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Sznopsis

A stochastic model based on physical arguments is proposed to simulate
strong earthquake records. This model permits generation of records of
strong earthquakes with prescribed magnitude on firm ground at moderate and
large distances and with any orientation relative to the causative fault.
It is developed from analytical and statistical studies concerning parame-
ters of the ground motion and source, such as the earthquake magnitude, the
length of the rupture, the rupture propagation velocity, the relative posi-
tion between the line source and the site of interest, the types, shapes,
amplitudes and periods of waves, frequency-dependent attenuation, multiple
wave reflection, the orientation of the records, etc.

1. Introduction

The previous models proposed for idealizing earthquake ground motions
have consisted of stochastic processes that fail to take into account known
physical features of the phenomenon. Certain parameters of such models have
been evaluated by fitting the average response spectra or the autocorrela-
tion function to the corresponding functions observed in real records. But
these models have not introduced explicitly most of the relevant physical
characteristics of earthquakes. These factors include magnitude, type of
source, relative position between site and source, types of waves and their
attenuation during transmission, multiple wave reflection, etc. These char-
acteristics determine such earthquake parameters as maximum ground accelera
tion, duration of the motion, arrival times of the different types of waves,
periods and amplitudes of waves, etc., which, at the same time, cause a
time variation of both the frequency content and the intensity of the motion.
The proper consideration of these two variations in a model for simulating
seismic motions would permit more accurate study of their effects on the
response of structures, particularly those structures with nonlinear behav-
ior, whose periods of vibration change with the amplitude of oscillation.
The object of this paper is to propose a model to simulate strong-motion-
earthquake records on hard ground that takes into account, at least in an
approximate manner, most of the pertinent physical characteristics of the
earthquakes and that yields predictions of the time variation of both the
intensity and frequency content of the motion.

2. Mathematical model for simulation of strong earthquake records

The model for simulation of strong-motion earthquake records proposed

(I) Respectively, Research Professor, National University of Mexico, and
Associate‘ProFesscr, Massachusetts Institute of Technology.
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herein considers fault breakage as the cause of tectonic earthquake motions.

2.1 Formulation of the model

Let the plane ABCD in fig 1 be the plane of the causative fault of the
earthquake to be simulated, and A be the perpendicular distance from the
fault trace to the site of interest. ’

The snergy released by the earthquake, W, can be computed as a function
of the (Richter) magnitude of the earthquake(1), M, by the equation:

log W = 11.4 + 1.4 M; W in ergs (1)

It will be assumed that this energy is radiated uniformly from a finite num
ber of points placed uniformly along a line. Each of these points will be -
called an "elementary source"; an index "e" will be used to identify parame
ters associated to elementary sources. Each relatively small elementary
source will be treated as a point source and Honda's theory(2) will be ap-
plied.

It is recognized that the location of the instrumental epicenter corre-
sponds to the point of initial rupture of the Fault(3). For this reason it
will be assumed that the line containing the elementary sources is located
at a depth equal to the epicenter's focal depth, H. The length of the fault
L, will simply be taken equal to its expected value as computed by the equa
tion(11,12) -

SR S -

as a function of the magnitude of the earthquake, M.
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‘ The total energy released by all elementary sources must be equal to
that given by eq 1. Let N be the selected number of elementary sources;
from eq 1

Wo=exp [2.3 (1.5 M+ 11.4)] = W (3)
and thersfore,
Me = M = 0.29 1In N (a)
will be the value of the elementary magnitude. The number of elementary
earthquakes to be used depends principally on the length of the fault and
on the capacity of the digital computer. For the earthquakes simulated in
this paper, N ranges between 25 and S50.
2.1.1 Pulse shapse
The sarthquake record will be formed by a random superposition of the
shear and longitudinal waves arriving from each elementary source. The waves

computed using Honda's(2 theory for a double-couple mechanism are heavily
damped and, for practical use, can be considered as single full pulses. The
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initial shape of the displacement pulse to be used is given by
%(t) = Aw? e ™! [(1 - 172/2) sin 2wt + 27 (cos 2wt - cos wt)
-(1—172)sinwt]; 0<t<T (s)

