Low Cycle Fatigue under Multi-axial Stress Conditions
by Koji Mizuhata*
Synopsis

In this paper, low -ycle fatigue of the thin-walled cylinder of alu-
minum alloy 7075-T6 subjected to the combined axial and torsional load has
been studied and its applications to the earthquake resistant design of
structures have been considered In the exper.ment, a fatigue machine u-
tilizing the electrohydrailic servomechaniam was constructed. The experi-
mental resuits showed the linear relationship between the total octahedral
shear strain range vs. the number of cycles to fracture on 4 log-log graph
paper. It is shown that these results can be applied to the earthquake
resistant design due to the earthquake-like random load.

Nomenclature
A:zxxyz Ratio between uniaxial and shear strains

do: Fractional number of cycles at a certain strain level

'dYoct: Incremental octahedral shear strain amplitude

E, G, v: Young's modulus, shear modulus, and Poisson's ratio, respectively
h, r: Thickness and radius of the thin-walled cylinder, respectively

k k , k : Strength coefficients for tension, shear, and octabedral

, :
thos oct shear, respectively

L: Gage length

My, Mu: Yield and ultimate twisting mowents, respectively

N, Nt: Numbers of cycles to fracture

Dys Dgs B L0 Strain-harden.ng exponents for tension, shear, and octahed-
ral shear, respect.vely

p(voct): Probability density function

t, t': time, and the time when the stress or strain range is maximum,

respectively
: M ial constants
a, ut, us, aoct’ C, Ct, Cs, Coct ater
e __: Maximum princip. 1l strain range

max

AEP. AYP: Uniaxial and shear plastic strain ranges. ‘espectively
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aex, Ad: Conventional and true axial strain ranges, respectively

6g , Ac': Conventional and true axial stress ranges, respectively
X X

At t’QAYoct: Octahedral shear stress and strain ranges, respectively
o

Arxy’ Ayxy: Shear stress and strain ranges, respectively

AW: Strain energy per cycle
€, 6: Conventional and true strains, respectively

§_: Conventicnal and true fracture strains, respectively

€ £

f’
Principal, shear, and octahedral shear fracture strains

E.co Yer Y :
1£7 7F7 oct,f respectively

€0 €y €,: Normal strains in x, y, 3and z directions

B, 8_: Angle of twist and fracture angle of twist, respectively

£
g, o': Conventional and true stresses, respectively
Oss €41 Principal stresses and strains, respectively (i=l, 2, 3)
O oy, 0, Normal stresses in x, y, and z directions, respectively
cy, 0. Yield and ultimate stresses, respectively

T, y: Shear stress and strain, respectively

T : tahedral shear stress s i i

oct® Yoct Octahedra r and strain, respectively
Y__: Shear stresses and strains on planes perpen-

dicular to the x, y, and z axes and parallel
to the y, z, and x axes, respectively

Txy’ Tyza szt nya szu

Ty, T Yield and ultimate shear stresses, respectively

¢: Phase difference between axial and torsional loads
w: Circular frequency of cyclic load

Introduction

The fatigue problem has been being treated in the elastic range since
long time ago. Recently, however, it becomes necessary to know the behav-
ior of material in the plastic range subjected to large stresses or strains
because severe conditions are applied due to the recent technological de-
velopment. Low cycle fatigue is defined to be the fatigue in which the
number of cycles to fracture is from—-to 10000. In the case of building
structures, the members often break due to comparatively few cycles of
large fluctuating load, when dynamic loads, such as earthquakes and typhoons
are applied. Lately, atomic piles and aircrafts have become to be used in
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high temperature and the thermal fatigue problem has been highlighted and
followed by the low cycle fatigue problem because of analytical similarity.
In the thermal fatigue problem, elongation and contraction caused by tem-
perature change is constrained and the fluctuating stress appears. There-
fore, strain becomes meaningful as a parameter. In the low cycle fatigue,
since materials go beyond the yield point and get into the plastic region,
it may be appropriate to control strain instead of stress. In addition,
the material behavior is more stable during strain cycling than during
stress cycling. For these reasons, the strain controlled test are usually
used in the low cycle fatigue strdies. Based on this fact, Manson and
CoffinYfirst proposed the relationship Ae N%=C in the uniaxial test, where
Ae_ is the plastic strain range, N the nugber of cycles to fracture, and o
and C constants. After that, many numbers of experiments have - been conduct-
ed and various kinds of equations and methods of analysis have been propos-
ed by many Investigators. However, these have been done mainly for the uni-
axial case and there are few strdies for the multiaxial case. These low_cy-
cle fatigue studies have already been reviewed well by some scholars?)"vS
The fatigue problem may be treated in the following stages according to the
scale of the model: (1) Atomic Scale, (2) Crystallograghic Scale, (3) Mate-
rial Mechanics Scale, (4) Structural Member, and (5) Assembled Structural
-Model. Although the studies on fatigue have been done in all the above
stages, it 1s not possible to explain completely the behavior in one'stage
from those in other stages. In this study, the stages (3) and (4) have
been considered. The previous studies on low cycle fatigue may be classi-
fied as follows: (1) Damages by Sequential Loading, (2) Effect of Mean
Stress and Strain, (3) Effect of Multiaxial Stress Conditions, (4) Effects
of Temperature and Cyclic Loading Rate, (5) Change of Mechanical Properties
during cycling, (6) Effect of Stress Concentration, (7) Bending Fatigue,
(8) Size Effect, and (9) Effect of Pattern of Loading. Multiaxial stress
states were generated in the previous low cycle fatigue studies as follows:
(1) Torsional Cycling or Combined Axial and Torsional Cycling, (2) Bending
of Thin Wide Plates, (3) Bending of Circular, Oval, or Rectangular Plates
Supported Simply along Eges, (4) Anticlastic Bending of Rhombic Plates, and
(5) Combined Axial and Internal Pressure Cycling, etc.. In this study, the
biaxial low cycle fatigue where the combined axial and torsional deforma-
tions are applied synchronously or nonsynchronously on the thin-walled cyl-
inder of aluminum alloy 7075-T6 is dealt with, and it is considered how to
correlate the low cycle fatigue problem with the structural dynamics.

