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Abstract

The evaluation of lateral forces acting on structures due to quasi-steady tsunami flows is crucial in the design of
buildings able to withstand tsunami forces. Though formulas have been developed to evaluate this force, most
have been developed under the assumption that the building is freestanding without any surrounding objects.
In reality, the surrounding objects change the nature of the flow and thus the force acting on the structure. In
this research, non-hydrostatic shallow water equations(NSWE) are developed and its applicability in evaluating
the effect of surrounding objects constraining the flow is investigated via numerical simulations. The NSWE
are derived from the Navier-Stokes and continuity equations through a Galerkin method in which the in-plane
and depth directional velocities are assumed to have a linear distribution and the non-hydrostatic pressure a
quadratic distribution in the depth direction. The derived NSWE are implemented in the open source software
OpenFOAM[S5]. The proposed NSWE is shown to have superior dispersion characteristics compared to the
hydrostatic shallow water equations with Boussinesq assumption. The effectiveness of the NSWE is confirmed
through evaluation of the drag coefficient of a square cylinder fixed in open channel flow and comparison
with the experimental results by Qi et al[6]. It is shown that the addition of the non-hydrostatic pressure
components greatly improves the flow characteristics behind the square cylinder resulting in closer matching
of the simulation with the experiments.
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1. Introduction

The evaluation of lateral forces acting on structures due to quasi-steady tsunami flows is crucial in the design of
buildings able to withstand tsunami forces. Though formulas have been developed to evaluate this force, most
have been developed under the assumption that the building is freestanding without any surrounding objects.
In reality, the surrounding objects change the nature of the flow and thus the force acting on the structure.

The effect of the surrounding objects constraining the flow on the lateral force applied to structures can
be investigated through small-scale model hydraulic experiments, but restrictions on the experimental facilites
prohibit experimentation with various setups as well as sizes. On the other hand numerical simulation do not
have such physical restrictions and are limited only by the computational resources and numerical methods at
hand. A numerical simulation of the free surface flow acting on the structure employing the full 3D Navier-
Stokes equation results in fine detail of the pressure acting on the structure as well as the integral lateral force,
but can be computationally costly. The use of the 2D standard shallow water equations, which are a depth
integrated version of the Navier-Stokes equation, is an alternative method with less degrees of freedom re-
quiring less computational effort[1]. Its shortcoming in evaluating the lateral forces on structures arises from
the assumption of hydrostatic pressure, which may not always be valid in complex flows around structures.
Non-hydrostatic extensions of the shallow water equations employing Boussinesq terms have been developed
and employed in tsunami simulations, but their emphasis is in improving the dispersive characteristics of the
governing equations.
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In this research, a NSWE applicable to the evaluation of lateral forces is presented based on the VAM by
Ghamry and Steffler[2], which take into account linear and quadratic non-hydrostatic pressure distributions as
well as linear velocity distributions. Though the equations are similar, the equations presented in this paper are
developed through the Galerkin method, resulting in equations which are easier to understand and implement
in a finite volume setting such as the OpenFOAM]|5] software. The validity of the implementation is verified
by checking its dispersion properties and comparing with previous hydraulic experiments. The dispersion
character is shown to be superior compared to standard Boussinesq assumptions. Its applicability in evaluating
the lateral force in constrained flows is verified through numerical simulations of a square cylinder fixed in open
channel flow and compared to those of Qi et al.’s experiments[6]. The choking type of phenomena is properly
displayed with similar variation of the drag coefficient with respect to the Froude number.

2. Non-hydrostatic shallow water equation
2.1 Derivation

The following Navier-Stokes equation and continuity equation with incompressibility is assumed to govern the
behavior of the water.

9
M VououtVp-V-r7 —ges =0, (1)

ot
V-u=0, 2)

The setup is shown in Fig.1, where x; denotes the Cartesian coordinates with x3 in the depth direction and ¢
the time. u(:= [u, v, w]) is the velocity vector, p the pressure scaled by the fluid density p(=1000[kg/m?]), T
the deviatoric stresses scaled by p, and g(=9.81[m/s?]) is the gravitational constant. The surface of the bottom
floor is defined by 2y, the surface of the water by z;, the water depth z; — z; by the symbol h.

