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ABSTRACT

A method for calculating the earthquake response, the normal modes
and associated natural periods by new analytical model of multistoried
buildings, considering horizontal distribution of mass and stiffness, floor
deformation, building shape, etc., are described and illustrated. For the
seismic design, the author studied fundamental problems of buildings with
deformable floor, the effect of the horizontal length of buildingss the effect
of the plan shape of buildings, the effect of the stiffness distribution of the
floor and the columns and the effect of the traveling velocity of earthquake
motion, by examples.

INTRODUCTION

We have carried out many studies on the dynamical analysis on the
building due to earthquake motion by using the multi-mass models which
mass is concentrated at each floor portion equal to the total mass of each
story, and whose stiffness is equivalent to the total stiffness of each story,
by rigid floor. However, in actual buildings, whoee horizontal dimensions
become large, the floor must be deformable. This fact-is quite important
thing for the seismic design of structures.

In many earthquake damages of buildings, the author has found the
great difference among the damage of columns of the story by their hori-
zontal positions, particularly the difference is the greatest in the buildings
with irregular combined plan. The vibration problems of this type of build-
ing can not be considered by the use of the usual analytical model. There-
fore, the author has established a new analytical model which have defor-
mable floor systems.

In this case, the floor system of building which consists of beams and
slabs, is replaced by the truss type framing, such as ordinary replacement
of the walled frame by the truss type framing. At the same time we have
many studies on reflacement of the wall panel b the X shape diagonal brac-
ing by TANABASHI®), oNiTAKE(?), MmaTSUI( (g ODAKAF“) and others.

Lecturer, Institute of Descriptive Geometry, Faculty of General
Education, Kobe University. Member of Architectural Institute of Japan.

(I) The vibrational analysis of the buildings considering floor deformations

were studies, however, the general property of the buildings with floor de-
formation have not been obtained yet. -
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On the other hand, YAMADA(IZ) shows that many experimental results
of horizontal floor deformation and seismic wall deformation are explained
to be in good agreement with the results calculated by the following expre-
ssion (beam theory) :

0= 156 KH single paneled frame) (A)
(5457 + Paa )Q (single p

d . deflection

Q: shearing force

H: length of the shear span

E: Young's modulus

G: modulus of rigidity

J moment inertia of cross section

A cross sectional area

K: coefficient of shear deformation by cross section

ar B coefficient of correction

a1 , B%50.5 (in floor)
The deformation of single truss frame with X shape diagonal bracing is
2 2 )
H3 (L°+u5) %
3= ( s+ > )Q (B)
2ARLEL ZAJQEL

Anp: area of cross section-of frame
Ag: area of cross section of bracing
L : length of span

In both expression, the first term denotes the bending deflection and
the second term denotes shear deflection. Equating to both second terms,
equivalent area of the diagonal bracing for the panel is obtained as follows.

L 2
b+ ()
Ag= td= 7 td (C)
K L
4(1 -v) 5 °
t thickness of panel
d : diagonal length of frame

The value of 7 calculated by using this expression and other expre-
ssions are shown in Fig. 1 by the ratio of H/L.

There are great difference among these value 7. This fact is import-
ant. More experimental studies should be done. In this paper, however,
the property of horizontal deformation is more interested than the accuracy

of quantity 7 , because floor deformations of buildings due to earthquake
motion were not yet reasonably estimated.
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The author used following computers in this study
OKITAC 5090 OKI DENKI  JAPAN
Main core memory : 4000 words
Magnetic tape : 2 channels
(CONPUTATION CENTER OF KOBE UNIVERSITY)
FACOM 222 FUJI TSUSHINKI JAPAN

Main.core memory : 4000 words
Magnetic tape : 2 channels
(CONPUTATION CENTER, TOKYO INSTITUE OF TECHNOLOGY)
HITAC 5020 HITACHI JAPAN
Main core memory : 65000 words

(COMPUTER CENTER, UNIVERSITY OF TOKYO)

