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SYNOPSIS

The paper presents a probabilistic dynamic analysis of the relative
displacement response to earthquake-like excitation of simple elasto-
plastic systems and of bilinear hysteretic systems affected by gravity.
Nonlinear response measures are expressed in terms of the statistics of
the response of an associated linear oscillator which is characterized by
the initial properties of the hysteretic system. For elasto-plastic
systems, new approximate analytical results are presented for the proba-
bility distribution of the plastic drift, the ductility factor and the
time to first exceedance of a specified level of plastic deformation. A
Markov model is proposed to study the response of bilinear hysteretic
systems. For gravity-affected systems, results are presented for the prob-
ability of collapse and for the expected number of cycles_to failure.
These results are compared with those obtained by Husid D,

INTRODUCTION

For many structural and mechanical systems it is permissible to allow
for plastic deformation during severe but infrequent random vibratory
motions such as those due to earthquakes. To take advantage of their
plastic capacity often provides an efficient means of absorbing energy and
limiting the oscillation amplitudes. A problem of considerable interest
in the safety analysis of structures during strong-motion earthquakes,
therefore, is to determine the probability distribution of important
measures of inelastic behavior, e.g., the ductility factor and the time to
collapse. The type of force-deformation relationship considered in this
paper is a bilinear hysteretic system characterized by the initial stiff-
ness kj, the slope ratio k,/kj, and the yield displacement as shown in
Figure 1. The effect of gravity on the inelastic response measures is
given particular attention.

Several investigators (Refs. 1, 2, 3, among others) obtained response
statistics of simple nonlinear hysteretic systems through time history
analyses, using real and computer-—generated ground motions. Other work
(e.g., Ref. 4) in which it is attempted to obtain rigorous random vibra-
tion solutions, attests to the fact that the mathematical complexity of
the problem is formidable.

The approach outlined in this paper is based on the idea that, at
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times when no plastic action occurs, i.e., between response excursions
into the inelastic domain, the inelastic system behaves like an elastic
oscillator. The total displacement then consists of (i) an oscillatory
zero-mean linear elastic component, and (ii) an inelastic deformation, d,
which remains constant as long as the elastic motion does not cross over
into the domain bounded by the positive and negative yield levels (which
may be different for different levels of plastic deformation, d). Of
course, for elasto-plastic (E-P) systems, the positive and negative yield
levels have the same absolute value and do not depend on the level of
inelastic deformation, d.

The inelastic response is modeled as a continuous—time random pro-
cess with as "'state' variable the plastic deformation, d. Changes or
transitions from one value of d to another can occur only at times when
the elastic response component exceeds the yield level. The transi-
tion probabilities (derived from linear probabilistic analysis) are state-
dependent, except in the case of E-P systems. They can be expressed in
terms of the characteristics of the ground motion (intensity, parameters
of the power spectrum) and of an associated linear system (period and
damping' ratio) decribed below. It is convenient to analyze E-P system
response first, and then to extend the results of this analysis to
bilinear systems.

THE ASSOCIATED LINEAR SYSTEM

Let Y(t) represent the displacement response of an E-P structure
(Fig. 1b) with a yield level Y=a to a random excitation ﬁo(t). At the
start of the motion and until Y(t) crosses the yield level for the first
time, the response of the E-P system is identical to that of an associated
linear system, such as that shown in Fig. lc. It is characterized by a
spring with stiffness ki and by a dashpot with damping coefficient c.
Problems surrounding the onset of plastic deformation are equivalent to a
first-crossing problem for the associated linear oscillator. Also, before
plastic deformations occur, the inelastic response Y(t) is described by
the linear differential equation

oe . 2. e
¥+ 2cwny + Wy uo(t) (1)

where w, = (kl/m)ll2 is the undamped natural frequency and 7 = c/2mw, is
the damping ratio. In between yield level crossings, the E-P system also
‘behaves like a linear oscillator. Suppose that at some known time t, the
most recent yield level crossing brought the total plastic deformation up
to the value D(t) = d. The total displacement at t will then consist of
a permanent set d and a linear elastic component X(t), i.e.,