The Galerkin method is employed to derive the non-hydrostatic shallow water equation, where the velocity
and pressure are assumed to have the following interpolated form,

_ ug(71, r2)
ux) = Nafa). Mfa)] 2], ®
po(x1,x2)
p(x) = [Qo(a),Qi(a), Q2()] |pr(x1,22) +gh|, “4)
p2(T1,72)

a(x) _ xr3 — Zb(.%'l, 1'2) ‘ (5)

Zs(331,$2) - Zb($17$2)

Here Ny, N are the shape functions for the velocity distribution in the x3 direction, and Qg, ()1, Q2 are shape
functions for the pressure distribution in the z3 direction. The shape functions are defined in terms of «, a
non-dimensional parameter denoting the location within the depth, which takes a value of 0 at the bottom floor
and 1 at the water surface. The form of these functions are shown in Fig.2. Ny, N7 are the Oth and 1st order
Legendre polynomials defined on the interval [0, 1] and are able to represent the constant and linear velocity
profiles. Qg = Ny and ()1 and @) are st and 2nd order polynomials defined to take a value of O at the water
surface (¢ = 1) and normalized to a magnitude of 1 at the bottom floor(av = 0), and are orthogonal to each
other in the L[20,1} norm. (J); represents a linear variation in the non-hydrostatic pressure and ()2 represents a
quadratic variation. ug,u; are the constant and linear contributions to the velocity and pg,p1,p2 are the constant,
linear, and quadratic contributions to the non-hydrostatic pressure, and only depend on the in-plane coordinates
T1,T2.
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Fig. 1 Configuration of the problem
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Fig. 2 Shape functions

The Galerkin method applied to the Navier-Stokes equation and continuity equation with the test functions
du, dp, on the interval [2p, ;] result in the following equations.

/S(Su-(g?—|—V-u®u+Vp—V-7'T—ge3)da:3:0, (6)
Zp

/zs dp (V -u)drs =0. @)

Combining these with the following kinematic boundary condition at the surface and bottom floor, which relate
the vertical velocity w with the in-plane velocities u, v,

0z 0z

w(%%»’«’b) - u(x,y, Zb)aixi - U(x7yazb)87x2 = 07 (8)
0z, Ozs

w(z,y, zs) — u(z,y, ZS)aTcl —v(x,y, zs)a—m =0, )

result in the following NSWE.

0 1
at(huo)—i-V~{uo®huo+3u1®hu1} + ghV{h+zb},

1 1
+V {2hp1 + Ghm} +hVpy + (p1—p2)V2 =V - (hT) + 7 =0 (10)

0 1
g (hwy) + V- {uohwo + gulhwl}

— (p1*pQ)*V-(hTOZ)*Tb~VZbZO, (11)
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—6hdiv (ug) + gdiv (huy) — §hdiv(u1) + <3u1 — u0> -Vazp — aaib = §w1 — wo (16)
In these equations, V := [8%1, 8%2} denotes the operator acting only on the two in-plane dimensions z1, z9 and

up := [ug, vol, w1 1= [u1,v1]. Te0» T11,T02> T1z, T022,T12> are the deviatoric stresses and 7 is the shear stress
at the bottom floor, whose definitions will be given later in the section. The constant pressure pg corresponds
to the pressure boundary condition at the water surface. In the current implementation, the surface tension is
modeled as the curvature of the surface resulting in,

po = -V°h, (17)

K
P
where k is the surface tension of water (=70[mN/m]).

The proposed NSWE consist of 9 equations in 9 unknowns, which are the 4 in-plane velocities ug, uj, the
2 out-of-plane velocities wg, wy, the water depth h, and the 2 non-hydrostatic pressure terms p;, p2. The equa-
tions presented here differ from those by Ghamry[2] in several aspects. First of all, the governing equations
by Ghamry are not strictly derived from a Galerkin method and an approximation of the point-wise constraints
Eq.(8),(9) is employed. This introduces an additional equation allowing one to introduce a quadratic interpola-
tion into the vertical velocity w, resulting in one additional equation and unknown for a total of 10 equations
in 10 unknowns. The proposed method utilizes the constraint equations Eq.(15),(16) derived from the Galerkin
method applied to the continuity equation. Second, the interpolation functions for the vertical velocity w are
chosen the same as the in-plane velocities, resulting in a symmetric representation of the governing equations,
easier implementation, as well as retaining the orthogonality of the interpolation functions in the L[Qoﬂ norm.
Third, the present implementation assumes orthogonal polynomials for the non-hydrostatic pressure terms re-
sulting in better numerical conditioning. Fourth, the equations are organized so that their structure is clearer to
understand.