A value of m= 0.5 will be used in this paper. This number is sed pn the
values used in some previous models for earthguake simulati?g? 5,6,7) which
is considered to fit the observed autocorrelation functions '

The initial shape of S and P waves will be considered to be the same,
differing only in their periods and amplitudes; periods for longitudinal
waves will be computed by using a random number generator, assuming a log-
normal dtstribution with a coefficient of variation of 0.3 and mode, T,

given by 9)
~ O. MD-S
Y-2me[v]/E [a] =0.05 &% (6)
where
E = expectation
v = maximum ground velocity
a = maximum ground acceleration
R = dinstrumental focal distance

Periods for shear waves will be computed by multiplying P wave periods by a
factor equal to 1.7 according with the observations reported by Gutenbarg(101

2.1.2 Attenvation of pulses

The Q-constant criterion (or "per-cyclic" damping) will be used herein
to take into account the attenuation of the waves due to energ a?sorption
in the media. In light of the estimate made by Press and Brace(11 , that 80
per cent of the seismic energy is released at depths ranging between O and
60 km, tha value of Q will be taken equal to 250, a value apprppriate for
that depth according to data compiled by Rascén and Cornelll12), The earth-
quakes %o be simulated in this paper will have short focal depths (24 km).

The Q-constant criterion refers to harmonic waves. Therefore, if one
wants to know the attenuation of a non-harmonic wave, after it has traveled
a certain distance, it would be necessary to carry out a Fourier decomposi
tion of each pulse. For many pulses this process is very time consuming,
and therefore, (even though the value of 7 is relatively large) it will be

assumed simply that the only frequency components of the pulse are w and 2w
with initisl relative amplitudes of 1 to 1/2.

The attenuation phenomenon causes a change in shape and in frequency
content of the acceleration pulse with travel time and distance: an elonga—
tion of the ‘apparent period of the pulse is noticed due to the’ faster atten
uvation per unit distance of the h%g?er frequency components. This is in -

4

agreement with field observations and with some theoretical results ob-
taired by Sezawa(13) and Knopoff(14).
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2.1.3 Duration of ground motion

If a constant velocity of rupture of the fault, vr, 1s assumed, the dura
tion

St = d'/vr

will be the time for the breakage of the fault sectlon equal to the dis-
tance, d', between two elementary adjacent sources. The duration of genera-
tion of waves from each elementary earthquake, sg, will be considered to be
equal to

seugi— St ' (7)

where s is given by(1) 5 = 0.4 €0-74M yging Mg instead of M. The value of
the fault breakage velocity will be taken ta_be 3 km/sec, in accordance with
compiled empirical and analytical results(12). The implied total duration
of the motion at the site of interest is

s = (T1N + se) - r11 (8)
where T149 and TqN are, respectively, the arrival times of the first longitu
dinal wave of the first elementary earthquake and of the first shear wave

of the last elementary earthquake.

2.1.4 Superposition of waves

As stated above, the earthquake record will be formed by a random super
position of shear and longitudinal waves coming from each elementary sourcg,
the amplitude, ‘A, of each wave being affected at any time, t, by three re-
duction factors corresponding to spherical spreading, multiple reflections
and refractions, and attenuation, and by a randomly selected plus or minus
sign to take into account possible changes in phase of the wave due to re-
flections. and refractions. ;

These three reduction factors are given respectively by(12) !