Y(t) = d + X(t). The process D(t) changes rather abruptly when plastic
action occurs. For d = 0, i.e., before any plastic yield occurréd, we
have Y(t) = X(t). The differential equation describing the elastic part,
X(t), of the total displacement of the E-P system,in between plastic
excursions, has the form

. . 2 = _3 ’ 2
X + ZCwnx + w x uo(t) (2)
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A sample function of the process X(t) is shown in Fig. 2b. It is ob-
tained by subtracting the plastic set, shown in Fig. 2¢, from the total
E-P response, seen in Fig. 2a. The permanent set D(t) remains constant
when the absolute value of X(t) is smaller than the yield level a. Each
time S(t) exceeds the yield displacement, however, inelastic action is
known to occur. The total permanent set developed in the time interval

0 to t is the sum of a number of individual contributions, each associ-
ated with a single crossing of |X(t)| = a. Much can be learned about the
sizes of these contributions and about the length of the time intervals
between yield level crossings by examining the response of the associated
linear system shown in Fig. lc. In particular, it will be useful to
focus attention on the excursions of X(t) outside the range (a,-a).

SOME PERTINENT RESULTS FOR SIMPLE LINEAR SYSTEMS

Let the linear elastic system shown in Fig. lc be subjected to a
stochastic support motion iiy(t). The response quantity of interest is
the relative displacement x = u-u, and the equation of motion is given
by Eq. 2. Assume that the support motion can be modeled as a zero-mean
stationary random process characterized by a wide-band spectral demnsity
function G(w) and an equivalent duration s. The (one-sided) spectral
density function Gy(w) of the relative displacement may then be simply
expressed in terms of the input spectrum G(w) and the transfer function
of the system. We have

= 2 2y2 _ 2,2 2
GX(w) = G(w)/[(w® - wn) 47w w ] 3

A typical sample function of the response of a lightly damped linear
structure to wide-band random excitation is shown in Fig. 3. It has the
appearance of a modulated sinusoid with a period equal to the structure's
natural period. Foc¢using attention on a pair of fixed relatively high
threshold levels x = ta, it is of interest to observe that the peaks of
X(t) whose values are outside of the range (a,-a) tend to occur in groups
or "clumps'", i.e., successive peak values of X(t) tend to be significantly
correlated.

In Fig. 3, N, denotes the random number of consecutive peaks whose
values lie outside the range (a,-a). The senior writer has recently
shown(6) that degree of correlation among successive peaks 1mportantlg
depends on a factor q = (1 - kl/kgkz)l » Where A4 j leX(w)dw = it
moment of the spectral density function Gx(w).

It can be shown that q lies between 0 and 1 and that it is a measure of
the spread of Gy(w) about a center frequency. It is well-known that

Ao = Gi, i.e., the area under the power spectrum,equals the variance of
X(t). For stationary Gaussian processes, the expected value of N, takes
approximately the following form 6

E[Na] = (1 - exp{-v/n/2 rq})fl (4)

where r = a/cX = the threshold level normalized with respect to the stan-
dard deviation of X(t). E[N,] is referred to as the average clump size.
Note that for large values of rq, E[N;] -~ 1 and for rq << 1,
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E[N,] = 2/m*/2(xq)7L .

A well-known result in random vibration analysis, due to
S. 0. Rice(7) is that the mean Vv, of crossings with positive slope of a
level X=a by a stationary Gaussian process X(t), is

v, = E%-(Azlko)l/z exp{—az/Zoi} = vy exp{-r?/2} (5)

in which vg = (Az/ko)llz/ZW = the mean rate of zero crossings with posi-
tive slope. -Also, the mean rate of excursions outside the range (a,-a)

equals 2v,. Finally, the average number, u,, of "clumps" per time unit

is approx1mately

B, = 2Va/E[Na] = 2vo (1 - exp{—¢%757rq}) exp{-r?/2} (6)

If the excitation is a Gaussian white noise, then GX(w) = GO]H(w)|2,
then(5,6)
TG

o]
Ao = o2 = Vg = 75— W q =

2 1/2
— if small
X 4§w3 2T n MW'C ¢ sm

)

The factor q is plotted as a function of the damping ratio ¢ in Fig. 4.
It may be noted that the parameters Ag, Vo and q are relatively easily
obtainable for an arbitrary spectral density function GX(w).