Experimental Studies

Aluminum alloy 7075-T6 was used as material in the experiment. This
is a kind of semi-ductile material. Chemical composition of this material
is as follows: Al 90.0%, Zn 5.6%, Mg 2.5%, Cu 1.6%, Cr 0.3%. This material
is classified crystallographically into the face centred cubic crystal. The
mechanical properties of this material according to Ref.(6) and the author!
s tests are shown as follows: Young's Modulus=10.4x106psi, Shear Modulus=
B.QXlOspsi, Poisson's Ratio=0.33, Yield Strength=70ksi, Tensile Strength=80
ksi, Elongation in 2in=10%, Hardness H_=150, Melting Point=1035*145°F,
,Strain-hardening Exponent=0.11, Streng%h Coefficient=115700psi. The mate-
rial uséd was supplied by an aluminum company with the shape of seamless
pipe with the outer diameter of 1}in, the internal diameter of lin, the
wall thickness of -Hin, and the length of 3ft. :

The specimen used in the experiment is drawn in Fig. 1. The ;pecimen
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has the total length of Q}in, the internal diameter of lin, the gage length
of 1lin, and the wall thickness of 0.05in in the gage length portion. The
specimen has the thread and the key-way in both ends to fix the specimen to
the testing machine. The shape of the specimen is determined by copying
the plastic torsion specimen of ASTM Standards, so that there occur neither
stress gradient in the thickness direction nor static local buckling. The
specimens were cut out of the original seamless pipe. Their surface was
not polished.

A new testing machine has been constructed so as to conduct the combin-
ed axial and torsional low cycle fatigue test. This testing machine can
give the specimen synchronously or nonsynchronously the tension-compression
and the cyclic torsion independently. The electrohydraulic servomechanism
is utilized in this machine and the hydraulic pressure follows the electric
input signal. The capacity of this machine is determined by considering
those of all machine parts in the whole. As the results, the capability is
limited by the hydraulic pump which has the flow capacity of 1l5gallon per
minute under the hydraulic pressure of 2000psi. The cyclic loading rate de-
pends on the input signal moter in this machine. For the rate of 8rpm, the
gain is unity and the phase differnce is zero as the results of the system
analysis. The machine consists of the following parts: (1) Mechanical part,
{2) Electric Part, (3) Hydraulic Part, and (4) Recording Part. The mechan-
ical part is the part to set up the specimen at the specified position and
to. transmit the hydraulic force controlled electrically to the specimen.

The electric part contains the input signal generator, the power supplier,
and the servocontroller, etc.. The hydraulic part generates the hydraulic
pressure and gives this to the mechanical part. The recording part meas-
ures and records the stresses and the strains on the specimen with time.
The interrelation among these machine parts is shown in Fig. 2. This ma-
chine has two independent channels.