By proper reduction, Eqs.(10)-(16) revert to the standard hydrostatic shallow water equation or shallow
water equation with Boussinesq term. The possible cases are shown in Tablel. The full equations correspond
to case 72 term”. The case ”’1 term” corresponds to the case where a linear non-hydrostatic pressure distribution
is assumed. All terms related to py are assumed to be zero and only Egs. (10),(11),(14),(15) are treated. If one
assumes the coefficient of Vhp; in Eq. (10) to be 2/3 instead of 1/2, one obtains a formulation with a dispersion
relationship equivalent to the Boussinesq assumption[3] corresponding to case “Boussinesq”. Further assuming
p1 = 0, the equations reduce to the hydrostatic shallow water equation with equations (10) and (14).
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Table 1 Considered cases

Case Assumption | Description
Hydrostatic | g1 = g2 = 0 | Hydrostatic SWE
1 term g2 =0 NSWE with linear pressure distribution
2 term - NSWE with combined linear and quadratic pressure distribution
Boussinesq g2 =0, Nonhydrostatic SWE with Boussinesq term
v%hpl
in Eq.(10)

The shear stress at the floor bottom 7 is evaluated using Manning formula where,

n? |hug — huy|
Ve h? ’ (1%

Ty, = alhug — huy|. (19)

Here, n is the Manning coefficient. The deviatoric stress T, is also decomposed into its constant and linear
contribution as,

T T T T T
r = [No,N] | °l ,7o= |9 "% ;=7 "], (20)
T1 Toz T0zz T1, Tlzz

The 7¢p, 711 are the in-plane deviatoric stresses. The deviatoric strain rate D is computed from the standard
linear definition as,

D = 3 [Vu+vVu'] - gv-u: [No, N1] [Dl] ) (21)
1 2
Doog = symm{Vug} — 7 Symm {u; ® Vh} — Esymm{ul ® Vzp} (22)
1
D1y = symm{Vu;} — 7 symm {u; ® Vh} (23)
1 u w1 w2 w1
Doy, = 91 — lyh- Evp-2-1 24
s 2{ L4 Vg - SLh - 22oh -2t Vzb} 24)
B 1 w1 w2 w1
D = 3{  Vwi—SVh-322Vh-61Vs) (25)
1 an w2 oh
D = —-2—=— 2
2oz 2 { O, h axa} (26)
w1
D = 2— 27
0zz h 27
w
Di,. = 6?2 (28)
An LES type of approach is taken to evaluate the contribution of the turbulent stress[4] where,
T=2r+1)D (29)
ve = (0.173A)*V2D: D (30)
Zs 1
D:D = / DZDdl‘3:D02D0+§D1:D1 (31)
Zb
A = (AzAyh)3 (32)

5
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2.2 Linear dispersion characteristics

The dispersion characteristics of the proposed NSWE is investigated in this section. As shown in Fig.3,
A constant bottom floor z;, = 0 is assumed and the equations are linearized around a fixed depth hg so that
h = hg + n with n << 1. Further assumption of no change in the x5 direction results in the following 1D
linearized equations[3].