THE BASIC MODEL

In the previous section it has been argued that for simple elastic
systems the crossings of a relatively high threshold level are likely to
occur in clumps when the viscous damping ratio Z is small. Yield level
crossings of the elasto-plastic response also tend to occur in clumps.
For elastic systems, the average rate at which clumps of crossings of the
level a occur equals |, and the average time between clumps is l/ua
The larger the mean clump size, E[N, ], the larger the average time between
successive clumps. For E-P systems, l/ua is approximately equal to the
average time between clumps of inelastic excursions. It is useful to
treat these clumps as "points in time'" at which inelastic action occurs,
i.e., at which the permanent set D(t) jumps to a different value. In
fact, the total plastic deformation D(s) developed in the time interval
0 to s, may be thought of as a sum of individual contributions Dj,
i=1 2,...,N(s), each of which is the result of a single clump of yield
level crossings, i.e., D(s) = I D.. N(s) is the random number of contri-
butions during the time interval (0,s). For relatively high yield levels
the time between clumps may be expected to have an exponential distribu-
tion with mean 1/u The approximate validity of this hypothesis was
checked by Yanev(8§ through analysis of E-P s¥stem response to simulated
white noise and Tajimi-filtered white noise( Some typical results are
shown in Fig. 5 for a white noise excited E-P system characterized by an
initial natural period = 0.2 sec., a viscous damping ratio = 0.02, and a
yield displacement a = r0y,, where r is allowed to vary between 1.5 and
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3.25 in increments of 0.25. The white noise intensity is chosen so that
Og, the r.m.s. response of the associated linear system, equals 0.04 in.
Fig. 5a shows that there is good agreement between the sample averages
(denoted by m) of the time between clumps of yield level crossings and
the elastic 1nter-clump times Hy -1 (see Eq. 6). Also shown in Fig. 5a is
a plot of (2v, )L > Vg being the mean rate of threshold up-crossings (see
Eq. 5). Estlmates of the standard deviation (denoted by s) of the time
between clumps are very close to the corresponding sample means. This
does suggest that the adoption of an exponential distribution (for which
mean and standard deviation are theoretically identical) is reasonable.
Other tests, described in Refs. 8 and 10, for different E-P systems sub-
jected to excitation with both white and non-white spectra,lead to the
same conclusion.

Karnopp and Scharton(ll) derived a simple approximate expression for
S, the average amount of inelastic deformation (in absolute value) re-
sultlng from a single isolated crossing of the yield level a, i.e.,

02/2a = GX/Zr. This result follows from the argument that all the
klnetlc energy, mX? /2 (where m is the mass of the system; X is the impact
velocity), will be released by yielding action. The average value of the
kinetic energy at impact is approximately equal to mwgdé/Z = k10§/2. The
expected glastic deformation, §, may be obtained from the energy equation,
FYS = k10%/2, where F, denotes the yield force (see Fig. 1b). Typical
sample values, obtained by numerical simulation(8, 10), of the mean and
standard deviation of ]Dll, the absolute value of the total plastic set
during a clump of yield level crossings, are plotted in Fig. 5b. The
smooth curve in Fig. 5b corresponds to Karnopp and Scharton's estimate §.
The fact that the sample means and standard deviations are mnearly equal
suggests’ that the probability distribution of [D ] is also approximately
exponential (with mean value §). Furthermore, the contributions D; are
equally likely to be positive or negative, and their probability demnsity
function is symmetrical with respect to zero. Therefore, the mean and
variance of Dj will be approximately equal to O and 282, respectively.

