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Abstract 
A method to estimate the stiffness coefficient and the damping factor (story parameters) of each story of a structure using 
microtremor records including soil-structure interaction effects is proposed. For the substructure system extracted from 
the structure, the absolute amplification functions (modal response) of the generalized coordinates fixed at the bottom are 
calculated using the horizontal records of each floor and the rocking motion observed on the base. The story parameters 
are identified so that the modal response is equal to the absolute magnification function of one mass system with the 
modal frequency and the damping factor. In the formulation, it is assumed that the structure is a shear type, and the 
horizontal motion at each floor and the rocking motion are observed. In the calculation of the modal responses, the 
complex Fourier amplitude or the ratio to a reference point are used.  To confirm the validity of the proposed procedure, 
the method is applied to the numerical model of a 6-storied structure, and to the 5-storied steel frame structure that have 
been used in a shake table test. 

Keywords: SSI, Story parameter, Microtremor, Modal analysis, Substructure 

1. Introduction
Microtremor records have been utilized in the health monitoring of structures and the damage detection after 
big earthquakes [1]. It is preferable to establish a method to extract not only the mode factors such as frequency 
or damping but also the story parameters. In estimation of the story parameters, if the structure is supported on 
a soft soil, soil-structure interaction (SSI) effects must be eliminated. Luco [2], Todorovska [3], Kawakami [4] 
have studied methods to find dynamic characteristic of the structures in case of missing of rocking motions.   

Kashima and Kitagawa [5] identified the structural stiffness, modal damping and sway-rocking soil 
springs by comparing observed data with the numerical responses of an assumed lumped multi-mass model. 
There is a possibility, however, that the estimated values of the soil springs may have influence on the accuracy 
of the structure parameters.  

There have been presented several identifying methods that do not require estimation of the soil springs. 
Luco [2] presented a method to estimate structural properties from a magnification function of the relative 
displacement of the superstructure including horizontal and rocking motions, and Ishibashi and Naito [6] 
proposed a similar procedure using the absolute magnification function. Kawashima et al. [7] and Kasai et al. 
[8] showed that the responses of a multi-mass model may be calculated by the sum of the products of the mode
participation functions, the effective input motion [9] and the response of each mode, and tried to identify the
mode parameters. However, these methods are not applicable to evaluation of the story parameters.

Kawashima et al. [10] showed another prospective procedure eliminating SSI effects by utilizing the 
subspace method which was based on the input-output relation of the observation system. Although the 
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procedure becomes a powerful tool in the determination of modal parameters such as natural frequencies and 
damping factors, further analyses [11]  are required to identify the story parameters of the structure. 

 
By applying the above-mentioned method [7,8] to substructure systems which are made by isolating 

the structure at any level, the modal response of the substructure is obtained. By isolating the whole structure 
successively from top to bottom, the story parameters can be identified from the top story in series. This method 
has the advantage of making the most use of easily obtainable absolute motions recorded at every story and 
the base rocking motion, and of not requiring the identification or estimation of the soil springs. Moreover, as 
the modal responses can be calculated by using the Fourier spectrum ratios to a reference point, simultaneous 
observation is not necessarily required as far as the motion is stationary such as microtremors.  
 

2. Fundamental equations 
2.1 Equation of motion of soil-structure system 
Fig.1 shows a soil-structure system. The super structure is a n-lumped mass shear type model,  and  𝑚,  𝐻 
and ሾ𝑘 + 𝑖𝑘ᇱሿ  are the i-th mass, the i-th floor height and the i-th story complex stiffness coefficient, 
respectively. It is supposed that the system is subjected to the horizontal ground motion 𝑥𝑒ఠ௧ , and then  𝑋𝑒ఠ௧, 𝜃𝑒ఠ௧ and  𝑥𝑒ఠ௧ are the horizontal motion at the top of base, the rocking motion at the base and the 
relative displacement of the i-th mass, respectively, in which 𝑖, 𝜔 and 𝑡 are the imaginary unit, the circular 
frequency and the time, respectively. The equation of motion of the system in frequency domain is given as 

