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Abstract 

The present work investigates the non-linear behavior of a steel hysteretic dissipative device known 
in the literature as Crescent Shaped Braces. The interaction between non-linear material behavior 
and non-linear geometrical effects due to the peculiar device shape results in a complex non-linear 
force-displacement response that can be controlled varying the key geometrical parameters. In this 
way the device can be efficiently utilized as a dissipative bracing capable of satisfying multiple 
seismic design objectives within a seismic design approach based on multiple building 
performances. In this work, simplified analytical relationships able to describe the key features of 
the device non-linear behavior are derived. Their effectiveness is then verified by mean of 
numerical simulations.  

Keywords: Crescent Shaped Braces; non-linear behavior; analytical description, numerical simulations, performance 
based seismic design. 

 

1. Introduction 

Traditional seismic design code procedures up to the end of 1990s were grounded on force-based approaches 
with the specific aim of providing the required strength capacities against a single limit state (typically a 
ultimate limit state), and then verifying the whole performances against the other limit states. Nevertheless, 
the high severe damages caused by major earthquakes in the 1990s such as the 1994 Northridge Earthquake 
which was one of the most costly earthquake in U.S. history, or the 1995 Kobe earthquake, revealed the need 
of a new design approach aimed at controlling the structural response under various seismic intensity levels 
thus avoiding excessive damages.  
A change of paradigm has been postulated after those dramatic earthquakes with the conceptual framework 
of Performance Based Seismic Design (PBSD) first proposed by SEAOC (1995) [1]. PBSD framework 
theoretically encompasses the full range of seismic engineering issues toward predictable and controlled 
seismic performances under established multiple earthquake intensity levels [2,3]. PBSD procedures could 
permit to actively control the whole response of the structure under different input intensity levels. 
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One possibility to exploit the PBSD approach at best is based on the use of specific dissipation devices such 
as steel dampers. In the past decades several solutions have been proposed including: U-shaped dampers, 
buckling restrained braces (BRB), steel plate-based dampers (such as ADAS, TADAS, X-shaped dampers, 
comb-teeth, curved steel dampers), steel shear panel-based dampers, J-dampers, pipe-based dampers [4-15]. 
The work by Javanmardi et al. [16] provides a state-of-the art review of metallic dampers. 
Among the proposed solutions, a hysteretic steel brace, called Crescent Shaped Braces (CSB), has been 
investigated by the authors since 2009 [17]. CSBs are characterized by a peculiar geometrical shape resulting 
in a non-symmetric force-displacement response whose main features (stiffness kin, first yield strength Fy, 
ductility , ultimate strength Fu) can be ad-hoc designed based on the imposition of different performance 
objectives (POs) [18–20]. The mechanical behavior of the single CSB has already been widely investigated 
in the past by means of analytical, numerical and experimental investigations [18,21]. In these studies the 
attention was mainly devoted to the behavior in tension from which analytical expressions for the initial 
stiffness kin and first yielding force Fy were derived. The present work provides further insights into the non-
linear force-displacement behavior of the CSB device. First, general considerations on the relationship 
between the CSB geometrical properties and non-linear geometrical effects and their influence upon the 
force-displacement behavior are provided. Then, analytical relationships of the mechanical behavior 
parameters governing the whole non-linear behavior of the CSB are derived. Also, direct design formulations 
useful for the preliminary design are proposed.  

2. The Crescent Shaped Brace device 

The Crescent Shaped Brace (CSB) is a steel hysteretic device connecting two points of the structure through 
an element with a curved (or also bi-linear) shape leading to the coupling of flexural and axial behavior. 
When inserted into a frame (Figure 1), the CSB acts as a yielding brace with a highly non-linear force-
displacement response [19]. In particular, Figure 1 qualitatively depicts the cyclic lateral force vs lateral 
displacement (F-u) response of both (i) a single CSB as inserted into a single-bay frame and (ii) a couple of 
CSBs as inserted into two adjacent bays of a frame, so that while one device works in tension, the other one 
works in compression (and vice-versa). From a general point of view, the cyclic lateral force-displacement 
response of the single CSB is strongly asymmetric in tension and compression. On the contrary, the whole F-
u behavior of the couple of CSBs is symmetric since the two devices work in parallel.  
The strong asymmetry in the response of the single CSB is due to the coupling of mechanical and 
geometrical non-linear effects leading to: (i) a significant hardening after first yielding of the knee point 
when the brace is subjected to tension (the red backbone curve of Figure 1a), the hardening being mainly due 
to the progressive reduction of the lever arm; (ii) a smooth softening in compression, after the peak capacity 
is achieved (the green backbone curve of Figure 1a). 
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(a)     (b) 

Figure 1 - Cyclic force-displacement behavior: (a) single CSB inserted in a single-bay frame; (b) couple of 
CSBs inserted into two adjacent bays of a frame. (adapted from [21]). 