ELASTO-PLASTIC SYSTEM RESPONSE MEASURES

Plastic Drift or Permanent Set

The total deformation D(s) developed during s seconds of "steady"
(constant 0y and l,) elasto-plastic (E-P) response is viewed as the sum
of individual (positive and negative) contributions D;, i = 1,2,...,N(s).
Each contribution results from a single clump of yield level crossings.
On the basis of the theoretical arguments, backed up by computer simula-
tion, presented in the preceding section,we assume that the random number
of contributions N(s) has a Poisson distribution with mean HUgS. Also,
successive contributions D3, D2, etc., are assumed to be mutually inde-
pendent of the clump occurrence process N(t). They are identically dis-—
tributed, with a common probability density function
fp(d) = (26)'1exp(—[d /8), = € d € +»® which is symmetrical about d=0.
Recall that § = O /2a.

Under these assumptions, the expected value and the variance_ of
D(s) = I Dy, where i goes from 0 to a random number N(s), become (12
. i

— 2855 —



E[D(s)] M, s E[Di] =0 (8)

Var[D(s) ]

M, s (Var[Di] + g2 [Di]) = 2u, s 82 9)

The moment—generating function and the probability density function of
D(s) can also be obtained(10), If interest focuses on the case when
considerable plastic action occurs, the Central Limit Theorem could be
invoked to rationalize adopting the assumption that D(s) has a Gaussian
distribution.

Ductility Factor

If plastic action occurs during the time interval (0,s) then the
ductility factor F (a random variable!) can be expressed as follows
1 Ms
F= = (Max [D(t)|) +1=—+1 . (10)
a a
0<t<s

where Mg is the peak inelastic deformation. If no plastic action occurs,
it equals the ratio of the maximum elastic deformation to the yield
displacement. Eq. 9 can be used "unconditionally'" when the probability
of no plastic action is negligibly small.

Peak Inelastic Deformation

The peak inelastic deformation is the absolute maximum value of D(t)
in the time interval O to s. 1Its probability distribution can be approxi-
mated by viewing the crossings, at positive slope, by ID(t)[,of a fixed
threshold d,as a nonstationary Poisson process with mean rate vy(t). The
peak inelastic deformation M_ will be less than or equal to d if no
crossing of the level d occurs in (0,s). Hence,

S
P[M_ < d] = exp{- S \)d(t)dt} (11)
5 _

vq(t) is proportional to H,, the mean rate of occurrence of jumps in the
process D(t), i.e., vg(t) = Hapq(t), where py(t) is the probability that

a plastic set contribution at time t results in an upcrossing of the level
d. If such a contribution, D, is positive then an upcrossing will occur
if D<-d-D(t) and D(t) > -d. We have

d -
pd(t) = 2_£ P[D > d-x]fD(t)(x)dx = e d/§ eMat (12)

The expression on the right side of Eq. 12 is approximately valid only if
Uat < d/8. It results from inserting P[D > d-x] = (1/2)exp{~(d-x)/8}
into the integrand, expanding exp{x/8}, and replacing the upper limit d
by ®. Finally, inserting Eq. 12 into Eq. 11 yields an approximate ex-
pression for the probability distribution of the peak inelastic deforma-
tion

P[MS < d] = exp{- fse_d/6 euatdt} = exp{—(euas - l)e—d/a} sd 20 (13)
O .
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There is a finite probability, P[M =0], that no plastic action will occur.
By taking d=0 in Eq. 13, one finds this probability to be about exp{-i s}
when M, 8<<l; it becomes negligibly small for large values of lgs. Notice
that Eq. 13 has the form of a Type I Extreme Value Distribution(13). A
characteristic value of Mg, found by setting P[M; < d] = e~1, equals

Mk =6 In(eMa® - 1), Recall that § = Ox/2r and that p, is given by Eq. 6.

Time to First Crossing of a Given Level of Plastic Deformation

The probability distribution of the time, Ty, to first crossing of a
given level of plastic deformation is intimately related to the distri-
bution of Mg. One can write

P[Td > s] = P[M_ < d] (14)

It suffices to view the expression for P[My < d] in Eq. 13 as a function
of s, with d as a known parameter.