 −𝜔ଶሾ𝑀ሿሼ𝑥ሽ + (ሾ𝐾ሿ + 𝑖ሾ𝐾ᇱሿ)ሼ𝑥ሽ = 𝜔ଶሾ𝑀ሿ(ሼ1ሽ𝑋 + ሼ𝐻ሽ𝜃),                                  (1) 𝑋 = 𝑥 + 𝑥,                                                                            (2) 
 

where ሾ𝑀ሿ: the mass matrix, (ሾ𝐾ሿ + 𝑖ሾ𝐾ᇱሿ): the complex stiffness matrix, ሼ𝑥ሽ: the displacement vector, ሼ𝐻ሽ: 
the height vector,  ሼ1ሽ: the unit vector, 𝑥: the relative displacement of the base to the ground motion. In above 
equations the time factor  𝑒ఠ௧is omitted, and it follows hereafter. And the right side of Eq. (1) is so called the 
effective earthquake forces [12].  

 

 
Fig. 1 – Soil-structure system 
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The absolute displacement vector  ሼ𝑋ሽ  which consists of  𝑋 may be formulated as ሼ𝑋ሽ = ሼ1ሽ𝑋 + ሼ𝑥ሽ + ሼ𝐻ሽ𝜃,                                                        (3) 

and the complex stiffness coefficient of the i-th story is represented as 

 𝑘 + 𝑖𝑘ᇱ = 𝑘൫1 + 𝑖2ℎ,൯,                                                                (4) 
 

 ℎ, = 𝑘ᇱ (2𝑘),⁄                                                                         (5) 
 

where  ℎ, is material damping factor, and 𝑘 and  ℎ, are target variables to be identified. 

2.2 Equation of motion of substructure system 
Fig.2 shows the j-th substructure system which is made by isolating the structure at the foot of the j-th story. 
The equation of motion of the model can be formulated as −𝜔ଶൣ𝑀൧൛𝑥ൟ + ൫ൣ𝐾൧ + 𝑖ൣ𝐾ᇱ൧൯൛𝑥ൟ = 𝜔ଶൣ𝑀൧൫ሼ1ሽ𝑋ିଵ + ൛𝐻ൟ𝜃൯,                                 (6) 

 
where, the right side of Eq. (6) corresponds to the effective earthquake forces of Eq. (1). ൣ∎൧ and ൛∎ൟ denote 
a matrix with size of (n-j+1) × (n-j+1) and a vector with size of (n-j+1), respectively. By referring Fig.2 ൛𝑋ൟ 
will be shown to be given as ൛𝑋ൟ = ሼ1ሽ𝑋୨ିଵ + ൛𝑥ൟ + ൛𝐻ൟ𝜃,                                                        (7) 

 
The components of  ൛𝑋ൟ which is denoted by 𝑋, and  ൛𝐻ൟ by 𝐻, are given as follows, 𝑋, = 𝑋ାିଵ   (𝑖 = 1~𝑛 − 𝑗 + 1),                                                          (8) 

 𝐻, = 𝐻ାିଵ − 𝐻ିଵ   (𝑖 = 1~𝑛 − 𝑗 + 1),  where  𝐻 = 0.                                   (9) 

 

 
Fig. 2 – j-th Substructure system 
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2.3 Modal response of base fixed substructure model 
From the eigenvalue equation that is obtained by setting the right side of Eq. (6) equal to 0 with  ൣ𝐾ᇱ൧ = 0 , [n-
j+1] th natural circular frequencies 𝜔௦  and eigenvectors ൛ 𝑢௦ ൟ  can be obtained, where the subscript of the 
left side (s) denotes the mode number. Then using the generalized coordinate 𝑞௦ , ൛𝑥ൟ can be expanded as 

൛𝑥ൟ =  𝑞௦ିାଵ
௦ୀଵ ൛ 𝑢௦ ൟ .                                                             (10) 

 
Substituting Eq.(10) into Eq. (6), and multiplying by ൛ 𝑢௦ ൟ from the left side, 𝑞௦  is obtained considering 
the orthogonality of the eigenvectors. Further by using Eq. (11) and Eq. (12), Eq. (7) can be expressed as Eq. 
(13). ሼ1ሽ =  𝛽 ൛ 𝑢௦ ൟ௦ ,                                                               (11)ିାଵ