A(t)/A(0) = 1/r(t) | (9)
A(t)/A(0) = e % k = 0.5 - (10)
a(t)/a(0) = s(78) (¥/T) (11)
where
r = traveled distance
T = 27/w= wave period

Let Tij and Tij be the arrival times of the ith longitudinal and ith shear
wave, respectively, coming from the jth elementary source. The acceleration
P~pulse at the surface, to be used at a time t will have the form
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2 -— — -—
Ry Tyq) m Ryg/Ryg) Ay vy exp [-nw, (e T;j) (tgy = Tpy) @3/2Q + 1))
{e'xp [—(Tij - le) wj/zQ] {<1 -n /2 sin ij (t - Tij)

+ 2n [cos ij (t - Tij) - o8 wj (t - Tij)]} (12)

- (1 - n?) sin wy (t - Tij)}; Ty <t 2Ty + 2-rr/(,uj

where

Rij = traveled distance "
A1j = amplitude of the first arriving P-wave coming from the j

glementary source

An equation similar to 12 can be constructed for S-wave by writing T4 j,
Rij, @j and Rij in place of TiJ, Rij, wj and Alj respectively. (In general
a bar will be used for the parameters associated with shear waves.

There are not enough data of Afj and Apj to permit fitting of probabili
ty distribution; therefore, considering that the amplitude of a wave is af-
facted along its trajectory by a large number of perhaps additive random
factors, a normal distribution will be used with parameters given by(12)

E[AM] = exp [2.35 (M - 1.39) ]
E[K”] - exp [1.67 (M + 1.21) ] (13)
o'[A“] = 8xp [1.85 M+ D.Dﬁ)]
0[7511] = exp [0.91 (M + 7.19)]

in which o denotes standard deviation. The method for obtaining these param
eters for j # 1 will be given below.

It will be assumed that each type of pulse coming from the jth slementa
ry source arrives at the site of interest following a Poisson process with
mean rate, vj, (mean number of pulses per unit time).

Vy(t-Ty4) = Vo + H(t - 'rlj—dt) [ep(t'rlj -4e) -1];

£ 271y (14)

where Voj is the initial rate, u is a constant(12) and H(.) is the Heaviside

step function. The values of Vv ; will be considered to be the same for all
j's and both for shear and longi%udinal waves, i.e.,

—

Vo3 ™ Yoy ™ Vo J=1,2, .., N (15)

Eq. 14 implies that the mean rate is assumed to be constant during the
time interval &t, the time required to rupture a fault length equal to the
distance between two adjacent elementary sources. After this interval an
increasing rate function is used because, due to the polarization of wawves

when reflected and refracted at soil interfaces, the number of waves in-—
creases with time,
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2.1.5 Variance of the Stochastic Process

Tt has been assumed that individual waves arrive at the site of interest
following a Poisson process with non-constant mean rate. The resultant
stochas?i process will then be a non-homogeneous-multiple-filtered Poisscn
process 8) with an influence function for each type of wave from each elemen
tary source given by -

w o= w(t -T, T, A‘lj) ' (‘IG)

The whole process will consist of the sum of pairs of independent stochastic
processes associated with each elementary source; one for longitudinal and
one for shear waves. The variance of the process will therefore be equal to
the sum of the variances of each elementary process.

The variance of an elementary process associated with P-waves, given the
value of wj, will have the form

var B 6,),5 (" +Tiy)]

J
T, .+t
13
2 2 2
= E[ AT, t- o D d (17)
Cagd [ w7 (omm @ g4 Opo0p) dT
T, ,+t=T,
13 J
where
R(f 8, ¢) (t, T1J) = acceleration pulses in the directions
v = B0 d defined by the- spherical coordinates,
r, 8 and ¢.
d = sin 20, cos ¢,
r s J ¢J
P, = cos2 QJ. cos dj (18)
CI>¢ = cOos GJ. sin qSJ,

Since the mean value of the process is zero, eq 17 will give the value of
E [%2(r,0,4), it 745)] . The zero mean follows from the fact that the val-
ues of Aq1j and Aqj can be positive or negative with equal probability.