In the experiment, the necessary and sufficient quantities should be
read. The following quantities may be considered: For the axial motion,
Pressure, Stress, Deformation, and Strain; for torsion, Pressure, Shearing
Stress, Twisting Angle, and Shear Strain. For the purpose of energy con-
sideration, these quantities must be read continuously with time. However,
if appropriate calibration tests are done statically for each channel, all
the above quantities need not to be recorded in the case of cyclic combined
‘test. Measurements and recording were done as follows:

(1) Axial Motion: The pressure was recorded by reading the pressure
gage equipped right before the port of the actuator for both tension and
compression. The stress were recorded by a pen recorder as the output of
the strain gages put on the load cell parallel to its axis. For the strain
gage, the axial direction component of a steel compasated resette foil gage
was used. The deformation was measured by the dial gage fixed on the die
set. The dial gage reading shows the elongation of the total length of the
specimen plus the backlash of the thread. This quantity can be read out
~also as the electric voltage by means of the feedback LVDT(Linear Variable
Differential Transformer) fixed on the same die set. The output of the LVD
kr?ﬁﬁaa b&_r&curdeé continuously by a cathode-ray oscilloscope with a memory.
The strain in the gage length was measured by both the extensometer attach-
ed to the specimen and the strain gage and, at the same time, directly by

telescopic gage and a micrometer. The output of the extensometer was
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recorded by the pen recorder. In the uniaxial test, the relationship Lu-
tween the extensometer reading and the telescopic gage reading was first
plotted for the static test and, then, for the cyclic tests the strains
were obtained from the continuous reading of the extensometer by using thiu
diagram. In the combined test, the relationship between the strain range
by the strain gage put on the specimen and that by the dial gage was first
plotted for the typical tes , and then, for other cyclic tests, the strain
range was obtained from the dial gage by us.ng the diagram. For the strain
gage put on the specimen, the dynamic post yield foil strain gage was used.
The schematic diagram for reading the axial motion is shown in Fig. 3(a).

(2) Torsion: The pressure was read out by using the pressure gages
right before the ports of the actuator for both the clockwise and the anti-
clockwise directions. The shear stress due to torsion was measured by
means of four active gage method by using four strain gages put on the load
cell in the direction of 45° from the axis and recorded by the pen recorder.
For the strain gage the orthogonal component of the same rosette foil
strain gage as that for the uniaxial case was used. The twistipg angles
for the gage length and between the grips can be read out by using the pro-
tractor installed on the specimen and the angular scale drawn on the wall
of the bearimg housing, respectively. Also, the rotary motion can be ob-
tained by converting it into the linear motion by the device attached to
the axis of the rotary actuator and then by reading the linear motion by
the LVDT. This LVDT is also the feed back transducer for torsion. The out-
put of the LVDT can be read on the cathode-ray oscilloscope. The shear
strain can be measured by two strain gages put on the specimen in the direc-
tion of 45° from the axis by means of two gage method. For the strain gage,
the post yield resette foil gage was used. In the experiment, after it 1is
rade sure for the typical test that the strain by the strain gage agrees
satisfactorily with that obtained theoretically by the protractor reading
of the twisting angle, the strain was determined only by the protractor
reading for the other tests. The schematic diagram of the recording system
in the torsion test is shown in Fig. 3(b).

The following seventy-six tests were conducted: (1) One Uniaxial Stat-
ic Test, (2) Twenty-one Uniaxial Fatigue Tests, (3) Two Torsion Static
Tests, (4) Nineteen Torsion Fatigue Tests, (5) One Combined Axial and Tor-
sional Static Test, (6) Eight Combined Axial and Torsional Synchronous Fa-
tigue Tests with the Strain Ratio A=Ay _ /A48=2, (7) One Combined Axial and
Torsional Static Test with the Strain Kitio A=1, (8) Three Combined Axial
and Torsional Synchronous Fatigue Tests with the Strain Ratio Asl, (9) One
Combined Axial and Torsional Static Test with the Strain Ratio A=3, (10)
Three Combined Axial and Torsional Synchronous Fatigue Tests with the
Strain Ratio A=3, (11) Eight Combined Axial and Torsional Nonsynchronous Fa-
tigue Tests with the Strain Ratio A=2 and the Phase Difference $=90°, and
(12) Eight Combined Axial and Torsional Nomsynchronous Fatigue Tests with
the Strain Ratio A=2 and the Phase Difference ¢=45°. These tests were plan-
ed according to the following idea: In order to compare the previous re-
stlts with the same material, the range of the number of cycles to fracture
has been selected to be from-§-to 2000. Except the uniaxial tests which in-
clude the preliminary tests for the purpose of watching how accurate the
machine worked, four or five strain levels were ¢hosen and on each strain
level three tests were conducted. For the combined tests, the ratio of the
axial and the torsional strains of 1:2(A=2) and the phase difference of
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zero ($=0) were selected as the standard case. The strain ratio of 1:2
gives the same damage to both the axial and torsional strain gage if one
uses the three element right angled rosette strain gage. The strain ratios
were taken 1:1, 1:2, and 1:3, and the phase difference were 0°, 45°, and 90°¢
With the expectation that the test results for different ratios may appear
on the straight line on the log-log plot of the octahedral shear strain vs.
the number of cycles to fracture, only four tests on different levels in-
cluding the static test were conducted for each ratio of strains. For the
phase differences other than 0°, that is, nonsynchronous case, the strain
ratio was selected to be 1:2 only, to know only the effect of phase differ-
ence. For this series, two specimens, one of which has 3 strain gage, were
tested for each strain level. Besides the above mentioned plan, a small
number of arbitrary variations were added.