௦ୀଵ  

൛𝐻ൟ =  𝛽 ൛ 𝑢௦ ൟ௦  𝐻,,௦                                                         (12)ିାଵ
௦ୀଵ  

൛𝑋ൟ =  𝛽 ൛ 𝑢௦ ൟ 𝐺௦ ி,() ൫𝑋ିଵ + 𝐻, 𝜃௦ ൯௦ ,                                      (13)ିାଵ
௦ୀଵ  

𝐺௦ ி,() = ൫1 + 𝑖2 ℎ,௦ ൯ 𝜔ଶ௦൫1 + 𝑖2 ℎ,௦ ൯ 𝜔ଶ௦ − 𝜔ଶ .                                                 (14) 

 
In above equations, 𝛽௦ , 𝜔௦ , ℎ,௦ , 𝐻,  ௦ denote the participation factor, the natural circular 

frequency, the modal damping and the equivalent height [8, 13] respectively, and these may be calculated by 
following  formulas, 𝛽௦ = ൛ 𝑢௦ ൟ்ൣ𝑀൧ሼ1ሽ ൛ 𝑢௦ ൟ்ൣ𝑀൧൛ 𝑢௦ ൟ,ൗ                                              (15) 𝜔ଶ௦ = 𝐾,௦ 𝑀,௦ൗ ,                                                                   (16) ℎ,௦ = 𝐾,ᇱ௦ ൫2 𝐾,௦ ൯,ൗ                                                             (17) 𝐻,௦ = ൛ 𝑢௦ ൟ்ൣ𝑀൧൛𝐻ൟ ൛ 𝑢௦ ൟ்ൣ𝑀൧ሼ1ሽ.ൗ                                            (18) 

 
Where， 𝑀,௦  , 𝐾,௦ , 𝐾,ᇱ௦  are the equivalent mass, the equivalent stiffness coefficient and the 

equivalent imaginary  stiffness coefficient,  𝑀,௦ = 𝛽ଶ௦ ൛ 𝑢௦ ൟ்ൣ𝑀൧൛ 𝑢௦ ൟ,                                                    (19) 𝐾,௦ = 𝛽ଶ௦ ൛ 𝑢௦ ൟ்ൣ𝐾൧൛ 𝑢௦ ൟ,                                                      (20) 𝐾,ᇱ௦ = 𝛽ଶ௦ ൛ 𝑢௦ ൟ்ൣ𝐾ᇱ൧൛ 𝑢௦ ൟ.                                                     (21) 
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It is noted that Eq. (29) gives an approximate value in case of non-proportional damping.  𝐺௦ ி,()  in Eq. (13) and Eq. (14) is the absolute modal response function of the base fixed j-th 
substructure of the s-th mode.  The  ൫𝑋ିଵ + 𝐻, 𝜃௦ ൯ in the right side of Eq. (13) corresponds to the effective 
input motion to the substructure. 

Multiplying Eq. (13) by  𝛽൛ 𝑢௦ ൟ்ൣ𝑀൧௦   from the left side, and considering  the orthogonality of the 
eigenvectors, we obtain 

𝐺௦ ி,(ை) = 𝛽 ൛ 𝑢௦ ൟ்ൣ𝑀൧௦ ൛𝑋ൟ𝑀, ൫𝑋ିଵ + 𝐻, 𝜃௦ ൯௦ ,                                                  (22) 

 
where, the right superscript (o) in 𝐺௦ ி,(ை)  shows that Eq. (22) is evaluated using the observed records such as ൛𝑋ൟ，𝑋ିଵ and 𝜃. In what follows, 𝐺௦ ி,(ை)  will be  called as the observed modal response, and 𝐺௦ ி,()  is 
called as the theoretical modal response. Now, dividing the numerator and the denominator of the right side of 
Eq. (22) by 𝑋 that is the observed record at a reference point A, 𝐺௦ ி,(ை)  may be expressed as 

𝐺௦ ி,(ை) = 𝛽 ൛ 𝑢௦ ൟ்ൣ𝑀൧௦ ൛𝑋ൟ𝑋𝑀,  ൬𝑋ିଵ𝑋 + 𝐻,  𝜃𝑋௦ ൰௦ ,                                                  (23) 

 
Eq. (23) shows that the Fourier spectrum ratio can be used in place of the amplitude itself, and simultaneous 
observational records at all points are not necessarily in case of the stationary motion such as microtremors. 