After evaluating the integrals appearing in eq 17 one arrives at

) - &2 3 "2 -\ (t- T..)
L r,0,00,3 5 T1300= #7 (6,0) O5> 990 0y ElAy] e T30 1y
2
(le/Rij) v F(t- rlj) (19)
where
)\j=(wj/a) -+ 2K (20)

F = function of t - T1j(12)

A-1 &9



The expected square values of the process in the X or Y directions are

N -\, (t= T,.)
E[az(x’y)(t)] P E[A ]w (le/n v e 15

2
§=1
X F(t - le) Gp:(x,Y)’j
N _ s - _ T
+ Zs E[Al:;f] u)i (le/nij) v e 3 (67 Ty y)
31

x_FA(t.— tlj) Gs,(x,y)lj

where

N, N. = number of trains of S and P waves, respectively, which are
non-zero at the instant t,

and, for the case of vertical faults, (fig 1),

2,03
Sp,x,3 7 20 dj/RJ'

2 2 2 2
Sa,x,q = (B/R) LW/e™ + (@y/p)" (A = 205 [R))]

2 3
=24 R
ép,y,] dj/ J

2 2
8s,y,j = (44/Ry) 2oy [ Ry - 1)

. - A 3
59,2, 2H dj/R

84z, (HAd /p R) [Qa- 20j /R ) /pj l/Rj]
where

« : th
dJ = distance from the j elementary source to the projection of the
' site of interest on the line containing all the elementary sources

Hj = . focal distance to the jth elementary source

;)? = 'd§ + H2
In eq 21 we do not know

at this point, the values of the parameters
L, Vo, E [AgJ and E [Aerj

for j # 1.
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2. 1.6 Computation of H

The value of the arrival rate exponent, [ , is computed by making the
variance of the last train of 'shear waves; at the time s, be a predefined
fraction, ¢, of its maximum mean square-value. In this way the contribution
of. waves arriving at a time after s will be neglected and, therefore, only
‘the strong .part_of the record will be simulated.. In this paper, ¢ = 0.1
will be UBPdl12)y : ‘

2.1.9 Computation of E [Afj] and E [Kfj] :

The values of E [A%j] and E [K%j] for j # 1 are computed in such a way
that- the mean energy density per cycle at each elementary source be the same
for all P and S waves respectively. Owing to this assumption and because the
“mean .rate of waves for each elementary source is assumed to be the same, the
" total expected energy released by each elementary source will also be_iden-
" tical. Detailed analytical results are given by Rascén and Corne1l1(12),

.2.1.8 Computation of the Initial-Rate Value of Waves, Vg

Determination of .vg requires a relationship betweean the expected peak
.acceleration and a representative root mean square value. Several theories
exist for estimating the probability distributions of the peaks and of the
first passage times of a stationary random process(15,16). To the authors'
knowledge there is no way to relate the ensemble root mean square value of
a non-stationary process to the expected peak of the process. The equation

"'. E [a ] Jo = /2 ./ 1n (2s/7) (23)

‘derived from some results given in ref 16 for a stationary process, will be
used, and a correction factor, that takes into account the fact that the
process used herein is not stationary, will be estimated from the simulation
.results. '

.~ In this paper records in several directions will be generated for the

' same ‘earthquake at the same time; the time variations of the root mean
square values are generally different for each direction but they will be
only computed in the directions parallel and perpendicular to the causative
- fault. The value of o to be used in eq 23 will be computed in a manner ex-
. plained below. '

Let ax and ay denote the maximum ground acceleration in the records
oriented as X and Y respectively. Let:dg and (Tg be the maximum values of
the variance in those directions; these values can be computed by using
eq 21 up to the factor vg. Under the assumption that

y (24)

| ax/ o =»ay/ o
one obtains

.ay/ay - a/o | | - | (25)



where -
a = (ax+ay) /2

" 5« (o +0,) /2 (26)

There is not published an empirical correlation between maximum ground
acceleration and orientation of the record for a given magnitude and focal
distance. Esteva and Rosenblueth's empirical result for expected maximum
ground acceleration(9) was obtained for assumed point sources by mixing the
data for different orientations. For this reason the values obtained can be
considered to be an average of the maximum ground accelerations taken over
all directions of the records. Following these arguments it will be assumed
that

a=E [a] (27)
and |

o =0 (28)

The value of vg can then be computed by combining eqs 23, 26, 27 and
28 (see ref 12).

