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SYNOPSIS

Propagation of plane harmonic waves in a layered; elastic half
space is considered. Using transfer matrices, the speciral density
matrices are obtained. Then, a band=limited white neise spectral
density function is assumed for the longitudinal and transverse pare
ticle velocities at the seurce. Spectral density matrices are ebitained
at the surface fer various configurations ef the layerso

INTRODUCTION

Spectral analysis ef streng metion earthquakes and their simul a=
tion has been a widely studied subject in the pest twe decades.
Usually by a spectrum, a response spectrum is meant which is the
relationship beitween the peried of a single degree ef freedom system
with the maximum response of this system te a given excitation. Response
spectra are very useful in the design eof earthquake resistant struce
tures if the design criterion is the maximum value of a respense quan=—
tity such as deflection er stress. When the design criterion is the
total erergy absorption capacity, however, respense spectra fail to serve
as quidelines te the design engineer. Here, the tetal energy input eof
the earthquake is required. To be able te obtain an estimate of this
energy, the spectral demsity function is necessary.fhe spectral density
function of the earthquake record depends en the spectral density funce—
tion at the source and the frequency response function of the path on
which the seismic waves propagate. Therefore, two basic idealizations
are necessary te solve the probleme The basic assumption on the spectral
density function ef the seurce is that the shape of this function is
the same as the prebability density functien ef the frequency content
of the motion. The simplest of these functions is a band=limited white
noige assumption, i.e.

Sw) = 8, for tu1<3x:<fu% and S(w) = 0 otherwise 1.1

It is alse assumed that S(w) is time independent, in other words the
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source mechanism preduces a process which is at least weakly statio=
nary in time. Although the stationarily assumption is net strictly
valid since the metion is of finite duration, the fact that the motien
dies and does net indefinitely increase allews fer this stability
assumption at least on a physical basis.

The path characteristics on the ether hand require assumptions
about the mediume Basically a horizontally layered medium on top ef
an elastic half space is considered. These layers are arbitrary in
number and thickness and are elastic, hemegeneous and isotropic within
themselveso This idealization may be insdequate from a practical
standpoint however, because it requires the Lamé constants and thick=
nesses of all the layers from the focus of the earthquake to the sur—
faces Here, it is convenient to separate the problem into twe parts:
the response ef the underlying, thicker, high velecity layers (ise.
response at the bedreock level) and the respense of the thinner surface
layerse The bedreck response can be considered <10 be equal within a
given geological region where the properties of the underlying layers
are obtained from geophysical studies and the probable focal depth is
knowne Using this spectral density function at the bedrock level specti=
ral density functions for different smaller regions can be obtained by
the local soil characteristics which in general are known more precisely
(Fige 1) In this figure, the following relatienships will generally
held:s

Cii)(isl,m)> Cf‘i)(i-m-l-l,m+n), Céi)(islgm> oz(i)(i=m+l.m+n).

() (i=lym)> a2 (iome1 ,men)

6, @, @)

velecities and thickness for the i=th layer respectively.

where and d(l)are longitudingl and transverse wave phase

FORMULATION

Field equatiens of an elasticy isotropic medium are
(Rt p) My g + B Uy =34 (2.1)
where N\ , ¢4 are Lamé constants, 5 is the mass density and u; are the
components of the displacement vector. Bedy ferces are assumed te be
zero. Repeated indices denote the rule of summation cenvention, a
comma indicates partial differentiation with respect te space variables
and a dot over a letter represents time ratee.