Analysis -of Experimental Results and Discussions
In the following, the experimental results are analyzed, plotted, and
then discussed.

(1) Oniaxial Test

(a) Uniaxial Static Test (Tension Test)}. The uniaxial static test
gives the basic data of the material. Both the conventional and true
stress-strain curves are plotted by both the regular and the log-log scales.
The stress was calculated from the output of the strain gage put on the
load cell. The strain was calculated from the output of the strain gage
put on the specimen. The origin of the stresg-strain curve was adjusted.
The true stress was calculated by the formula o'zo{1+ec), and the true
strain was calculated by the formula 8=log (l+e), where o and o' represent
the conventional and the true stresses, regpectively, and € and & the con-
ventional and the true strains, respectively. From the conventional sStress-
strain curve, the following basic data of the material have been obtained:
Young's Modulus E=9x10%psi, Yield Strength o _=7lksi, Tensile Strength ¢ =
81.5ksi; Ductility e_=12%, §_=11.1%. From the log-log true stress-straln
lipe the material cohstants have been obtained as below: Strain-hardening
Exponent nt=0.109, Strenth Coefficient kt=115700psi.

(b) Uniaxial Fatigue Tests. Twenty-one fatigue tests were conducted
including the static test which corresponds to N34, AS=2e_, where N repre-~
sents the number of cycles to fracture vs. the true straip range are plot=-
ted on the log-log graph paper as shown in Fig. 4. The strain range was ob-
tained from the range of the extensometer reading by extraporating the stat-
ic range in the calibration diagram between the extensometer reading and
the micrometer reading of the telessgpic gage. The octahedral shear sStrain
range has been calculated by BY 246. These are plotted later in Fig. 6
with the combined case. Fracture is defined to be the abrupt considerable
reduction of stress on the pen recorder when the pretty big sound is heard.
Crack propagated from 70%v90% of number of cycles to fracture. However, no
considerable stress reduction could not be seen on the pen recorder duping

the crack propagation. Position of the crack initiation was not definite

for lower cycles, while for higher cycles the crack initiated on the bound-

‘ary between the straight portion and the curved portion. This may be be-

Nef s
uthg‘exparimenta; points are found to drop below th

‘285?

¢ansgﬁqf the stress concentration. In Fig. 4, the experimental points are
connected into one straight line giwen by ASN t=C_, where a =0.24% (0.28 if

included) and C,=0.10 (0.13). For the cycIes less than about 100,
e line. This is because
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of the fact that the buckling mode appeared after some number of cycling
and this mod: became bigger and bigger, therefore, the real local strain
pecame higher tnan calculdated from the Ji: set movement. un the other nand,
slaricon and Hirschberg7) got u1=0.ﬂ. Tne discrepancy may be caused by how
to obtain the true stralu. Intnisstudy, the true strain is rather averag-
ed along the gage lengrth becauze tne strain was calculated from the die set
movement, while in Manson-Hirschberg's work, the local true strain was di-
rectly measured from the reduction of area. The cyclic hysteresis loop is
plotted. The third cycle of N=39 has been chosen, because for earlier cy-
cle the loop is not stable, while for later cycle the strain gage is deteri-
orated. According to Morrows), the stress-strain curve become stable in
the cycles less than several percent of number of cycles to fracture. In
the cyclic hysteresis loop, the cyclic strain-hardening exponents were cal-
culated to be 0.35 for tension and 0.21 for compression.

(2} Torsion Test :