2.4 Treatment of viscous damping 
In case of showing the viscous damping, the equation of motion is obtained by replacing  ሾ𝐾ᇱሿ in Eq. (1) with 𝜔ሾ𝐶ሿ , thus 

 −𝜔ଶሾ𝑀ሿሼ𝑥ሽ + (ሾ𝐾ሿ + 𝑖𝜔ሾ𝐶ሿ)ሼ𝑥ሽ = 𝜔ଶሾ𝑀ሿ(ሼ1ሽ𝑋 + ሼ𝐻ሽ𝜃),                             (24) 
 

and the complex stiffness coefficient of the i-th story is given as 

  𝑘 + 𝑖𝜔𝑐 = 𝑘 + 𝑖2ωℎ௩,ඥ𝑚𝑘,                                                  (25) 

  ℎ௩, = 𝑐 ൫2ඥ𝑚𝑘൯⁄ ,                                                                (26) 

 
where ℎ௩, is viscous damping factor. Thus Eq. (14) can be rewritten as 

𝐺௦ ி,() = ቊ1 + 𝑖2 ℎ௩,௦ ቆ 𝜔𝜔௦ ቇቋ 𝜔ଶ௦
ቊ1 + 𝑖2 ℎ௩,௦ ቆ 𝜔𝜔௦ ቇቋ 𝜔ଶ௦ − 𝜔ଶ ,                                       (27) 

where 
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ℎ௩,௦ = 𝐶,௦ (2ට 𝑀,௦ 𝐾,)௦ൗ  ,                                                (28) 𝐶,௦ = 𝛽ଶ௦ ൛ 𝑢௦ ൟ்ൣ𝐶൧൛ 𝑢௦ ൟ.                                                 (29) 
 

It is noted that Eq. (29) gives an approximate value in case of non-proportional damping.  

3. Method of search 
Eq. (30) shows the objective function to identify the story parameters,  

𝐽௦ ൫𝑘, ℎ൯ = 1𝑚   ቄቚ 𝐺௦ ி,() (𝜔)ቚ − ቚ 𝐺௦ ி,(ை) (𝜔)ቚቅଶ ,
ୀଵ


௦ୀଵ                            (30) 

 
where corresponding to the damping type, Eq. (14) or Eq. (27) is used as 𝐺௦ ி,() (𝜔), and to the amplitude 
type of floor responses (the Fourier amplitude itself or the amplitude ratio), Eq. (22) or Eq. (23) is used as 𝐺௦ ி,(ை) (𝜔). And 𝜔, k, m and l are the discretized circular frequencies, the number of the frequencies, the 
maximum number of the frequencies and the maximum mode number considered. In the case that 𝑚 and 𝐻 
are known and, 𝑘 and ℎ(ℎ, 𝑜𝑟 ℎ௩,)  are the target variables,  the 1-st mode is enough to be considered and 
then l is set to 1. 

Searching is done by using the hybrid method [14] with the genetic algorithms and the simulated 
annealing. Where the parameter values are as follows: the maximum generation number = 100, the population 
= 30, the crossover rate = 0.7, the mutation rate = 0.01, and moreover the dynamic shift of the mutation rate 
and the elite selection are applied. The parameters of the cooling function  ሾ𝑇 = 𝑇𝑒𝑥𝑝(−𝑐𝑘)ሿ  are set as 
follows :  𝑇 = 100, a = 0.5, c = 1.0, k = 10. On these conditions, trials are done 10 times, then the average 
value is set to the identified one. 