EQUATION OF MOTION OF THE MOLTI-STORIED BUILDING

In this paper, the objective of analysis is limited to the ordinary space
frame structure, which is assumed to be multi-mass system.
Assumptions are as follows :

Assumption 1 All masses of the floor portion of each columns of each
stories are concentrated to one mass system. (See Fig.2)

Assumption 2  Each floor of the building is the truss type framing con-
structed with beams and the X-shape diagonal bracing such as equivalent
to floor slabs regarding these horizontal deformation. (See Fig.2)
Assumption 3  Each column of the lowest story of the building is fixed at
the foundation to the rigid layer. -
Assumption 4 Relation of relative displacement of each member of this
floor truss to their restoring force is only extensional mode. Relation of
story displacement of the columns to their restoring force is only. shear
type flexural mode.

Assumption 5 Damping of structure is of viscous type, and value of the
damping force is the following expression.

0
LANESRT:
g : relative displacement of structural member
K stiffness of structural member
T coefficient of dampinhg

Assumption 6 To consider only two horizontal components, which are
parallel to the frame of structure.

Assumption 7 Earthquake motion applied to this multiple degree-of-
freedom structures is supposed to have two horizontal components and
some. difference of transmitting time of ground motion for each basement
of the building by the velocity of propagation of earthquake waves.

. Selecting the certain Cartesian coordinates (o, x, vy, z), z axis is.
vertical direction, x and y axes are parallel to floor framing, for the
multiple degree-of-freedom system. (See Fig.3) The relations between
positions of particles on the same horizontal floor level are independent
of z coordinate. ' Therefore, the relative displacement between i-th parti-
cle and j-th particle in r-th floor level is

dij=(x?-Xir)cos'9~~+(Y§'Yf)sinoi‘ o

J 1, )
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X, Y 1 displacements in x and y direction of particle. . ‘ .
Superscript r denotes r-th floor, subscript i or j denotes i or j-th particle
and subscript i, j denotes member of floor framing, from i-th particle to
j-th particle.

Considering neither expansion nor contraction of columns, story deflec-
tion of column are also independent of z coordinate. Then the relative dis-
placements in x and y directions between i-th particle on r-th floor level
and i-th particle on (r-1)-th floor level are

+1 +1 r :
0;’: = xf -X; (2)
r,r+l_ r+l r
A R S

where superscript r, r+l denotes the member of story, from r-th floor
level to (r+l)-th floor level and subcript ix and iy denote the positions
and the directions of the value.

Then the equilibrium of motion at i-th particle of r-th floor level is as
follows

»

r Ur r-l,r sr-1,r r-1,r r,r+lir, rtl r, rtl
M Xy +Chy 'aix +F(Jix )"Cix '0132 - F(Jix )

znj H 3 ¥ 37 =0
T UG 94, tF(95)pcosly 5 =

a 3)

T, uT r-1l.r jr-l,r r-1,r r,r-l rr,r-1 r,r-l
LURR SRC » 05y T UHF( 35y ") - Cyyt e2yy - F(iy )
‘n{r b7, +F(31;)}eint =0

PGy diy P ) peind s
M mass of i~th particle on r-th floor level

C damping force depending on relative displacement

F(2): restoring force depending on relative displacement

n

. summation of values for all j-th particles which are connected
j=1" with i-th particle

Considering the hysteresis of structural member, which is of bilinear
type with yielding point, restoring force expressed as follows

F(2 )= k6 4 g6

(4)
k(s).

stiffness of structural member which is the slope of the force-~
deflection curve at the stage S
¢(8) solid friction at the stage S

Substituting Eqs, (1), (2), (4) into Eq, (3) and assembling the equations
for all particles, the equation of motion of the multiple degree-of-freedom
system have the matrix form as follows

{U} +cca{0} + (x3{u} + {£} = {o} (5)
M mass matrix
K X stiffness matrix
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CcJ damping matrix