(a) Static Torsion Test. Two static tests were done. The torsion
stress-strain curve has been drawn for one of them in which the better
strain gage was used. This curve was drawn in the regular and the log-log
scales. By this test, the following results have been obtained: Shear Mod-
ulus G=3.36x10%psi (observed), or 2.38x105psi (calculated from the Young's
Modulus), Yield Stress t_=34800psi, Ultimate Stress t_=43700psi, Fracture
Strain y_.=0.38, Yield Twisting Moment M =30121b-in, UYtimate Twisting Mo-
ment Mu=§784lb—in, Fracture Angle of Twist 6 =0.806rad (41°), Strain-harden-
ing Exponent ns=0.124, and Strength Coefficient k =56600 psi. The shear
stress was obtained from the strain gages put on the load cell and the
smaller shear strains from the strain gage put on the specimen. The frac-
ture angle of twist was read by the protractor set up between the gage
length, and then, from this value, the fracture strain was calculated. For
the large angle of twist, the shear strain obtained from the rosette strain
gage does not show the real value, therefore, the strain was calculated
from the observed angle of twist by the formula y=r8/L, where y denote the
shear strain, r the radius of the specimen, 6 the angle of twist, and L the
gage length. The twisting moment has been calculated the obtained shear
stress by the formula M_=2mr’ht. This was checked by the moment obtained
from the pressure gage sSet up at the pressure ports of the rotary actuator.
The shear modulus obtained from the experimental stress-strain curve has
been compared with the calculated value from the Young's modulus obtained
from the tension test by the formula G=E/2(1-v). The negative slope of
the stress-strain curve after the maximum stress is reached ‘seems to be be-
cause of twisting buckling caused by the principal compressive strain. The
octahedral shear strain at fracture, also, has been calculated for the pur-
pose of comparing with other states of strain and is plotted on Fig. 6.

(b) Torsion Fatigue Test. Nineteen torsion tests including two static
torsion tests were conducted. Two of them resulted to run out. The shear
strain ranges vs. the number of cycles to fracture have been plotted in Fig.
5 in the log-log scale. The octahedral and principal strains were calculat-
ed by Ay :/EAY /3 and A =AYy /2, respectively. The shear strain
range wa8<8alculi¥ed from tggxangfg of twist read on the protractor between
the gage length. Relationship between the shear strain and the angle of
twist was also calibrated in the static test. In Fig. 5 a linear relation-
ship between the shear strain range and the pumber of cycles to fracture in
the log-log scale has been obtained as AyxyN S=Cs, where as=0.34 (0.38) and

B-2

37



38

‘ T
For theBiaxial ¢

¢ =0.32 (0.41). Fracture is determined by considerable reductuion of &_
stress. Previously, Halford and Morrow?) obtained the expression as Ay NZ2=
¢ for the sclid specimen of 755 aluminum alloy, where Ay  denotes the Blas—
tic shear strain range. For low cycle range, the differeBce between total
and plastic strains is negligible. The discrepancy of these slopes may be
caused by the buckling mode of tubler specimen. Crack initiated at the
crossing point of two hills caused by the compressive principal stress for
large strain and crack propagated along the direction of axis for all tor-
sional tests. The octahedral shear strain ranges vs. the number of cycles
to fracture are plotted in the log-log scale later in Fig. 6 to compare oth-
er strain conditions. A typical cycling shear stress-strain curve is plott-
ed. From this curve, the cyclic strain-hardening exponent are obtained to
be n_=0.21 and 0.27. Stress and strain were obtained from the strain gages.

(3) Derivation of the Principal Stress and Strain and the Octahedral
Shear Stress and Strain for the Combined Axial and Torsional Case.

For the combined axial and torsional case, the strain states are

€€ , € =-¥€ , € =-ke_, Y =Y, Y =Y =0, (1)
from whick th¥ griﬁcigél stPainbeldne Y2 *%
= = - = .
E% &té:% QEE +uyxx ,-22 %e %i95x2+uy Z, 23.~%ex (2)
The octahedral shear Strain for the general- case is
Yy =%(e -¢ )2+(52—e )2+(e -e)211/2, (3)

For thgcgiaxia} c%se, under consideration of incompressibility, el+52+e3=0,
Expression (3) turns our as

Y .= e 2+e e, +e,2]1/2, (4)
Substi®itin Expressign ?2) into Expression (4), one gets

vy =18{3e 24y 231/2, (5)
ﬂupingogjcling, the*¥trains are expressed by

€_=Ae_sipwt, y_ =8y _ sin(wt+é). (8)
Substifutii Eq.(G)XXntoxfxpression (5), one obtains

vy =87 38e 2sinZwt+dy 2sin2(uwt+¢)]}/2. (7)

In order to get the time whél the octahedral shear strain becomes maximum,
one lets dy /dt=0, then

tan2utngAy2 sin2¢d 3Ae 2+Ay  2cos2¢). (8)
For the synchrongﬁs case, ¢§0, th€ octahedral shear strain is maximum, when
sinwt is maximum. For ¢=90°, Eq.(8) turns out as tan2wt'=0, then wt'=0°,
30°, 180°, .... For /3Ae >Ay__, the maximum occurs when wt'=390°, 270°,....
and the maximum value y x XSQAE =1.414%Ae_ and at this time, ¢, .=Ae_,
fe /2. For /§£ex<Ayxy,°%ﬁém%§ximu§ occurs when wt'=0°, 180°,....7and the
maximum value is’y =4Ay__=0.816Ay__, and at this time, €. =AYy /2.
For ¢=45°, Eq.(8) %ﬁ;ﬁ?agut asx¥an2wt'=—x¥ 2/pe_2 and at this %1%e ny