4. Examination by using numerical model 
4.1 Numerical model and frequency response 
Table 1 shows the constants of the shear type structure for long span direction, being made from the pilot 
design [15] of a 6-storied reinforced concrete apartment with the standard floor plan 35.4m × 9.32m.  The 
material damping whose factors are distributed from 2% to 8% vertically (non-proportional damping) is 
assumed. Fig. 3 shows the sway-rocking model who has a rigid foundation and soil springs as shown by Eq. 
(31) and Eq. (32)  𝐾ு = 𝐾ு + 𝑖𝜔𝐶ு,                                                                     (31) 𝐾ோ = 𝐾ோ + 𝑖𝜔𝐶ோ,                                                                      (32) 

 
where, 𝐾ு  : the horizontal spring, 𝐾ு  : the static value of 𝐾ு , 𝐶ு  : the horizontal viscous damping 
coefficient,  𝐾ோ : the rocking spring, 𝐾ோ :  the static value of 𝐾ோ, 𝐶ோ : the rocking viscous damping coefficient.  
And the values of these parameters are shown in Table 2. 

The equation of motions subjected to the sinusoidal ground motion is shown as 

−𝜔ଶ  𝑚𝑋 − 𝜔ଶ𝑚𝑋 + 𝐾ு𝑋 = 0,                                                    (33)
ୀଵ  
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Table 1 – Constants of numerical model 

 

 
Fig. 3 – Sway-rocking model with foundation 
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Table 2 – Soil spring coefficients 
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Fig. 4 – Frequency response function of X6/Xg ( case of numerical model ) 

 
Fig. 5 – Modal responses ( case of numerical model ) 

    
     Fig. 6 – Identified results ( case of numerical model ) 
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−𝜔ଶ  𝑚𝐻𝑋 − 𝜔ଶ𝐼𝜃 + 𝐾ோ𝜃 = 0,                                                    (34)
ୀଵ  

 

where  𝑚 and 𝐼 are the mass of foundation and the rotary inertia mass, and those values are 795(ton) and 
8.31× 10ସ(𝑡𝑜𝑛 ∙ 𝑚ଶ) respctively. The responses of the system shown in Fig. 3 is obtained by calculating Eq. 
(1), Eq. (33) and Eq. (34) simultaneously. When the horizontal ground motion 𝑥   is  1 ∙ 𝑒ఠ௧ , then the 
responses correspond to the ratios to the reference point at the free field. Fig. 4 shows the frequency response 
functions of the top mass (𝑋 𝑋)⁄  together with the base fixed case, where Fig. 4(a) is the amplitude function 
and Fig. 4(b) is the phase characteristics respectively. The first mode natural frequency of sway-rocking model 
is 2.38(Hz) and the base fixed model is 2.77(Hz), therefore SSI effects of the model are not so strong.  

4.2 Search and Identified results 
In the case variable 𝑚 and  𝐻 are known,  𝑘 and  ℎ, are searched. The search frequency range is set to 
from 0.1 Hz to 15.0 Hz, and the search range of  𝑘 is 1/3 to 3 times the identification value of the immediately 
above story, and similarly  ℎ is 1/2 to 2 times the upper story. 

Fig.5 shows the amplitude functions of the modal response of the j-th substructure model (j=1~6), being 
compared the observed with the theoretical one. The two around the peaks are almost identical and 
indistinguishable. Fig.6(a) shows the identified results of  𝑘, and Fig.6(b) shows the identified results of  ℎ,. 
In both variables, the identified values are in good agreement with the true values. Where, the case of viscous 
damping type is not shown, similar good results have been obtained. 

It is remarked that if the system has strong SSI effects, in order to identify the damping factors exactly, 
the quasi-complex modal analysis techniques [16] must be introduced.   

5. Application to shake table test results 
5.1 Structure model and data processing 
A steel frame structure had been used in the E-Defense shake table test [17] is considered. The specimen is a 
5-storied steel frame structure with the standard floor plan of 10m x 12m, the first story height of 3.85m, and 
the standard story height of 3m. Table 3 shows the dimensions of the structure [8]. The test results of interest 
are the case (Data Storage No.: 2009-00406-011M) where the white noise with an amplitude of 100 gal was 
input for 327 seconds in the short span direction of the specimen in the case of without damper. It is considered 
that the white noise has the same effects as the microtremor because of their stationarity. And it is noted that 
the vibration direction of the shake table was horizontal, but the rotational motions that couldn’t be ignored 
occurred [8]. 