 

This complex F-u behavior and the possibility of calibrating the geometrical parameters to obtain different 
responses make the CSB suitable as the base component of a lateral resisting system capable of achieving 
different performance objectives within the Performance-Based Seismic Design framework [17]. 
The design steps from the selection of the POs to the sizing of each CSB are conceptually depicted in the 
flow chart reported in Figure 2. First, target values of the mechanical behavior objectives for the whole 

lateral resisting system, namely the initial stiffness ink
, the yielding force yF

and the displacement ductility 

capacity   for the entire lateral-resisting system (LRS) are evaluated. The next step is to obtain the target 

values of the mechanical behavior objectives for each CSB (namely ,in CSBk
, ,y CSBF

, CSB
). The final step 

deals with the sizing of the main geometrical properties which govern the design of each device.  
 

 

Figure 2 - Design steps from the identification of the PO to the sizing of each CSB device. 

 

2.1 Geometric properties of the “symmetric bilinear CSB” and influence of non-linear geometrical 
effects on the force-displacement response 
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With the purpose of deriving analytical relationships useful in the preliminary design phase, henceforth the 
attention will be devoted to the specific CSB configuration made by two straight elements (AC and CB) of 
equal lengths L*, referred to as “symmetric bilinear CSB” (Figure 3). The angle 0 indicates the initial 
inclination of each straight segment with respect to the horizontal direction. Point A is fixed, while point B is 
free to move along the lateral direction (u indicates the horizontal displacement). The two end supports do 
not provide any rotational restraint. One of the main geometrical characteristic of the brace is the “initial 
lever arm” d0, namely the vertical distance between the axis connecting A to B (whose length is referred to as 
2L0) and point C. The arm d0 when normalized with respect to the length 2L0 is referred to as 0d02L0.  

 

Figure 3 - The “bilinear symmetric” configuration of a CSB subjected to a lateral force F (adapted from 

[21]). 

 

For the sake of clearness, the geometrical and material properties of a “symmetric bilinear CSB” are reported 
below: 
 
Global geometrical properties: 

- L*: length of each straight element. 
- L0: projection of L* in the horizontal plane. 

- 0 0 0/ 2d L 
=normalized initial lever arm. 

 
Cross section properties: 

- h= cross-sectional height. 
- A=cross-sectional area of each straight element. 
- J=cross-sectional moment of inertia (in-plane). 

- i=radius of gyration ( /i J A ). 
- We= elastic strength modulus. 

-  = plastic benefit ( pl plW W 
 is the plastic strength modulus). 

 
Material properties: 

- E= elastic modulus. 
- fy and y= yielding strength and strain. 
- fu and u= ultimate strength and strain. 
- r= hardening ratio. 

 

When subjected to a lateral force F, the two straight elements of the CSB deform due to the interaction of 
axial force (compression or tension depending on the direction of F) and bending moment. The angle 
between the horizontal direction and the chord of one CSB segment in the generic deformed configuration is 
indicated with  and the corresponding arm is indicated with d. The vertical displacement of point C is 
indicated with v. 
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The axial force and bending moment initially depend on the value of d0: the larger d0, the higher the bending 
moment with respect to the axial force (and vice versa). Similarly, their variations depend on the variation of 
the lever arm d and influence the CSB force-displacement behavior. As anticipated in the previous section, 
the lateral force-displacement response of a CSB is governed by both non-linear mechanical and geometrical 
effects. Non-linear mechanical behavior is related to material stress-strain behavior. Non-linear geometrical 
effects are depending on the variation of the geometrical configuration, mainly depending on the evolution of 
the arm d. As such, at first approximation, an initial appraisal of the second-order effects on the force-
displacement curve can be carried out by analyzing the kinematic behavior of the equivalent rigid system, 
e.g. a system made of two rigid straight segments having the same global geometry of the CSB and supposed 
to be pinned in C. The kinematic behavior of such system is described by one unique degree of freedom, for 
instance the angle  that relates the two displacement components u and v: 