Y =j§[3&e 2(1-cos2uwt!' ) +Ay _Eﬂl+§¥n2mtx)]l/z, (9)

oct a /v X i Vi JLS T v =

€ o?72lAe V1-cOs2ut'+/Aae Z(1-cOs2ut™)+uay_2(1+tsinzut')11/2/8. (10)
wt'shouig be carefully chosen sO as y is maximim. For the true strain

expressiuns, one has only to change eg%¥o 6.
For the combined axial and torsional case, the stress states are

. @.=0 , T_=T_, 06 .=¢ =1 __=1__=0, (11)
then tﬁe ﬁringg‘afystPXSSES e =X
=30+ 35‘)2+T Z, o,=%0_-/(Fo 1Z+1_ 2, 0_=0. (12)

LB { R
KThefpu%ahegral shear H¥ress®for¥the ggnerafycaseais

=3 (o —ﬁ2)2+(u -0 )2+(03-a‘)2}1/2. (13)
ase, EXpréssion (l%) turns out as

B-2



= 2.0 2_ 1/2 '

Toer; 321 M) .°1°g] : ) . (%)
Substitu 12§ Exgre831on 12) into Expression (1l4), one obtains
T =%4qlo
oct b

. +3"cx 271/2 (15)
During Cycling, the Ytresses are expressed by
o_=Ao_sinwt, T_ =A1__sin(wt+d). (16)
Substifutif Eq.(lG%yintéyExpression (15), one obtains
T =/%tAo 2sin2wt+3AT_ 2sin?(wt+¢)]11/2/3. (17)

In orde% to getxthe time wh&% the octahedral shear stress becomes maximum,
one lets dy _/dt=0, then .
tan2uwtTE53AT 25in2¢/(Ac 2+3A7T 2c0s24). (18)

For the synchronoﬁg case, ¢=0, the &¢tahedral shear stress is maximum, when
sinwt is maximum. For ¢=90°, Eq.(18) turns out as tan2wt'=0. For Ac_>v3x
At , the maximum occurs when t=90°, 270°, ..., and the maximum valud 1

o ¢ . For Ao </5hr » the maximum occurs when t=0°, 180°, ..., an
PRE maximum value ¥ =1§A1 . For ¢=45°, Eq.(18) turns out as tan2wt'’
=-3A1 2/Ao 2 In ESEé@%T, thex¥ime'for the maximum octahedral shear

X X . ..
stressyand Strain do not coincide.

act,

(4) Combined Axial and Torsional Synchronous Test

(a) Static Combined Test. Three static combined tests were done. One
of them has the axial and shear strain ratio of 1:2; one does that of 1:3;
the other does that of 1:1. The important data in these tests as the basis
of fatigue test are the fracture stress and strain, which are expressed by
means of the octahedral shear stress and strain or the principal stress and
strain, and the strain data are obtained as

M =0.274, €,.=0.191, €, .=-0.129, €,.=-0.061 for the ratio of 1:2,
Yggz’§=0.l7l, gigzo.lQl, €§§=—0.067, e§§=-0.054 for the ratio of 1:1,
and vy ’f=0'28l’ elf=0‘195, e .=-0.131, 63f=—0.064 for the ratio of 1:3.

These 83%& have been plotted wi%g the fatigué data in Figs. 6, 7, and 8.
The octahedral shear stress-strain curve for the strain ratio of 1:2 have
been plotted in the regular and the log-log scales as a reference. The
strain-hardening exponent and the strength coefficient have been obtained

from this curve as n c =0.117 and kO t=50357psi. These values are compared
with the value calculSfed from the S¥5tic tension test as follows: 0oot™
0.109, k =52600psi. The principal and octahedral stress and strain were

calculat@d by using Eqs.(12), (2), (17), and (7) from the axial true stress
and strain and the torsional shear stress and strain obtained from the
strain gages put on the load cell and the specimens, respectively. The cal-
ibration diagram showing the relationship between the die set movement and
the axial strain gage reading has been used for obtaining the strain from
the die set movement in the combined fatigue tests. On the other hand, re-
garding the relationship between the angle of twist and the shear strain, a
theoretical curve was used, because the theoretical and experimental lines
coincide. The failure lines on the specimen in these tests were seen to
have the larger angle from the axis of the specimen for the larger strain
ratio, that is, the axial strain is larger. )

(b) Fatigue Tests with the Strain Ratio A=2. Ten available tests in-
cluding two static tests were conducted. One of the two static tests could
not reach fracture because of unexpectable electric power break, but it =
went beyond the strain gage ability. Results of these ten tests have been
plotted on the log-log graph paper in Fig. 6 to show the relationship be-
tween the octahedral shear strain range and the number of cycles to frac-
ture. The relationship between the maximum principal strain range and the