{ f } column solid friction vector
U}: column displacement vector
where

)| s L [ ) {{z}l} Cgmerely . \Kmr,m
) (Kysd IOy

pRGE

{ } {Yr} ’ {ﬂ}:

-4 (v}, Ccl= rCk3

EKf] : stiffness matrix of floor framing, diagonal partitioned matrix
EKSJ : stiffness matrix of vertical members, tridiagonal partitioned matrix
(KP) : stiffness matrix of floor framing of r-th floor level

CKE: T+13: ¢tiffness materix of one story, which is r-th floor level to (r + 1)-th
1loor level

Let the column displacement vector to be in the form

{v} = {v°) + {7}

{UO}: . column ground dlsplacement vector
{ur}: . column relative disphcement vector of r-th floor level to the ground
level

expression (5) is converted to expression (6)
0 {8} +Cca{a} +CxI{u} + {f}=-00 LU} -Cca{0°} -x{u%}

Eliminating the equation (7) that gives ordinary shear type motion from
expressicn (6), expression (8) that is equlibrium condition of floor deforma -
tion is oYtained as follows
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- I3 {0°} (7)
-Ccfj{ix‘-"} - KU (8)

O {d} + Cediu}+(xd{u} +{%]}

il

(Co {3} + (KD {u} +{f}

3

NATURAL MODES AND ASSOCIATED NATURAL PERIODS
The free-vibration equation for an undamped linear system, appears
as

CMIE} + CK) {u} =0 (9)
from Eq. (6) whén the excitation EMJ{'L}O} "{-CCfJ{ch’} +(Ked {U®} , the

friction {f} and the damping (CJ vanish. If a solution for {u} is assumed
to be in the form

: {u} = Re{U i@t} (10)

where {U} is a column vector of unknown amplitude, ® is an unknown frequ-
ency, i is the square root of -1 and Re{ } signifies ''the real part of. By

substituting into Eq. (9), itis found that {U}and ® should satisfy the follow-
ing algehraic equation

(xJ{u} = oTM){U} (1)

This algebraic problem is the well-known the matrix eigen value problem.
Then the frequency equation is

det ( CK) - @(M)) = 0 (12)

As examples, the author calculates for following four types of building,
such as ‘
1. Building with relatively narrow and long plan
2. Building with irregular plan, that is of box, channel and L shapes
%, Building with various stiffness distribution of seismic elements,
such as column and wall, on the same story
4. Building with various horizontal rigidty of floor framing

To calculate these examples, the "power method' was used for the numeri-
za: analysis,

BUILDING WITH RELATIVELY NARROW AND LONG PLAN

For the effect of horizontal dimension of building to free vibration,
the natural modes and asociated natural periods of one storied buildings
with relatively narrow and long rectangular plan and with uniform stiffness
distribution and uniform mass distribution are calculated

"These examples are

narrow side lgngth . long side length

1 span 4 span

1 span ' 8 span

1 span - 24 span
weight of mass w ton
stiffness of column w ton/cm

stiffness of member of floor 20w ton/cm
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Natural modes of vibration shows periodical floor deformation which
divided into two types of floor deformation such as bending type and expan-
sion type. Natural periods are shown for their ratio to the period of equiva-
lent one mass system. Relation of half wave length of floor deformation to
their ratio of the period to equivalent one mass system are shown in Fig. 4.

BUILDING WITH IRREGULAR PILAN
shape of plan .
L - type 'both length of wing portion is four span :
[C- type both length of wing portion is four span and central
portion is three span ‘
[} type length of each four side is three span

weight of mass ’ w ton (uniform distribution)
stiffness of column ‘ w ton/cm( " )
stiffness of member of floor 20w ton/cm( "o )

Natural modes and the ratio of the associated natural periods to the
period of equivalent one mass system, are shown in Fig.5. Relation of
wave length through the wings for floor deformation of these natural modes
and associated periods are good agreement to those of the buildings with
relatively narrow and long rectangular plan,