For harmenic wave propagation preblems, field equations (2.1) may

be transformed into a sonvenient form by introducing the Helmholtz
decomposition of theparticle velocity vector, which is defined as

yi:": )2 "'euﬁt (2.2)
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where eijk is the permutation symbel, 4" and \H‘ are scalar and
vecterial petentials respectivelye Substitution ef this decompesition
inte the field equations (2.1) yields the fellewing wave equations

L34

C:' %-ﬁ = 4? (2.3)

L34

¢y \Yk,'}} = \(}‘ (204)

where

C'L AN+ Y Ca.l =_§:. (2.5)

) = S 3
In this paper a layered elastic half space is considered in two dimen—
sions (Fige 2)e Petentials for an arbitrary layer are assumed to be

$= +’cxpa[kn,x, wlngzy —w£]++/’sz4[Ln,1, ~Ln31§ ~wt]  (2.6)
Y: ‘fIZYP i[ KnX +kng¥, -w-ﬁ]q-Y (xr‘z[kn;z.—Kns'xs-—w{] (2.7)

where w is the angular frequency, n; are the compenentis of the unit
wave normal, k and K are the wave numbers.

Continuity of the displacements
3 12
uizfg(+”—\}'}3> ) u3=:(+,9+tl) (249)

and the stresses

.EIJ= é‘(u,‘a +u3;') y {337—)(‘4‘"'4' U3I3)+ 26’-“3’3 (2010)
aleng the interface ef the layers requires
- GAIH(;'ACN-* _ i O — s~ \“
C"\.‘z\'. '.'E\ 3’.{% B C} - Cl (2°11)

witlh this fermula, directions of reflected and refracted waves can be
expressed in terms ef the incident wave characteristicse.

The velecity and the stress compenents at the ﬁpper and lower sur—
faces of the k-thlayer can be related te each ether by a matrix as
k) k1)
z =Llajlz (2012)

) (ko k> ke _L”‘) '
where Z =lv, )y Y3, ’1'3; ) ;‘é ,3] is a celumn wector. The

matrix 4551 ie obtained by the substitutien ef (246) and (2.7) into
(2¢9) and (2010) and the explicit forms of a;j‘s are given in reference
L1) « By successive applications of (2.12) a matrix which connecis

velecities and stresses at X;=010 their cerresponding values at the free
surface can be obtained.

— 1286 —



= {As;) z (2.13)

In the present work a computer pregram was empleyed to obtain numerical
values for /\;}’I.

Imposing the beundary conditions,

O ¥ w * tn) )
Vi =V, ), Y3 =Y J %33 ={/3 =o° (2014)
Equation (2.12) takes the form
n) )
Vv, v
vyl _ : Vit
o [~ A iy by, (2415)
- Ly
By using matrix algebra [A,-ﬂ can be reduced te a 2x2 matrix,
)] W)
g\’; ‘g Y Wiq { vt (2.16)
¥
V3 W, W, v, .
where,
/ A/ / /
Wn:Au - Asl(A‘BA's;"'AW ‘13>— Aq;(AlgAgtf + AJI(AQQ} (2-17)
. / Vi y p
Wig= A = AgglA g A?But‘qA#a)‘ A41(A:3A3‘t"’ Ay A%)

/

wy = Ay = AnlAggh b A AV AL (A, Asit Ay Aly)

/ / /
W= Az, = Agal 45 A.z:*’Au/ Pyg)- Auia( A Asqthag Aé“‘)

d , -1
Asz Asy| Asz Ay

Now using the usual definition for the frequency response function, io.ee.

¥ {w’L
V’ =A{.

. jwt (2419)
(V: = H“(w) A <
Hence,
[Hi] =0 wy 0y (2620)  qund
Then, the velecity spectral density matrix ):S,r] can be related to[s;’]
(waen) ¥ 4)]
[ SSP] = [ HsP “‘w)][ H-SP ('.‘“’3) [ Ss P] (2021)

Here x denetes cemplex conjugate, subscripts S and p refer te irans=
verse and lengitudinal waves. S, and S, are the spectral density funo=

tiens for the P and § waves respectively and S_.and S._ are cress-
: N Ps S P
spectral density functiens.
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RESULTS AND DISCUSSION

The spectral density functions of the P and S wave acceleration
were assumed to be a band limited white neise of unit intensity with
the frequency ranging from O to 50 rad/sec at the source. Three layers
were considered with the follewing properties,