 
 
*

0
*

0

2 cos cos
sin sin

u L
v L

 
 

 
 

            (1) 

From simple trigonometric relationships, the incremental displacements dv and du are related by: 

11
tan

2

dv

du
             (2) 

Figure 4 displays the trend of 

dv

du  with respect to the normalized arm . It is clear that second order effects 
cannot be ignored when the incremental displacement dv become much larger than the corresponding 

incremental displacement du, this happen when 

dv

du >>1.0 .  

 

Figure 4 - 

dv

du  vs .  

For practical purposes, a value of 

dv

du =5 can be assumed as a reference value. From Figure 4, it can be noted 

that the condition 

dv

du =5 occurs for a normalized arm equal to 5%. From this evidence, it follows that a CSB 
device with an initial lever arm  will be characterized by a F-u behavior significantly influenced by 
non-linear geometrical effects from relatively small values of lateral displacement (premature hardening), 
therefore with limited ductile capacity. On the contrary, for CSBs with larger initial lever arm, the non-linear 
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geometrical effects will be engaged at larger values of lateral displacements, thus allowing the development 
of a significant ductile behaviour.  
The qualitative graphical representations of the F-u curves (or backbone curves) of a single CSB are shown 
in Figures 5a and b for positive (tension) and negative (compression) values of applied force F, respectively. 
Figure 5c provides the qualitative representation of the whole F-u curve for a couple of CSBs working in 
parallel (one CSB works in tension while the other works in compression, and vice-versa).  

 

(a )    (b)    (c) 
 

 

Figure 5 - (a) Backbone curve in tension of the single CSB; (b) Backbone curve in compression of the single 

CSB. (c) Backbone curve for coupled CSBs. 

 

First the attention is focused on Figure 5a, providing the F-u curve in the upper part of the graph (black 
curve) and the variation of the normalized arm with the displacement (-u curve) in the lower part of the 
graph (red curve). The tension force-displacement response is made by a first elastic range (governed mainly 
by the flexural stiffness) until yielding of the knee cross section C. The first yielding point in tension is 
referred to as Py,t. Then, a flexural plastic phase with progressive increase in stiffness due to interaction of 
non-linear mechanical (material hardening) and geometrical (reduction of the arm d) effects is observed. 
Non-linear geometrical effects do not produce a significant hardening up to point P5% corresponding to a 
reduction of normalized arm up to a value equal to 5%. When non-linear geometrical effects become 
significant a sudden increase in the lateral stiffness occurs due to predominant axial stiffness until the brace 
reaches the straight configuration (e.g. the arm reduces to zero,  =0). This point is referred to as Ps. Failure 
in tension occurs at point Pu.  
The behavior under lateral forces inducing axial compression and bending moment (Figure 5b) is instead 
characterized by an initial elastic behavior until the first yielding at the knee point C is achieved (point Py,c), 
then followed by a softening behavior resulting from the interaction of non-linear mechanical (material 
plastic behaviour) and geometrical (increase in the arm d) effects, qualitatively similar to the in-plane 
buckling behavior of a column with an initial crookedness subjected to an axial force [22]. The coupled 
response of two CSBs (Figure 5c) is given by the sum of the force carried by each single brace (since they 
work in parallel). In general, but especially for large displacements, the response is governed by the CSB in 
tension. 
 
To sum up, the force-displacement response of the CSB can be synthetically described by the following key 
mechanical properties:  

- initial stiffness kin; 
- first yielding point in tension (Fy,t, uy,t) and compression capacity (Fy,c, uy,c) ; 
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- ultimate point in tension (Fu,t, uu,t) ; 
- displacement ductility capacity in tension (tu5%/uy,t); 

 

3. Analytical description of the force-displacement response 

For the sake of conciseness, the analytical formulations presented in the work are related to the response in 
tension only of a single CSB device. Further investigations on the response in compression and on the 
coupled behavior of two CSBs are presented in [22]. 
 