Aug o 1, Op 1, Opr
ho gy +9hog -+ ghog -+ g = 0 (33)
9
ho%—(m—m) = 0 (34)
ouq 1. Op; 1. 9Opo _
owq
7Ly -
ho 5 D2 0 (36)
8 9
a—Z+hoa—Zi’ — 0 (37)
1, Qugp 1, Oup
MG, TG, T W o
1. Ouyg 1, Ou 4
Sy e U ] S T 39
60z, 6 or gL (39)

This results in 7 equations in 7 unknowns (7, ug, u1, wo, W1, P1, P2). Assuming harmonic motion for all un-
knowns, for example the change in water surface is assumed the form n = 7 expikz1—wt) dispersion analysis

for 2 term” results in the following equation,

2 1+ 15 (kho)?
e = )
Cok 1+ﬁ(k3h0) +m(k}h0)

Here w is the oscillating frequency, k is the wave number, and c¢o(= /ghg) is the wave speed in the shallow
water limit. The ratio w?/c2k? is a nondimensionalized wave speed and khg is a nondimensionalized wave
number. In the "1 term” case, the dispersion relationship is,

w? 1

- = — 41

k2 1+ L(kho)? “h)
and the dispersion relationship for the case "Boussinesq” is,

2
w 1

- = — . 42

k2 1+ 1(kho)? *2)
These equations plotted against the exact solution % = % is shown in Fig.4. The proposed NSWE has

0

superior dispersion characteristics matching the exact curve to almost a nondimensional wave number of 10.
Though “Boussinesq” closely matches the exact curve asymptotically in the vicinity of khg ~ 0, "1 term” with
a linear non-hydrostatic distribution better matches the exact curve when khy is larger than 2. In the evaluation
of tsunamis with SWEs, the waves are long compared to the sea depth, khg << 1, and thus the Boussinesq
assumption is often used and is advantageous. On other hand, in the evaluation of lateral forces on structures,
waves my be shorter and thus the Boussinesq assumption may not be as effective. These aspects are further
investigated in the next section through evaluation of the lateral force of surface piercing cylinders.
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Fig. 3 Configuration used for dispersion analysis Fig. 4 Dispersion relationships

3. Numerical verification of the dispersion relationship

Here the non-hydrostatic shallow water equation implemented in the numerical software OpenFOAM][35] is
validated by confirming the dispersion relationship in the small amplitude range.

The setup of the problem is shown in Fig.3[3]. A 1D domain in the z; direction with length L equal to 1[m]
is assumed with periodic boundary conditions. An initial variation of the water surface in the form of a single
sine wave is superimposed on a water depth of hy. This sine wave is the analytical solution for the system of
equation in Eq.(33) to (39). Under this applied initial displacement the surface vibrates freely and the vibration
period 7' is measured. The non-dimensional wavelength is defined by khg = % and the non-dimensional

ghﬁ%. The initial water depth hy is varied as [0.1,0.7,1.4][m] and
the magnitude of the initial water variation is given as 0.0001[m] to keep the wave variation small. The domain
[0, 1] is divided into 250 cells for sufficient wave resolution. Since the problem is simple and stability is not
an issue, all terms in Eq.(10) to (16) are discretized using second order linear discretization. The effect of the
bottom floor shear stress is not included in this simulation.

The dispersion relations for the 4 different cases shown in Table 1 are compared. The result obtained
for the 3 different water depths hg is shown in Fig.4. As expected, the hydrostatic case has a constant wave
speed irrespective of the wave number. The results from the 3 non-hydrostatic cases all lie perfectly on their
assumed analytical curves from Eq.(40) to (41) validating the correctness of the implementation in its small
wave regime.

. 2
wave speed squared is defined as 5 =
0

4. Simulation of flow past a square cylinder

The applicability of the proposed NSWE to the evaluation of the lateral force of structures in open channels is
investigated in this section. The setup is as shown in Fig.5 and based on the experiments conducted by Qi et
al[6]. In the experiment by Qi, a square cylinder is set in an open channel 3[m] long and 0.5[m] wide and the
lateral force is measured. The initial water depth in the absence of the cylinder and the channel volume flux are
varied. Due to the presence of the square cylinder, the initial flow is disturbed upstream and downstream of the
cylinder. The upstream and downstream depths are measured to compute the Froude number of the disturbed
flow. When the blockage ratio, defined as the ratio of the width of the cylinder to the width of the channel, and
Froude number of the initial flow is sufficiently large, choking may occur in which the upstream flow depth
increases drastically.