IN \
STIFFNESS DISTRIBUTIONIINVTHE SAME STORY '

For the effect of the distribution of the seismic wall, six types of one-

storied bulding are calculated. The standard building in these examples
have no walls, uniform mass distribution, and stiffness distribution on the
same story and for the same floor framing. Other five buildings have eight
panels of walls whose total stiffness are three times as long as total story
stiffness of the standard building mentioned above, and these distributions
are shown in Fig. 6. ’

weight of mass w ton
gtiffness of column w ton/cm
stiffness of wall 75 w/8 ton/cm

stiffness of member of floor 20 w ton/cm . ‘ o

In Fig. 6, natural modes are shown by diagram and associated natural
periods are shown in the diagram for their ratios to the fundamental period
" of translation of standard building. The fundamental periods of five build-
ings with eight walls for each floor deformation such as translation, rotation,
bending and expansion are shown again in Fig.7. The fundamental periods
of translation mode of every buildings are longer than those of the building.
with rigid floor. In the case of the concentrated wall distribution near the
symmetrical axes of the building in both x and y direction, the periods of
rotation mode become longer than those of translation mode.

HORIZONTAL RIGIDITY OF FLOOR FRAMING

" For the effect of the buildings wi th various types of floor such as rigid
slab, prefabricated slab and no slab, four types of building are calculated.
‘Four types of building have the same mass distribution and stiffness distri-
bution on the same story which have uniform stiffness distribution of column
system and have one wall on the one side gable end. (See Fig. 10)
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Building No. Kp / K¢ Kgq / K¢

1131 12 24
1132 1.2 2.4
1133 0.12 0.24
1134 12 0.24
Ky : stiffness of beam of floor framing
Kq : stiffness of diagonal bracing of floor framing
K¢ : mean stiffness in the story

The calculated periods are shown for the ratio to that of equivalent
one mass system. FEach five natural modes and associated periods for
both bending mode and expansional mode are shown in Fig. 8, and also
the effect of the horizontal rigidity to the periods are shown in Fig.9.

EARTHQUAKE RESPONSE

""Linear acceleration method'" is used as a numerical analysis of
Eq. (6) with an electric digital computer. The Eq. (3) is written as
Eq. (13) for i-th particle of r-th floor level at time t.

n
o, T r r,r+l -1, r r r, r+l o, r+l
A (M, + @, + 22 @ cos?), )- ' . A%
x i, t i ix ix j=1 i, 1,3) aix x it

n
T r

- 22 @, sinl, cosl,
) J::l 1,) 1) 1,)

r-1,r o,r-1 b T o, T 2 0
@ A -25 @’ . A7 cos 4+ A"
ix  x i,t j=1 Ljx Jht i, y 1

n o,r

- 23 A @ 0 9 r o r,r+l r,r+l r, r+l
F . . :S . . . PRI . e . ? . ’ !
FF1yRa T 5,590y 0080y S oMy Ay et AT Py x 1, t-1
Tr,r+1 + Dr,r+1.Kr,r+1+fr,r+l _ Ar-l,r. ﬂr—l,r vr—l,r r-l,r
ix x i,t-1 ix ix x i,t-1 ix x i,t-—l' ix

r-Lr r-1l,r r-1l,r n { o r ‘
- DKo T e T (A L + AT . g7
¥t 1 ISTRNE T LA B S S N

+v5. ¥ + DY KT 6 ° L&k *
X 1;Jlt-1 Ti!J x i’J’t-l i)j)cos i’j * (YAi:j!t ai:j +YAi’j)t"1