The initial elastic behavior of the CSB can be described in terms of the initial lateral stiffness and the first 
yielding point as evaluated imposing the equilibrium in the undeformed configuration [19,21]: 

       

0
3 2

0 0

cos3

8in

E J
k

L




 
 

       (3) 

       
,

0 0 0

e y y
y t

W f f J
F

d L h
 


 

   
       (4) 

       

2
0 0

,
0

8

3 cos
y

y t

f L
u

E h





 

  
        (5) 

       

2

0 0

1

2
1

2
h i
L h






     
        (6) 

  is a reduction factor ( 1.0  ) depending on the simultaneous presence of axial force and bending 
moment.  
The lateral displacement u5% (point P5% corresponding to the configuration =5%) results equal to: 

       

 5% 0
5% 0

0

cos cos
2

cos
u L

 




     (7) 

Where 5%
 indicates the angle   corresponding to the configuration with =5%. 

The displacement us (point Ps corresponding to the achievement of the “straight” configuration of the CSB) 
can be estimated as the sum of the contributions due to the rigid body rotation (Eq. 1) and due to the elastic 

deformation y  (just before yielding point due to axial tension):  

       
 0

0
0

2
1 cos

coss y

L
u  


  

     (8) 
The lateral force Fs corresponding to the point Ps can be evaluated according to: 

       s yF A f          (9) 

Inspection of the analytical equations describing the initial elastic behavior (Eqs. 3-6) reveal that it is 

governed by the global geometrical parameter 0  (related to the initial lever arm d0 and length L0), the 
material mechanical parameters (E, fy), and the cross-sectional properties (J, i/h, h/L0). More in detail, as 

expected, both the initial stiffness and yielding strength reduce with increasing values of 0 . In addition, the 

yielding strength is influenced by the N-M interaction, quantified by parameter  , expressed as a function of 
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0 , h/2L0 and i/h. It can be noted that   can be interpreted as the reduction factor applied to 0

e yW f

d



 that is 
the yielding strength as evaluated considering the undeformed configuration and the contribution of bending 
moment only. 

Figure 6a displays the trend of   vs 0  for selected values of h/2L0 (for i/h=0.29 corresponding to a 

rectangular cross section). For 0  > 0.10, values of   are between 0.8 and 1.0. Moreover,   values tend to 
decrease with increasing values of h/2L0. 
The ratio u5%/uy can be considered a measure of the displacement ductility in tension: 

      

 5% 0

0 0 ,

cos cos3

4t
y y t

E h

f L

 


 





     (10) 
Eq. 10 clearly highlights that the ductility of the CSB depends on the product of three main factors: a factor 
related to the material mechanical properties (E/fy), a slenderness parameter (h/2L0) and a function 

 5% 0
0

0

cos cos
( )f

 


 



  dependent on the initial geometrical configuration.  

 

4. Direct formulations for preliminary design in the context of PBSD 

In the PBSD framework, a performance objective (PO) is defined as the coupling of a building performance 
level with a given earthquake intensity level [3]. More in detail, each PO can be then identified with a precise 
request in terms of a structural performance so that mechanical behavior objectives can be identified for the 
structural system carrying the lateral loads (STEP 2 of the conceptual flowchart of Fig. 2), also referred to as 
lateral resisting system (LRS). In a previous work, the authors identified the mechanical behavior objectives 

for the whole LRS in a target initial stiffness , a target first yielding strength , and a target ductility  

[19]. From the knowledge of  ,  and  for the whole LRS, it is then possible to obtain the 

corresponding target values ( ,in CSBk
, ,y CSBF

 and CSB
) for each CSB (STEP 3 of the conceptual flowchart 

of Fig. 2). 
 
In order to simplify the mathematical expressions and obtain direct analytical equations relating the desired 

mechanical behavior objectives ( ,in CSBk
, ,y CSBF

 and CSB
) with the geometrical design parameters of the 

CSB (STEP 4 of the conceptual flowchart of Fig. 2), it is necessary to introduce the following assumptions:  

- 05% 25% 
; 

- first order approximation of the function 

 0 5%
0

0 ,

cos cos
( )

y t

f
 


 





;  

- 1  ;  

- 0cos 1  . 