Table 3 – Dimensions of steel frame structure (from Kasai et al. [8]) 
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In the observation, three components of acceleration at four measuring points were measured at the shake 
table and on each floor, and the sampling frequency is 500 Hz. An anti-aliasing filter with a cutoff frequency 
of 50 Hz is applied to the original records. The waveforms obtained by sampling the filtered records at 100 Hz 
are used for the analysis. The horizontal waveform on the first floor is obtained by interpolating in the height 
direction (0.9 m) the average of the four points on the shake table. The rotational motion of the shake table is 
obtained by averaging the rotational motion of the both sides obtained from the vertical movements. The used 
horizontal waveforms of the floor higher than the first floor are the average of the left and right components 
in the vibration direction, being removed torsional motions.  

The interval of a sample is 81.92 seconds, and the interval is shifted by 40.96 seconds in sequence, being 
cut out five data sets. In addition, a cosine taper with a length of 4 seconds is applied to both ends of the cut 
waveform. The Fourier transforming and bandpass filter (BPF) processing of these waveforms are performed, 
and then the ratio of the interest point to a reference point is calculated. Furthermore, the ratio obtained by 
averaging the data sets is used as the complex Fourier amplitude ratio of the interest point. Where, the 
horizontal component of the first floor is selected as the reference value.  

 

  
Fig. 8 – Identified results ( case of steel structure ) 

  
     Fig. 7 – Modal responses ( case of steel structure ) 
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5.2 Search and identified results  
The frequency range for the search is 0 Hz to 15 Hz, the range of 𝑘 is from 1 / 1.5 to 1.5 times the 

identified value of the immediately upper layer, and the range of ℎ൫ ℎ, , ℎ௩, ൯ is set to from 0.0 to 0.15. 

Fig. 7 shows the modal responses of the j-th substructure model (j=1~5) in the case of the material 
damping type and the BPF is 0.1 Hz. The observed and the theoretical values are in good agreement. Where, 
the case of the viscous damping type is not shown, the same results have been observed. 

Fig.8(a) shows the identified result of 𝑘 ,where the BPF is 0.1 Hz and 0.5 Hz, and the latter is in good 
agreement with the reference value [8].  Fig.8(b) shows the results of ℎ൫ ℎ, , ℎ௩,  ൯ for the case where the 
BPF is 0.1 Hz. The values depend on BPF, and so further accumulation of identification data is required to 
evaluate the validity of the damping factors. 

Fig.9 show the frequency response function of the top mass (X5/X0), being compared the observed and 
the calculated. Where, the calculated one is obtained by using Eq. (1) and Eq. (7), showing for the case of the 
material damping and of viscous damping.  The observed agrees well with the calculated at the first peak 
frequency regardless of the damping type. On the other hand, around the second peak of Fig.9(a), the amplitude 
of the viscous damping type is considerably smaller than the observed value, showing that the damping type 
of the structure is not viscous type but material type. 

6. Conclusions 
A method to identify the story parameters (stiffness coefficient and damping factor) has been proposed on 
conditions that the rocking motion at the base, and the horizontal motion on every floor of a shear type are 
observed. The findings obtained in this paper can be summarized as follows. 

The modal response of a substructure model with the fixed base has been derived with use of the 
observed records. A criterion to minimize the difference between the observed modal response and the 
theoretical one has been introduced into the procedure identifying the story parameters.  

The proposed method has an advantage of using easily obtainable absolute motion recorded on each 
story and makes the identification of the story parameters possible without identifying the soil springs. 
Moreover, simultaneous observation at all stories is not necessarily needed for the stationary motion such as 
microtremor. 

Numerical results obtained by applying the proposed method to a 6-storied RC building have indicated 
that identified story parameters have agreed well with the true values. 

 
Fig. 9 – Frequency response function of X5/X0  ( case of steel structure ) 
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The shake table test results of a 5-storied steel frame structure have been examined. The story stiffness 
coefficients identified have well agreed with the reference values. Although the identified damping factors 
couldn’t have been evaluated precisely, the damping type has been supposed to be of material but not of viscous.  
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