-B .r .+ Vr . . Tr + Dr T i : 0
1,] y i’j’t-l i)j y i’j’t-l Ki'j) 81n0 i:J ¥ fl:j cos i—;J ’
AP’I(M‘I+ a.r,r+1+ ar-—l,r+ )_E: al 20 r,r+l o,r+l
. . .8n 0. .) - o . ’
Yy i,t 1 1y 1y j=1 1,) 1'3) iy )'Ai,t



r-1l,r o r—l n 0 r 0,7 -« r
s 2 . ’ CZ N . .si PN .
ix A > ¢ sin’ 2. .+ A 2l si.nﬂ1 cosf

it j=1 i, _]Y Js i,j x 1t =1 i, ] 2] i, ]
n o,r T +1 r,r+l r, r+I
- . 0 .= - r P
| IE xAJ, %, 5810 ,Jcosﬁ i,j M: YA1 ¢t YA t—l BiY +YV1,t 1
r,r+l r, r+l r,r+l r,r+l r-1,r r-1,r 1, 1
. ’ . . ': 3 R . ,ﬁ. ’ I~ T r-1,Tr
Tiy +yD1.t—l K iy +f1y YAl,t-l iy yV1 t- 1 iy
n
r-1,r ,r-1,r _r-l,r { r T
Ty 1,tl Kiy "fly + ;2;1 x IJ,tai,j+ xAi,j,t-l'ﬁi,j
T . r r . o .. r r
+Xvi,j,t—1 T i)j + xDi,j, £-1 Ki,j)cos 0 i,_]+ (YAiijl t ai,j+ YAllJl t-1

T T LT T T . T .
. B + V.. t-1 Ti,j+ D. . 1 K. .)sin 0, . +f. . }Bmﬂi,j . (13)

Li oy L y Ll t-1 74, i,j i,
where
@ =CAT/2 - KAT?/6
B =CAT/2 - KAT?/3
7 = C -KAT
a,b _ ,b a _ ,9,b o,a
Aot Thc,t ~ A p T At - AL
c _ aC T ,C  _ ,,0,cC o,c o o
Al bt =8y, - Bt = Bbit-Agle) - Ay ¢ - A, )
o _ A0 o
Aa. b,t = Ap e T Aat
A : acceleration
V : velocity
D : displacement
AT : time increment
superscripts a, b, c : a, b and c-th floor level
superscripts o : ground level (basement)
formerly subscript x, y : x and y direction
subscripts a, b, c : a, b and c-th particle
subscript t,t - 1 : t and (t - 1)-th time

The value V and the value D have the same arrangement as value A,
Then combination of two superscripts denotes relative values for A, V
and D, or members of the story for K, f, @ ,8,7 and also combination
of two subscripts with exception subscript t and t - 1 denotes relative
values for A, Vand D or members of floor framing for X, f, @ , 8, 7.

In these expression the values with subscript t - 1 are given at the
prevmus step, M, 6 , C/K,ATare constants, and AO tis g1ven by
input data at t. Then stiffness K and friction f are as sumed to take con-
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stant values during small interval AT. And so unknown values are

- - -1
o, T o, T o,r o,r o,r-1 % 1 o,r-1 Ac?.r
xAi"t, yAi,'t' XAj,t’ YAj,t’ XA'i,t , yAl,t xA.l ¢ P YA
only . The number of unknown value is 2N, that is twice the total number of

particle, and there are same number of equation, so unknown value A, t
are given as the solution of this algebraic equation at each step. Velocity V
and displacement D are given by the following expression

V_ L, t= (A ,ttA_ ¢ )&T/2 4V L

2
D__,._'t =(‘A___’t/6 + ,A.____.t_l/?’)AT + V-——-o,t‘—l AT + D___'_. t-1
In next step these value A, V_ _ ¢, D__ tare used for A__ .1,
A\ t-1 D _, t-1» these solution are obtamed step by step.
— o

As examples, the author calculates the one-storied buildings with small
horizontal extent, for reasons of the limited capacity of the computer and the
limited time for the calculation.

These buildings, which are presented in this paper, have the same plan-
shape, total mass and total stiffness of story. However the various stiffness
distribution on the story and for the floor framing, two mass distribution and
four types of velocity of propagation of earthquake waves are considered.