In the simulation, the width of the square cylinder is set to 0.1[m] and the initial depth is set to 0.1[m]. 5
different channel volume fluxes varying from 0.013 to 0.065 [m3/s~!] (in increments of 0.013) are investigated
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Fig. 5 Setup of the problem for a square cylinder in an open channel
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Fig. 6 Flow patterns for choked flows
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for the 4 different cases in Table 1. The size of the computational domain is set to S[m], which is larger than
the experiment, in order to minimized the effect of the downstream boundary conditions. The distance between
the square cylinder and the inlet is not stated in the paper and set to 1[m]. The inflow and outflow treatment in
the experiment is also not stated, and thus in this experiment the boundary conditions are set as stated in Fig.5.
At the inflow boundary, the channel volume flux per width hug is specified and a zero gradient is enforced on
the water height. At the outflow, a zero gradient is enforced on the channel volume flux per width, and the
average water height is specified in the case of subcritical flow, and a zero gradient is enforced in the case of
supercritical flow. To minimize boundary reflections at the outflow boundary, a 1[m] long absorbing layer is
set in front of the outflow boundary. At the open channel walls a slip boundary condition is employed and at
the square cylinder a nonslip boundary condition is employed. The effect of the bottom floor shear stress is not
included in this simulation.

In OpenFOAM, all time derivatives are discretized using the Euler method. The convective terms for
the in-plane velocities ug, u; are discretized using either a half and half mix of the 1inearUpwind and
linear method or purely 1inearUpwind depending on the numerical convergence of the computation.
The convective terms for the out of plane velocities wq, w; are discretized using either the TVD monotonized
central limiter or the TVD Sweby limiter(5 = 2). The time discretization is set so that the Courant number is
kept below 0.125. The mesh is discretized so that near the cylinder the cell size is a 5[mm] square so that there
are 20 cells across the width of the square. Away from the cylinder, the mesh is graded to 3 times this size.

Fig.6a shows a schematic of the flow for a channel volume flux of 0.065[m?/s](hug=0.13[m?/s]) (referenc-
ing the experiment by Qi[6]) in which choking occurs. Fig.6b to Fig.6e shows the corresponding simulated
results. One observes that unlike the hydrostatic case, the 2 term non-hydrostatic case is able to reproduce
the fanning hydraulic jump observed in the experiment. The 1 term and Boussinesq non-hydrostatic cases
somewhat reproduce the fan but displays largely oscillating behavior compared to the experiment.

This difference in oscillating behavior can also be observed in the drag and lift coefficients(C'p and C7)
computed from the simulation. In this case, drag and lift coefficients are computed based on the disturbed
upstream water height and velocity (following the approach by Qi[6]). The time histories of the drag and lift
coefficients for choked and non-choked flows from Qi[6] are displayed in Fig.7a as a reference(the channel
volume flux is not stated in Qi’s paper). The simulated results for the 4 cases in Table 1 with volume flux of
0.065[m?/s](huo=0.13[m?/s],choked flow) and volume flux of 0.013[m?/s](hu=0.026[m?/s],nonchoked flow)
are shown in Fig.7b-Fig.7e. One sees from the experimental values in Fig.7a that the drag coefficient of the
choked flow is larger than the non-choked flow and that the lift coefficient is more oscillatory for non-choked
flows compared to choked flows. The difference in drag coefficients between the choked and non-choked flows
is more significant in the hydrostatic and 2 term non-hydrostatic case. The magnitude of the oscillatory behavior
of the drag and the lift coefficients in the 2 term non-hydrostatic case seem to match the experimental results
the closest.

In the case that the channel volume flux is increased from 0.013 to 0.065 [m?/s~!] with a fixed initial
water height of 0.1[m], the initial upstream Froude number increases linearly but the increase in the disturbed
upstream Froude number slows down due to choking. This phenomenon is also observed in the simulations.
The relationship between the initial Froude number and disturbed upstream Froude number is shown in Fig.8
for the 4 cases along with the experimental value from Qi. As choking occurs, all simulated cases start to deviate
from the straight line denoting equal initial and disturbed Froude number. However, the initial Froude number
at which choking initiates and the value that the disturbed upstream Froude number converge to seem to differ.
The hydrostatic case takes an almost constant value for initial Froude number larger than 0.8 as opposed to
the other 3 cases in which the disturbed upstream Froude number continues to increase. The simulated results
all seem to initiate choking at a larger initial upstream Froude number than the experiments. Among the 3
non-hydrostatic cases, the 2 term case yields the disturbed upstream Froude number closest to the experimental
results, though there is noticeable difference between the values.
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Froude number and drag coefficient

and disturbed upstream Froude number

© The 17th World Conference on Earthquake Engineering

10

- 5d-0015 -



5d-0015

17" World Conference on Earthquake Engineering, 17WCEE
Sendai, Japan — September 13th to 18th 2020