From the previous analytical considerations, it is convenient to assume 0 , h and J as geometrical design 
parameters.  
Using the above assumptions, after simple mathematical manipulations of Eq. 3, 4 and 10, the following 
analytical expressions can be obtained: 
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where 

, 0

,

2 in CSB

y CSB

k L

F


 


 is a non-dimensional parameter. 

The actual values of the key mechanical properties of the CSB (namely 


,in CSBk
, 


,y CSBF
 and 


CSB

) are 

finally determined by means of Eqs. 3, 4 and 10 using the values of h, J and 0  as computed from Eq. 11. In 

general the values of 


,in CSBk
, 


,y CSBF
 and 


CSB

 will differ from the corresponding target ones ( ,in CSBk
, 

,y CSBF
 and CSB

), since the design equations have been derived based on simplified assumptions.  
To evaluate the level of approximation associated with the use of the explicit equations, the graphs of Figure 

6 report the trends of the relative errors between the actual values of initial stiffness 


,in CSBk
, yielding force 


,y CSBF

 and ductility 


CSB
 and the corresponding target values ,in CSBk

, ,y CSBF
, and CSB

, considering 

05% 25% 
 and values of h/2L0 of 1/50, 2/50 and 4/50. The relative error is computed as (actual value 

– target value) / actual value and is expressed in %.  
 

  
(a )     (b) 
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 (c) 

Figure 6 - Relative errors associated to: (a) initial stiffness; (b) first yielding; (c) ductility. 

 

In general, the relative errors related to the initial stiffness and the yielding force tend to be negative, with 
values between 0 to -25%. The errors related to the initial stiffness tend to increase (in absolute values) with 

increasing values of , while they are practically independent from h/2L0. In the worst case scenario ( 

=25%) errors are around 10%. The errors associated to the yielding force tend to increase (in absolute 

values) with increasing values of h/2L0, while they decrease with decreasing values of . In general, they 

remain under 15%, excluding the worst case of h/2L0 associated with  =5%. The relative errors associated 

to the ductility are in general positive and tend to increase with decreasing values of  and with increasing 

values of h/2L0. In the worst case (  =10%), they are between 30- 40%. Note that for =5% the CSB has 

no ductility. 

In case more accurate estimations are required the values of 0 , h and J given by Eq. 11 can be updated 

(with few iterations) until the values of 


,in CSBk
, 


,y CSBF
 and 


CSB

 become close enough to the 

corresponding target ones ( ,in CSBk
, ,y CSBF

, and CSB
).  

 

Conclusions  

The paper investigates the non-linear behaviour of a steel hysteretic brace called Crescent Shaped Brace 
(CSB), governed by a strong interaction between geometrical and mechanical non-linearity. The attention is 
devoted to the description of the non-linear behavior through simplified analytical formulations.  
First, analytical equations relating the key parameters of the overall force-displacement curve with specific 
geometrical and mechanical properties of the CSB are obtained. The analytical equations allow to provide 
insight in the behavior of the CSB.  
The following main conclusions can be drawn: 

- The initial elastic behavior of CSB (initial stiffness and yielding strength) is governed by the global 

geometrical parameter 0  (normalized initial lever arm), the cross-sectional properties (J, h/2L0, i/h) 
and the material properties (E, fy), and N-M interaction. In particular, the reduction in the yielding 

strength due to N-M interaction is quantified by a reduction factor   applied to the first yielding 
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strength as evaluated on the undeformed configuration considering the effect of bending moment 

only. The reduction becomes small (less than 20%) for values of 0  larger than 0.1 and for small 
values of h/2L0. 

- The ductility in tension t  depends on the following parameters: E/fy, h/2L0 and a geometrical 

parameter f() related to the initial configuration. It increases with increasing values of 0  and 

h/2L0. An initial lever arm 0  larger than 0.1 needs to be adopted to obtain a good ductile behaviour 

( t >3.0)  
 
The analytical formulations have also been used to obtain direct design expressions allowing to size the 

brace in terms of initial lever arm 0 , cross-sectional moment of inertia J and height h in order to achieve 
specific mechanical behavior objectives. It is verified that the direct formulations are sufficiently accurate to 
be used in the preliminary design phase. They can be also used as first estimations to be improved with few 
numerical iterations for a more detailed design. 
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