Each distribution of the buildings calculated are shown in Fig. 10. In the
number of four figures for the building, first figure denotes type of mass dis-
tribution, second figure denotes type of stiffness distribution in x-direction
of story, third figure denotes stiffness distribution in y-direction of story
and fourth figure denotes type of stiffness distribution of floor framing.

In these examples, earthquake motions used for calculation are EL centro
May 18, 1940 N-S component (in x-direction of the building) and E-W compo-
nent (in y-direction of the building) only, and its direction of propagation is
that of 30 degree anticlockwise to x axis, and its period of duration is three
seconds for reason of the calculation time.

Maximum values of relative displacement of all structural members obtain-
ed by this calculation, are shown in Fig. 11, 12, 13, 14,

'STIFFNESS DISTRIBUTION IN THE SAME STORY
In Fig. 11, the buildings with symmetrical distributions in both x and y

directions, suchas No. 1111, 1121, 1211, show the same maximum value of
the story deflection and in the case of the building with unsymmetrical dis-
tribution of mass and story stiffness, and with no eccentricity between both
centers of gravity and story rigidity, such as No.2141, story deflections are
similar to those of the buildings with uniform distribution, but in the case of
the building with eccentricity between both centers of gravity and story rigidity,
such as No. 1131 and 2111, story deflections are different from those of the
case of no eccentricity by the effect of rotational motion.

42 A-3



However, maximum values of relative displacements of members of floor
framing in the case of the buildings with non uniform stiffness distribution of
story show the larger deflection than those of the building with uniform dis-
tribution.

STIFFNESS DISTRIBUTION IN THE SAME FLOOR

Fig.12 shows that the rigidity of floor framing gives large influence to
the relative displacement of structural members of the buildings subjected
to earthquake motion.

In the case of these examples, when the stiffness of the members of the
floor framing is more than ten times as much as the mean value of the stiff-
ness of columns, the floor system of its building can be regarded as the rigid
floor in the horizontal direction.

EAR THQUAKE MOTION

Fig, 13 shows that the effect of the difference of earthquake motion for
each basements to relative displacements of structural member is unnegligi-
bly large.

In these examples, only transmitting time of earthquake motion is con-
sidered. Regarding earthquake motion for each basement of the building,
not only the transmitting time but also the pattern of earthquake waves should
be considered.

OTHERS

This study does not give any conclusim s on the plastic deformation of
floor framing of the building yet, however Fig. 14 shows that the plastic
deformation of the story differs for each column.

CONCLUSION
By this ‘study, the author obtains the following things.

In the case that the building is not large, the stiffness of the members
of floor framing is more than ten times as much as the mean stiffness of
columns, the floor system of its building can be regarded as the rigid floor
in the hor1zonta1 direction.

In case of the building with relatively narrow and long rectangular plan
whose dimension of long side is large sufficiently, or with irregular combin-
ed plan, whose total length is large sufficiently, and in case of the building
with small stiffness for its floor framing, the floor deformation due to earth-
quake motion should be considered in its seismnic design.

The effect of the unbalanced stiffness destribution of the story of the
building increases the member stress of the floor framing not only for
a portion of unbalanced stiffness but also for a portlon far from unbalanced
portion.
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The difference of earthquake motion for each basement, whose trans-~
mitting time is considered only, is influence to the result of the deformation
of the building, therefore acceleration records of earthquake must be more
accurate for its horizontal extent.
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Fig, 12

of the building No.1121, 1123, 1124, 1131, 1132,
1135.

of the building No..

A-3

Maximum relative displacement of the all structural members

1133, 1134,
The figure, in the diagram, denotes the fourth figure
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Fig.13 Maximum relative displacement of the all structural members
of the building No. 1131 for the four types of velocity of pro-
pagation of the same earthquake waves. The number in the
diagram denotes this velodty in m/sec..
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Fig. 14 Maximum relative displacement of the all structural members
of the building No. 1131, Examples for the effects of the
building with bi-linear force-deflection curve and with damping.
Number 0. 039 (=h), in the diagram, denotes C/K = 0.005.
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