1
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number of cycles to fracture are also shown in Fig. 7. The principal and
octahedral shear strain ranges have been calculated from the axial and tor-
sional strain by using the expressions (2) and (12). The axial and torsicn-
al shear strain ranges were obtained from the diagrams between the die set
movement and the strain and those between the angle of twist and the shear
strain, respectively. Both in Figs. 6 and 7 the octahedral shear strain
ranges vs. the number of cycles to fracture for the tension test and the
torsion test are also plotted to compare the effect of strain state. Goto'
s data for the rhombic specimenslo) and Shewchuk's data for the oval plate
specimensll) are also plotted in Fig. 6. These results drop exactly on the
torsion fatigue data in this study. For the combined case the octahedral
shear strain range vs. the number of cycles to fracture has appeared a
straight line with the slope of 0.23 (0.36 including N=4). While for the
axial fatigue tests, the slope is 0.24 (0.28) and for the torsion fatigue
test, the slope is 0.34 (0.38). These discrepancies of the slopes for
three kinds of tests are found larger for lower than about 100cycles than
for higher cycles. This may be because of the complexity of the fracture
mode in the lower cycles, that is, for the combined case in the low cycle
range, the fracture initiated at the crossing points of the two hills of
buckling in the compressive direction, when it was applied by tension.
Therefore, the local strain seemed to be much larger than the average
strain calculated from the die set movement and the twisting angle or the
strain gage with the length of—&in. This may be one of the reasons why the
maximum principal strain range has less scatter than the octahedral shear
strain range does in lower cycles. Another reason of the discrepancy is
the definition of the axial true strain like as mentioned in the tension
test. After the crack initiated the specimens were torn obliquely. The
fracture was determined when the stress reduced considerably. This occurr-
ed at the same time as the specimen was torn.

(c) Fatigue Tests with-the Ratios A=l and 3. For each strain ratio,
four fatigue tests including one static test were conducted. The results
have been plotted on the log-log graph paper in Fig. 8 to show the relation-
ship between the octahedral shear strain range and the number of cycles to
fracture for both ratios. The process dealing with the experimental data
was the same as in the case of the ratio A=2. 1In Fig. 8, the log-log plots
of the octahedral shear strain range vs. the number of cycles to fracture
for both cases appear straight lines with almost the same slopes 0.19 for A
=1 and 0.22 for A=3. Comparing these two lines to the line for the ratio A
=2, the lines for the ratios A=l and 3 almost coincide with the line for A
=2. Consequently, the effect of strain ratio is found to be negligible, if
one uses the octahedral shear strain range. Variation of the principal
strain state for the combined axial and torsional case is from 1:-%:-% for
the uniaxial case to 1:-1:0 for the torsional case and it is not so large.
The modes of fracture for three different ratios of the axial and torsional
s$trains are naturally different. For smaller value of strain ratio A, the
fracture line is almost the same as the uniaxial case where it is perpendic-
ular to the axis of the cylinder. For larger value of strain ratio, the
main crack was similar to the torsional case and the subsequent crack ap-
'peared obligue. The crossing hills by compressive strain was also observed.

(5) Nonsynchronous Fatigue Tests with the Strain Ratio A=2

Two phase differences of 45° and 90° between the axial and torsional
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strains have been chosen. Since there is no difference in the biaxial be-
havior between clockwise and anticlockwise twisting, the phase difference
of 180° gives the same effect as that of 360° does. The phase difference
means that the twisting angle is ahead the zero axial deformation by the
angle of ¢. The static angle of twist of ¢ was given the specimen prior to
the static axial load. Eight fatigue tests have been done for each phase
difference. The results have been plotted on the log-log graph paper in
Fig. 9 to show the relationship between the octahedral shear strain ranges
and the number of cycles to fracture. In Fig. 9, the results for the phase
difference of zero which is the synchronous case are, also, plotted ior the
purpose of comparison. The octahedral shear strain was calculated from the
axial strain range and the torsional shear strain range by using Eq.(12).
In Fig. 9, the plots are connected into straight lines for both cases. tow-
ever, some discrepancy can be seen among three lines. The slopes are meas-
ured to be 0.18 for 45° and 0.21 for 80°, which are compared to the slope
for the synchronous tests. The line for u45° lies below that for the syn-
chronous case and further the line for 90° lies below that for 45° if one
takes vy calculated by Eq.(9) along the ordinates. As far as one
oct,max . . . .
uses Y _ . oo derived in Eq.(9), this can not neglect the phase difference.
On the o%ﬂer hand, for instance, if the total energy to fracture vs. the
number of cycles to fracture have been plotted on the log-log graph paper
as shown in Fig. 10, for all the phase differences of 0°, 45°, and S0°,
this diagram shows no distinct discrepancy caused by the phase difference,
although scatter is large. In this case, the energy was obtained by adding
the areas of both the axial and the torsional shear stress-strain hystere-
sis loops which were recorded by the strain ranges on the load cell and the
specimen. In this case, the steady hysteresis loop was selected. The area
inside the hysteresis loop, i.e., the dissipated energy can be a parameter
but can not be explained theoretically yet. Regarding the mode of fracture,
the crack propagated in zig-zag way, that is the crack perpendicular to the
axis first, the oblique crack subsequently. In some specimen for ¢=45°,
the cracks were seen everywhere on the gage length.

