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SYNOPSIS

The present paper concerns a cantilever under seismic action. The
basic equations of a variable cross-section and variable mass along
the height of the cantilever are given hereto. The solution of the
non-linear equation is sought through successive approximation; first-
ly it is assumed the bending rigidity to be uniform and the optimal
shape of the cantilever is determined at the first and at the second
mode of vibration, proportionally to the second and the third deriva-
tive of the deflection.

INTRODUCTION

The optimal designing of tower structures is the problem of the
day. It is of special importance when designing structures in seismic
areas. The different modes of vibration have to be taken into consi-
deration.

The following features have to be defined when considering the
question of the optimal designing: material properties and properties
of the structure and the stages of its work - elastic, viscoelastic
or elastoplastic; the most probable seismic ground motion and the
properties of the soil; optimization of the structure and so on.

In the case of tower structures we choose the criterion of the
strength capaci%y according to the bending moments and the shear
forces.

The theoretical model of a tower structure is accepted to be a
cantilever fixed on a fundament with uniformly distributed mass under
a definite law (fig. 1).

Furthermore we assume that the structural material is homogeneous,
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isotropic and elastic; the vibrations are small and P<<A
The equations of motion of the structure in horizontal and

vertical direction and of bending are:
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After some simplifications and using the geometric and consti-

tutive equatlons we obtain a general equation of the following forn:
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Eet us consider that equation in its simplified form:

where

A(Z)= A au.(Z‘U

J(2) = j; jz—“&*’—l

For the case of free v1bratlon equatlon (2) has homogeneous form;

au.(zt)zau,(z%,) dulzt) dulzi)
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T+ is non-linear partial differential equation. Its solution is

obtalnable through successive approximation.
We base on the condition that Ej = const. and A-— const. and

use the known equation

4
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The particular solution of this differential equation is present-

| ed in the following form:
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(6) w(zt)=Z, @) Tk (t),

where

() 2 @=CSecz)* 0, Teez)*CyU (e 2)+C, Vi z):

S(‘x z): T(O( Z)» u(d Z), V(O" Z) are Crilov's functions;
Fk - natural frequency of vibration

The successive derivatives of the Z(Z) function are the follow-
T Zw{CV2) 0,862 O G i)
(6) Z'g)=ofC,Uez)+C,Vez)+ C,9w )+ 0T 2);

Zm(z)= o’ [C,T(o( )+ C,U )+ C3V(0C 2)+ C,S5k z))

The constants Ci, are defined by the following boundary condi-

tions:
e
at the fixed endZ(w: 03 Z (O):'O,'

" m
at the free end Z = B,Z (€)=O, £ (£)=O,
Substituting these boundary conditions in the expressions

(7, 8) it is obtained:

G,=0; (,=0;
C,S(xt)+ CyT(xl)=0;
CV(x)+ C4 S(f)=0;

The condition for nohzero solutions for the constants 03 and C4

Sxt); T(el)
Vied); Seet)

By these constants the equation of the normal mode of vibrati-

(9)

is

-0

on and the corresponding derivatives are:

Z(z)=(Sh Ll +sin oll)(ch oLz - cos Lz)~(ch L€ +cosa €)(shotz - sin otz);
Z'2)=ot [ (shotl +sin ott)(sh ol +siu ofz)-{ohe ol + cosoll)fph o 2 - cos L 2]}
1 Z'(@)=ol [_(Sko(?, +sin ol £)(cholz + cosolz)-(ch oL +cmo(()(sM oz + 44 vw(;)];
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Z'(z) -0(3[(5(«0(6 ¢ sinol)(shotz-sin oLa)-(chh ol £ + cosoll)(chalz + cosolz)];

The respective diagrams for the case in gquestion - fig.2 are
determined by these expressions and ato(,f = 1,275 and'd;e = 4,694

The cross-section A(z) , respectively T(g) could be obtained
from the requirement of satisfying strength capacity, taking into
account the bending moments hd(z) and the shear forces ElGﬂ « In
view of that requirement the obtained forms are also shown on fig.2.
At the second mode of vibration it occurs that the cantilever must
be thicker at the upper end where usually the fracture of a smoke
tube occurs. It is interesting to note that such thickness appears
just on that part of some palm trees.

Using the obtained expression for A(z) as a first approximation,

the second approximation could be found.
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