The 17th World Conference on Earthquake Engineering

Table 2 Required computational time

Case Computational time per | Max. possible time step | Required computational
required per time step for a fixed Courant No. time to compute a given
time interval
Hydrostatic 1 1 1
1 term,Boussinesq | 2 2 1
2 term 5 2 2.5

Remark: Each column is normalized by the corresponding hydrostatic case value.

The relationship between the disturbed upstream Froude number and drag coefficient obtained from the
simulations is shown in Fig.9 along with the experimental values of Qi. All non-hydrostatic cases are able to
reproduce the trend observed in the experimental results, such that there exists a peak in the drag coefficient,
but the disturbed upstream Froude number at which the peak is located is larger than the experiment and the
peak value itself is smaller. The 2 term non-hydrostatic case has the largest peak value, followed by the 1 term
case.

It should be noted that despite the fact that the 2 term NSWE solution is superior compared to the 1 term
non-hydrostatic and hydrostatic SWEs, the time required to solve each time step is larger since one must solve
more equations for more unknowns. The computational time required per time step, maximum possible time
step for a fixed Courant No., and the required computational time to compute a given time interval is shown in
Table 2, where each value is normalized by the corresponding hydrostatic SWE value. In the implementation in
OpenFOAM employed for the simulations, the 2 term NSWE require approx. 2.5 times and the 1 term NSWE
requires approx. 1 times the computational time required using the hydrostatic SWE to compute the solution
for a given time interval.

5. Conclusions

In this paper, non-hydrostatic shallow water equations(NSWE) derived from the Navier-Stokes equation and
continuity equation for incompressible fluids via the Galerkin method is presented. A linear profile with two
degrees of freedom is assumed in the depth direction for the in-plane and depth direction velocities, and a
quadratic profile with three degrees of freedom is assumed in the depth direction for the non-hydrostatic pres-
sure. The interpolation functions for the velocities are defined to be orthogonal to each other, as are the linear
and quadratic interpolation functions for the non-hydrostatic pressure, for better numerical conditioning. The
presented approach results in 9 equations in 9 variables with a formulation which has structure and is strictly
derived as a depth integrated equation.

Due to the addition of the non-hydrostatic components as well as the linearly varying velocities, the pro-
posed equations have a theoretical linear dispersion relation that closely matches the exact linear dispersion
relationship to a non dimensional wave number of approximately 10, and substantially better than the non-
hydrostatic shallow water equations involving the Boussinesq assumption. The proposed NSWE are imple-
mented into the opensource software OpenFOAM and the validity of the implementation is verified by compar-
ing the numerical linear dispersion relationship with the theoretical relationship.

The applicability of the proposed NSWE in evaluating the lateral force applied to building structures is
verified through comparison of simulated results with experimental results by Qi, in which the drag coefficient
of square cylinders set in open channel flow are measured. The volume flux into the open channel is varied
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with a constant initial water depth. As the volume flux is increased, the flow shifts from a non-choked state to a
choked state, which the proposed NSWE are able to capture contrary to the hydrostatic shallow water equation.
The fan like hydraulic jump for choked flows is properly reproduced as observed in the experiments, and the
oscillatory behavior of the drag and lift coefficients are similar to the experiments. The relationship between the
disturbed Froude number upstream of the cylinder and drag coefficient have the same feature as the experiment
but with a smaller peak drag coefficient and larger corresponding Froude number. Despite the advantages of the
proposed NSWE, it must be noted that since the formulation involves 9 equations in 9 variables, their solution
requires approximately 2.5 times the time required for the hydrostatic formulation in computing the same time
interval.

As future work, further investigation on the cause of the discrepancy of the drag coefficient with the exper-
imental results will be conducted through detailed analysis and comparison with numerical simulations from a
fully 3D CFD simulation.
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