)\‘M = 2.82 %10 kg/om" NS 2.86 x10° kg /am> ,)fc) = 2.14 (o ky/cw™
(:: = }9% iloj 1 ((: = p3}l x !O'; " @i:; = 0.53 x| oi /"

C, = 5.0 %10 cmflec C = 457 %100 cwmme € '= 4.0 x 0} cwafer

C:A):-. 2.68 % ‘oS P (,;_B) = 1.g9 x ,os_ P ci‘)z 1,621 x Iof v

For different layering configurations and thickness ratie ry P and S
wave velocity spectiral density functions have been ebtainede The confi-
guration referred te in figures 3=8 are indicated in Table 1. For con=-
figuration 5, thinner layers have been used te give the effect of surface
layering. The material properties are given belewo

‘)fb) = 5.6l xlOs Lg/c»} ')(E) = 0.5¢% xtoy kg /et )(F) = 2.0 x wS' L’S/""“z
t‘m = .37 xlof P C}E) = LY x (OY. p, BlF) = 1.5 )‘toi ”

c.‘lb) = £.9 7({0Y mnfSec C:‘, = 4.6 x IO)P Cw/fiee C,(F) = S-LI'\(W\ cm fSee
c.ib)z 2.6 x© B = 3 x 0’ C;F’ = 2.9x0°

It can be observed from figures 5=8 that beth the ordering of
the layers and thickness ratios influence the spectral density functions
significantly. Influence of thickness ratios increase for higher frequ-—
encies although its effect is not negligible even for low frequenciess
The cross=spectral density function (Yfig.4) is important since it is
an indication of the coupling between transverse and longitudinal spectrae
Figure 3 shows that at low frequencies thinner layers are very sensitive
to changes in frequencye

Numerical soclutions for a large number of layers is straightforward
but rather time consuming. Fer this reason an alternative appreach
based on one of the author's previeus work [2] is under pregress in
which the layered half space is replaced by an hemegeneous, anisotrepic
polar medium.
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KOMENCL ATURE

Thickness of i=th layer
Permutation symbel

Compenents of frequency response matrix

Coempenents ef transfer matrix 2 ;@

£ < ¢ w

(13

ee

oo

oo

Lame constants
Mass density
Scalar potential
Vectorial petential

ingular frequency

k)K ¢+ Wave numbers gi ¢ 4Angle of incidence
n; ¢ Compenents ef unit wave normal
S‘.i ¢ Components ef spectral density matrix
{55 ¢ Compenents of stress tenseor
u; ¢ Components ef displacement vecter
v; : Compenentis ef velocity vecter
Xz : Compenents ef coordinate system
TABLE 1
LAYERING CONFIGURATIONS
Cenfiguratien do Material dy  Material dqg Material
Noo e (m) at 4, (m) at d3 (m) at d4
1 36° 600 A 300 B 300r c
2 45° 300 A 600 B 600r c
3 30° 600 A 600r G 300 B
4 45° 300 ¢ 600 B 6001 A
5 45° 40 D 30 E 30 F
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Figure 3. S - Spectral Density Function for Configuration (2)

36

2

16

o o - Km)sdsl ] ~ - C]

Figure 4. Cross - Spectral Density Function for Configuration (5) for

Low Frequencies.

— 1291 —



1) 9s]

e
&
.
J=
o
& ©
" L
3 3
3 o
-
e
o
Je
—Ho
o ©n
w ~ 23
I " n
o
3 3 3 2
J=
o
Je
o
<«
1s
48
S
© 3 =°
: E: 2 © 1(m)°%s|

 Figure 5. Spectral Density Function for Configuration (1) for Varying
Layer Thickness.
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‘Figure 6. Spectral Density Function for Configuration (2) for Varying
Layer Thickness.
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Figure 7. Spectral Density Function for Configuration (3) for Varying
Layer Thickness.
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Figure 8. Spectral Density Function for Configuration ( 4) for Varying

Layer Thickness.
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