Low Cycle Fatigue Problems in Earthquake Resistant Design

During earthquake, randomly varying loads are applied on structural
members. In this case, the random loads are not direct earthquake motion,
but response of the vibrating system with such restoring force characteris-
tics as related to the hysteresis curve of the material, itself. Therefore,
the analysis of randomness should be done about the response. Up to the
present, there are pretty many studies on high cycle fatigue under randomly
varing loads? but only a few on low cycle fatigue. Since the structural
members often go into the plastic region during large earthquake, low cycle
fatigue is more important than high cycle fatigue for the earthquake resist-
ant problem. In order to apply the random fatigue theory for high cycle to.
low cycle, the stress range for high cycle fatigue has to be rewriten into
the strain range for low cycle fatigue. Further, since the strain state in
structural members is usually the combined one, the octahedral shear strain,
for instance, has to be used as the parameter. With the above-mentioned
in mind, the following assumptions are laid in the application of random
fatigue theory to the earthquake resistant problem: (1) The linear damage
hypothesis is approximately applicable, (2) During cycling, almost steady
stress-strain hysteresis curve is hold; in other words, the mechanical prop-
erties of the material is not much changed, (3) Effect of the cycling rate
is small in low cycle fatigue, (4) Ramdom process is stationary and damage
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by non-stationary mean strain is arithmetically added to that by the sta-
rionary fluctuating strain. The purpose of the study is to estimate the
1ife of the structural member under the randomly varying load of y ct%t
from the results of tension test and Yoo N relationship obtained $56m the
constant amplitude test. For the randomiy varying strain, the linear dam-
age hypothesis is expressed by
IJ%L= 1 (19)

where dn is the number of cycles at a strain level between Yoot and Yoer?t
dy . Let p(y Ydy be the pobability that a given strain cycle ath
ha¥€ "an amplituggtbetwggn Y and Y +dyoct’ This probability will be ob-
tained by using one of the cdounting P6EhodS In Ref.(13) from y oVt curve.
Then, the number of cycles dn will be given in terms of the to%af number of
cycles Nt by

dn=th(¥ )dy (20)

oC oct
Nrp(yoﬁfgdync‘f =1 (21)

By the linear relationship of YoctMN on the log-log paper, one has

ay  N%=ay, N.%

(22)
Substituting N of Eq.(22) i8%s Bq.(%ﬁ?ta%d rewriting &y

‘ % into cht, one
obtains . y ‘ 1 .
p:"‘cx:t)(woci: 1¢
Nt J N l"f dTOCt =1 (23)
Y, 1 lpct’

ok, i .
If the y___oN relationship can be extended to the static test, Eq.(23)

turns ougcgs 1
Yoot mox. Y ya
oct _
4N JTP(?oct){QY ) doep =1 (24)
aekman. octf

With this equation, one can estimate the total number of cycles Nt' The
experimental varification is not done yet.

Conclusions

The followings are concluded:

(1) The experimental results showed the linear relationship AsNO2%=Qi0,
for the uniaxial case, Ay_ N03%=0.32 for the torsional case, and Ay _ N®23
=0.13 for the combined sygghronous case on the log-log paper. Howevg%, the
slopes of these lines were found to be more gentle than that by Coffin. The
discrepancy may be because rather averaged strain was measured inthis study.

{2) In the range of the number of cycles to fracture of more than one
hundred, y__ "N relationship was found to coincide for all the test except
the nonsynchironous test. In the cycle range lower than one hundred, the
mode of fracture was different from that for the higher cycle range and it
is so complicated that the above mentioned discrepancy may have appeared.
For the lower cycle range, the data of the torsion test drop a little above
those for other tests.

{3) The results of torsion test coincided with those of the bending
~oval plates and of the anticlastic bending test of rhombic plates.

V7t§&fnbnsynchvonaus test, it is suggested that other kind of
uch as hysteresis energy per cycle should be used.
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(5) For the random fatigue caused by earthquakes, it may be possible
tc calculate the probability density p(y ) and then to determine the
total number of cycles N by Eq.(23) or Eq (24).
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