ANALYSIS OF BILINEAR HYSTERETIC SYSTEMS

The basic model which views the total inelastic deformation D(t) as
a cumulative process with increments made at random "points" in time,
continues to hold when the force-deformation relationship is not of the
elasto-plastic type. But the statistical properties of the sizes of the
increments and of the time intervals between these '"points'" now vary
depending upon the state of the system, i.e., the level of inelastic de-
formation at which the system operates. In particular, at any given time
t, they depend upon the values of the positive and negative yield levels
corresponding to the plastic deformation D(t). (For E-P systems these
yield levels remain constant regardless of the value of D(t).) As an
example, Fig. la shows the force-displacement diagram of a simple frame
with rigid girder and columns for which gravity loads have the effect of
making the second slope k) negative . During the process of drift
accumulation the smallest yield level ranges from zero (at D(t) = dp) to
a (at D(t) = 0).

The particular kind of "memory" and the state-dependent nature of the
cumulative damage suggest a Markov process continuous in both state and
time to be a suitable stochastic model. It is computationally convenient,
however, to discretize the range of possible permanent deformationms.

Fig. 6 shows the displacement axis divided into 13 states, with states 1
and 13 signifying collapse; state 7 is the initial state. In this case,
the probability of being in state i at time t is pj(t), 1 = 1 to 13, and
p1(t) + py3(t) is the probability of collapse. These probabilities depend
upon: (i) the probabilities of transition from one state to another given
the occurrence of a clump of yield level crossings, and (ii) for each
state, the average value of the exponentially distributed time between
clumps of yield level crossings. The first set of parameters, the transi-
tion probabilities, can be evaluated using an argument similar to that
which earlier led to the distribution of the plastic set increment D. The
mean times between clumps have the form of u -+, with U, given by Eq. 6.
Modifications are required, however, to account for the unequal and some-
times very low yield levels(14),
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The results of a Markov analysis of the response to Gaussian white
noise of three gravity-affected hysteretic systems whose properties are
listed on Fig. 7 are presented in Figures 6 and 7. Fig. 6 shows the state
probabilities p;(t) as a function of the duration t of stationary motion
for structure No. 2. The failure probability is pj(t) + py3(t). The
white noise intensity is adjusted so that the r.m.s. response Oy of the
associated linear system is equal to a, i.e., r = a/oy = 1. The solid
lines in Fig. 7 give the expected number of cycles (expected time divided
by natural period) to failure for the three structures, as a function of
the ratio r = a/GX (note that 0y is a measure of the excitation intensity).
Husid(1) used both recorded earthquakes and artificial stationary motions
with Tajimi-type spectral demsity to develop an empirical relationship for
the expected number of cycles to failure of systems of the type shown in
Fig. 1. Husid's best estimates are represented by the dotted lines in
Fig. 7. For purposes of comparison, an "equivalent' white noise excita-
tion was considered by substituting Gy by G (w,) in Eq. 7. The comparison
appears to be quite satisfactory.

CONCLUSION

The approach outlined in this paper leads to a set of new approximate
analytical results for the statistical properties of several important
inelastic response measures for elasto-plastic systems undergoing steady
earthquake-like random motion. The probability distributions of the peak
inelastic deformation and of the time required for the inelastic deforma-
tion to cross a specified value, are expressed in terms of the yield
level, the ground motion spectral characteristics and the properties
(period and damping ratio) of the associated linear system. These results
can be used to predict earthquake response of E-P systems when the asso-
ciated linear system response, particularly O,, is in an approximate
steady state during the intense part of the ground motion. An equivalent
duration, s, of stationary associated linear system response needs to be
used.

A continuous-time Markov model is also described which is used to
study the response of bilinear hysteretic systems affected by gravity.
Results for the expected number of cycles to failure are compared with
those obtained by Husid, and they are found to be in reasonably good
agreement.
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