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SYNOPSIS

An approximate analysis is presented for the steady-state résponse of a rigid
massless disk which is supported at the surface of an elastic halfspace and is ex-
cited either by a horizontal force Pel¥ or by an overturning moment Tel¢t, The
analysis is based on the assumption that only a portion of the halfspace in the form
of a semi-infinite truncated cone is effective in transmitting the energy imparted
to the disk. For each mode of excitation, the dynamic force-displacement relation-
ship for the appropriate disk-cone model is shown to be in good agreement with the
corresponding result for the actual disk-halfspace system. It is further shown
that the force-displacement relationship for each cone is identical to that for a
simple oscillator having frequency independent properties.

ANALYSIS OF APPROXIMATING CONES

The appropriate cones for the two modes of excitation considered are shown in
Figs. 1a and 1b. For the horizontally excited system, the apex of the cone istaken
at a distance z, above the surface, whereas for the system in rocking motion, the
apex is taken at the center of the disk. The angles of opening of the cones, &, and
@q, are different in the two cases.

Each cone is assumed to deform only in shear. For the horizontally excited
system, horizontal planes are presumed to displace horizontally without distor-
tion, and for the disk in rocking motion, spherical segments having centers at the
apex are presumed to rotate about the apex without distortion. Representative sur-
faces of no distortion are identified by the horizontal lines in Fig. 1a and by the cir-
cular arcs in Fig. 1b. The upper boundary of the shear cone in rocking motion is
taken at r=r,, and the small conical segment between this boundary and the apex,
represented by the dotted area in Fig. 1b, is assumed to rotate as a rigid body with
the disk.

Let x(z)el¢t be the horizontal displacement at a distance z of the horizontally
excited cone, and 6(r) elWt pe the rotation at r of the cone in rocking motion. The
equations of motion for these cones are, respectively,
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in which cg=/G/p=the shear wave velocity in the soil, G=the shear modulus of
elasticity, and p=the mass density of the soil. Making use of the boundary con-

ditions at infinity, the solutions of these equations can be written as
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where ag=wry/cg=2a dimensionless frequency parameter, and x, and 6, are,
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respectively, the amplitudes of the horizontal and angular displacements of the
disk.

The boundary conditions at the top surface of the cones in translational and
rotational motions are, respectively,
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where A =Tr2=the area of the disk; A r3=the moment of inertia of the top spheri-
cal surface of the shear cone in Fig. 1b about the axis of rotation; and I =the
effective mass moment of inertia of the conical segment which is assumed to ro-

tate as a rigid body with the disk.

Substituting Eq. 2a into Eq. 3a leads to Eq. 4 for the dynamic translational
stiffness of the disk-cone system, Q,=P/X,,

- GA ia 207 ..... - f2 C. ] cereeeeens
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The static value of this stiffness is thus GA/z,. Finally, by replacing the static
stiffness with the corresponding stiffness of the actual disk-halfspace system,
Ky=8Gry/(2-v), Eq.4 may be rewritten in the form of Eq.5, where j=x, k,=1,
cy=(2-v)T/8, and v=Poisson's ratio for the material in the halfspace.

In a similar manner, by substituting Eq. 2b into Eq. 3b and replacing the re-
sulting expression for the static rotational stiffness of the cone, 3GA_r,, with
the corresponding stiffness of the disk-halfspace system, Kg=8Gr]/(3-3v), itis
found that Qg="T/6 also is given by Eq. 5, where in this case j=6
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and B, is a dimensionless measure of I, defined as
I,c¢%  3(1-y) I
o°s (1-v) ‘o
B. = = -5 (7)
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The angles of opening, o, and ogq, are determined from the following ex-
pressions, obtained by equating the static stiffnesses of the cones, GA/z, and
3GA,r,, to the corresponding stiffnesses of the halfspace

0 0’
ex__8 ... @ 2007 4.8
tan 5 2= (8a) cos 7 [3+cos 2 ] 4 - (8b)

For v=0, a,=104° and ag=64°, whereas for v=0.5 ay= 119°and ag=96°.

Eq. 5 is of precisely the same form as the corresponding expression for the
harmonically vibrating disk-halfspace system (1). As an indication of the ac-
curacy with which the shear cones represent the halfspace, the values of k, and
cx for the two systems are compared in Fig. 2 for the two limiting values of v,
and a similar comparison is made in Fig. 3 for kg and cg. The data for the half-
space were obtained from Ref. 1 neglecting the effect of coupling between the
horizontal and rocking motions. In Fig.3, the halfspace solutions corresponding
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to v=0and v=0.5 are compared with the results obtained from Eq. 6a taking
B,=0 and B,=0. 027, respectively.

For the horizontally excited system, the agreement between the two sets of
results is more than adequate for most practical purposes. For the system in
rocking motion, the agreement is excellent for v=0.5, although not as satisfac-
tory for v=0. It is important to note, however, that improved agreement may be
achieved in each case by empirically modifying the coefficients in the expressions
for k; and c. for the cone systems and by appropriately selecting the value of B,
in Eq. 6a. As a matter of fact, the more accurate expressions for kj and ¢ for
the halfspace presented in Ref. 2 were developed by this approach.

DISCRETE MODELS

For the horizontally excited disk-cone system, for which both ky and Cy are
frequency-independent quantities, it is well known that the expression for QX is
identical to that obtained for the massless spring-dashpot system shown in Fig.4a,
provided K=Ky and C=cyKyr,/cg.

It can further be shown that Qg for the rotationally excited disk-cone system
is identical to that for the mass-spring-dashpot oscillator shown in Fig. 4b, where

K
_No _1Keg 1 Kp _ . Keid _ 8 5
K = rg , C= 3 E—S'I:O, M= 3 c3 , and IO = BO Czs BO 3(1 ) pr (9)

Note that all parameters in Eq. 9 are independent of the exciting frequency, o, and
that, unlike previous models in which the mass was connected directly to the
spring, inthe present model these elements are connected through the dashpot.

By comnsidering the equilibrium of the forces on the rigid bar and the mass,
and by eliminating the y-coordinate, the following expression is obtained for
_ T _ zf"(__w_a_l\ﬂ__ ) . oM 0®M/K '
W=7, "X U Trumior &2/ 7 ¢ Ir T GM/OR (10)
For the values of K, C, M and I specified in Eq.9, Eq. 10 is identical to the re-
lation defined by Egs. 5, 6a, 6b, and 7.
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(a) For Translation (b) For Rotation

FIG. 1 SHEAR-CONE MODELS
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FIG. 4 EQUIVALENT DISCRETE MODELS
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