3. Simulation and results

In order to facilitate simulation of the analytical model developed
above, it is desirable to evaluate the process: at discrete, fixed interval
time steps. An "equivalent" stochastic process employing random se%ection
of the waves to be simulated at each time point can be constructed 12) which
greatly simplifies the computer generation of sample functions of the model.

In order to check the proposed model for future simulation of strong-
motion earthquake records, artificial samples of three known seismic motions
will be generated. In this process, for the El1 Centro, Calif., 1940, and
for the Taft, Calif., 1952, earthquakes, the observed lengths of the ruptured
faults will be used, while for E1 Centro, 1934, the expected length must be
adopted, in absence of field evidence. Fig 2 shows the interprete? relative
positions between the sites of interest and the causative faults. 12?

Fig 3 shows the time variation of the theoretical variance of the
stochastic processes associated with the E1l Centro, 1934, earthquake. These
variances correspond to the motions in the directions parallel and perpen-—
dicular to the corresponding causative fault. It is observed that the root
mean squars value differs markedly from the constant value associated with
stationary models. These results show that the root mean square value of the
motion is a function of the orientation of the record relative to the fault,
and that, in some cases, it is possible to get the maximum ground accelera-—
tion in the first few seconds of the record when only longitudinal waves are
arriving. This statement is confirmed in fig 4 which corresponds to a simu-—
lated record of the El Centro, 1940, earthquake parallel to the fault. This

record can be compared favorably with the widely published NS component
acceleration of this sarthquake,

Fig 5 compares observed and artificial elastic response spectra for the
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Taft, 1952, earthguake. The spectra were obtained after normalizing all the
records to have the same maximum ground acceleration as the real earthquake
being simulated. This normalization was necessary to permit a one-to-one
comparison between the samples of the simulated process and the only availa
ble sample of the real process.

In general the agreement between artificial and real spectra has been
satisfactory. In some cases the artificial spectra give smaller values for
large periods. This difference could be due to the fact that surface waves
are not considered during the simulation process; for such reason it is con
venient to add them in the model. -

Fig 6 shows the graph of the ratio of the sgquared maximum ground accel-
eration, 33' and the variance,<7$, of the process in the perpendicular direc

tion to the fault, to the ratio of the same parameters associated with the
parallel direction. It confirms that the hypothesis made in Section 2.1.8 is
reasonable, i.e., that a§ﬁ7§ = aiﬂ??.

To correct eq 23 which was derived for a stationary process, for the
class of nonstationary stochastic process used herein, the average of the
maximum ground accelerations in eight different directions was computed for
each simulated earthquake. The ratio of this average simulated m x}mum accel
eration to the expected value of the maximum ground acceleration?9 was cal
culated for each earthquake. The average of these ratios was 1.45, This suﬁ
gests that the coefficient given by eq 23 must be divided by 1.45 in order
to get, on the average, the mean maximum ground acceleration equal to its
expected value. Therefore, the following equation is proposed instead of
eq 23 for computing this ratio

E[a] /o =/1n(2s/7)" (29)

where E[a] is the expected maximum ground acceleration(g),a'is the average
of the maximum standard deviations of the processes associated with the di-
rections parallel and perpendicular to the fault (X and Y directions) which
are obtained from eqg 21; s is the length of the record, given by eq 8 and T
is the mode of the wave periods (eq 6). The results obtained by eq 29 for
the examples presénted in this paper, are between 2.1 and 2.3 which are quite
close to the value of 2.5 related to Levi's nonstationary processi17).

From the results given above and in ref 12, it is concluded that the

- physically based stochastic model for straong-motion-earthquake records simu
lation, is quite satisfactory. This model makes possible statistical studies
of responses of structures on firm ground at instrumental focal distances
between 20 and 500 km and with any orientation and relative position between
the site of interest and the causative fault.

-
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