤  as the nonlinear constraint 
condition, where ,limNγ  is the target stochastic displacement mitigation ratio. Additionally, the parameters κ  
and dξ  in SPIS-Ⅱ are proposed to be calculated using the improved fix-point theory [5] involving inµ  as: 

 
( )( )

3,
1 2 1 2

in in in
d
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= =

− − −
  (15) 

Therefore, the optimal design of the TMIS in chimney can be expressed as: 
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where ,mintµ , ,mininµ  and ,minkλ  are the lower bounds of tµ , inµ  and kλ , respectively, and ,maxtµ , ,maxinµ  and 

,maxkλ  are the upper bounds of tµ , inµ  and kλ , respectively. 

4 Case study 
A benchmark model of RC chimney researched by Datta and Jain [16] and Elias et al. [17] is chosen to 
illustrate the optimal design of TMIS and perform the comparative study between TMD and TMIS mounted 
on this chimney. The height of this chimney is 250 m. The chimney is divided into 20 equal beam element 
and the length of each element is 12.5 m. The identical segment is assumed for each beam element. The 
modulus of and density of the concrete are assumed as 2.5×10 N/m2and 2400 kg/m3, respectively. The 
Rayleigh damping is adopted for the chimney with same damping ratio of 0.05 for all modes. The numerical 
model of the RC chimney is built as a 20 DOF system referring to Subsection 2.2. The total mass of the RC 
chimney TM  is 9199 ton. According to the modal analysis result, the fundamental frequency 0ω  of the 
chimney is calculated as 1.91 rad/s. 

In order to improve the reliability of the RC chimney, the TMIS is suggested to mitigate the structural 
seismic response. For the optimal design of TMIS, ,limNγ  is set as 70%. By analyzing the stochastic response 
of the uncontrolled chimney and chimney with TMIS in frequency domain and solving Eq. (16), tµ , inµ  and 

kλ  of TMIS are determined as 0.0056, 0.1474 and 0.8828, respectively. For the common application of 
TMD in structure, the range of tuned mass ratio is usually 1-5%. According to the analysis result, tµ  of 
TMIS is approximately half of the minimum common value of tuned mass ratio of TMD with ,limNγ  equal to 
70%. Hence, the TMIS can be recommended as a lightweight device for the seismic mitigation of RC 
chimney. A detailed comparison between TMD and TMIS is conducted below. 

 

4.1 Improvement of TMIS for seismic control 

The applications of TMD and TMIS are compared here to investigate their performance in seismic mitigation 
of RC chimney. The parameters of TMD are obtained using the fixed-point theory [18]. Five design cases 
(i.e., Case-A, Case-B, Case-C Case-D and Case-E) are set for the TMDs with different tuned mass ratios of 
1%, 2%, 3%, 4% and 5%, respectively. Under the white noise, the Nγ  of TMD in Case-A to Case-E are 
calculated in the frequency domain as 78.7%, 78.3%, 80.2%, 82.9% and 86.1%,respectively. The tuned mass 
ratio of 2% is analyzed as the most effective value for seismic mitigation of Chimney with TMD, and this 
result is the same with the analysis of Elias [17]. Then, for the comparative study of TMD and TMIS in 
seismic mitigation of RC chimney, limNγ ，  of TMISs in Case-A to Case-E are set to the same with Nγ  of 
TMD to achieve the same seismic control effect and the corresponding parameters of TMISs are obtained 
with the optimal design recommended above. Besides, in Case-F that the tuned mass ratio of TMD is set to 
2% and limNγ ，  of TMIS is set to 80% of Nγ  in TMD (i.e., lim =62.6%Nγ ， ), the corresponding design 
parameters of TMIS is also calculated. 
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Table 1 Parameters obtained in the comparative analysis 

Case ID 
Design parameters of TMIS 

tµ  inµ  kλ  
Case-A 0.0022 0.0575 0.9498 
Case-B 0.0023 0.0600 0.9479 
Case-C 0.0018 0.0489 0.9564 
Case-D 0.0013 0.0363 0.9662 
Case-E 0.0010 0.0249 0.9752 
Case-F 0.0130 0.4104 0.6934 

 
For Case-A to Case-E, the design parameters of TMISs are listed in Table 1. It can be seen, under the 

same seismic mitigation effect, the requirement tuned mass of TMIS is obviously less than that of TMD 
(Case-A to Case-E). And even when ,t TMISµ  is smaller than ,t TMDµ , a better seismic mitigation can be 
achieved (Case-F). Due to the actual physical mass of the inerter element can be much smaller than the 
apparent mass (i.e., the inertance) and then ignored, the TMIS is considered a much lighter device than TMD 
for the vibration control in an RC chimney. 

4.2 Time history analysis 

The optimal design of TMIS adopted in RC chimney is also checked in the time domain. A white noise 
excitation with zero mean and a natural seismic wave, the Chi-chi (1999) record, are selected to conduct the 
time history analysis. The parameters of TMIS is set to achieve ,lim =70%Nγ ,which has been calculated in the 
optimization above. The top displacement responses under these excitations are obtained using the 
Newmark’s integration method for both the uncontrolled chimney and the chimney with TMIS as shown in 
Fig. 3. The RMS displacement mitigation ratio Nγ is also calculated for these four excitations to compare 
with the target performance.  

 
(a) White noise, =67.4%Nγ                                             (b) Chi-chi record, 66.3%Nγ =  

Fig.3 Top displacement responses of the uncontrolled chimney and chimney with TMIS 
 

As is shown in Fig. 3, the top displacement of the chimney can be effectively reduced under different 
excitations by installing the TMIS with the optimal design proposed in this study. And also, Nγ  for different 
excitations are close to the target performance of ,lim =70%Nγ , which indicates the proposed optimal design is 
effective. 

5 Conclusion 
In this study, an inerter-based lightweight device, called tuned mass inerter system (TMIS), is proposed for 
the seismic response mitigation of the RC chimney. The analysis results indicate that the TMIS is efficient 
for seismic mitigation of RC chimney and behaves a better vibration control effect with a lighter tuned mass 
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compared to conventional TMD. And also, the proposed optimal design of TMIS is considered an effective 
and accurate method for the seismic control of the RC chimney. To sum up, the TMIS can be a suitable 
device for improving the performance of chimney and the proposed design method is potential to extend to 
other similar type of inerter-based lightweight devices. 
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