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SYNOPSIS

This paper investigates statistically the effect of the irregular ge-
ological properties of the transmission medium on the seismic wave propa-
gation from a focus of the earthquake to an observation point. The amplitude
and phase characteristics of the average surface displacements to a point
source buried in a random semi-infinite medium are evaluated in the case
that the density of a medium is only considered as a random variable. As
a result, it is pointed out that the scattering effect on the seismic wave
propagation 1s mainly governed with the relationship between the size of
the random inhomogeneity and the length of wave motion in traveling.

INTRODUCTION

The seismic wave motion radiated from a source undergoes the multiple
reflection and refraction during propagation through the irregular strati-
fied medium and boundary so as to attain the complicated wave shape. The
objective of this paper is to investigate statistically the eftfect of the
transmission of the wave motion through the medium inveiving irregular ge-
ological properties on the characteristics of earthquake ground motion. The
problem of seismic wave motion in a random medium is of considerable im-
portance in earthquake engineering, because it is very difficult for us to
evaluate the refractive index describing the actual distribution of geolo-
gical characteristics between a focus of the earthqueke and a receiving
station. If the elastic constants, density and boundary shape of such a
medium vary randomly in a space, the equation of wave motion seems to be a
kind of nonlinear equation, and its closed form solution may not be obtained
through an andlytical procedure without employing such the perturbation
method as applied by J. B. Keller and P. R. Beaudet to a wave propagation
problem. In this paper, Beaudet's method is utilized in order to study the
fundamental characteristics of the seismic wave propagation in a random
medium supposing that the average wave is denoted by the inverse Fourier
transform of the spatial parts of the wave motion equation.

WAVE MOTION IN A RANDOM MEDIUM

Let us consider the nonstochastic linear operator L to a homogeneous
medium and the perturbing linear operator Li which represents the effect
of the inhomogeneity in a random medium, then a wave motion U(X) in a weakly
random medium satisfies the following equation on the assumption that the
effect ofﬁﬁhe perturbing linear operator Li is slight:

[L- Zefly+ 0(e™1) U(x)=0 (1)-

where € %5 a measure of the deviation of the medium from homogeneity. A
random medium is to be replaced with a mathematical model which consists of.
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an ensemble of sample media together with its probability distribution.

The formulation for the average wave motion is derived from expectation

over the ensemble when the terms higher than 0(83) are omitted. Then we

have .

L<U>—e<L1><U>-€2[<L ElL >-<L >E1<L >+<Lo>1<U>=0 (2)
1 1 1 1 2

Moreover, substituting the Green's function G(X, X”) for the operator L-J
into eq.(2), the equation of average wave motion <U(X)> may be expressed as

L(x)<U(x)>_€<Ll(x)><U(x)>+52[<Ll(x)> fc(x,x')<L1(x3><U(x3>dx'(3)
—<L1(x) [ 6(X,x"IL7 (XY<U(X)>dx>+<L o (X)><U(x)>]1=0

by expanding in powers of the fluctuations in random variables which describe
the inhomogeneity of a medium. If the elastic constants A, p and the densi-

ty p of a medium vary randomly in a space coordinate, the time harmonic wave

motion U(X)xelwt satisfies the following equation of wave motion.

A+ V(T U) + 72 - U+VA (7 U)
(%)
+Vux (VxU)+2 (Vu-V) U+w2pU+pF=0

in which V(A), V2(A) and F denote the gradient, the Laplacian operators of
A and the Fourier transform of a body force F, respectively. Because of

the assumntion that the elastic constants and the density contained in the
equation of wave motion deviate slightly from their means E{A, u, pl={2g,
g, Pols A, 1 and p are expressed as follows:

A =dgtery (X)), uX)=ugreug (x) , e (x)=pyrepy (X) (5)

where A1(X), uy1(X) and p;(X) are random fluctuations from their means, respec-
tively. Then, from egs.(l4) and (5), the linear operator L, L; and L, are
given by ) )

L =(Ag+ug)V (V. )+poV=( )+w"pg( )

Ly=(Aq+up)V(Ve D +ugV2( )+VA1 (V" ) (6)
+VUp X (Ux )42 (Vg -V) ( )+wlpy ()
L2=0

To evaluate the effective wave number in a random medium, the average
wave motion <U(X)> is defined by

dk - ik-x
< U(x) > =I-—————-U(k)e (7)
< U(x) (21y3
where U(k) denotes the Fourier transform of U(k). With the aid of egs.(3)
and (T7), the following equation is

L(x)<U(X)>-€2<L1(X)f G(Xx,X)L1 (X)<U(X)>dx>
u = (8)
(2353[{uOkz_w200+€2D1}U(k)+{(X0+UO)k2+€2D2}(E.U(k)E)eik.x=0

Analyzing eq.(8) by the two components of U(k) parallel and perpendicular
to the propagation vector K, then the effective wave numbers for longitudi-
nal and transverse waves are obtained by

k|2 k2 52

= - ———I[D3(ke) + Do(k :
7T Xoramg 1) F p2lke) (9)
k'g ks - T Dl(ks)
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where D;( ) and Dy( ) are random functions involving the integrals of the
products of the Green's function G(X, X*) and the correlation functions of A,
4 and p. Thus, the effect of random inhomogeneity on a wave propagation

can be evaluated by the effective wave number k.” and kg”. Next, of particu-
lar interest in the study of earthquake ground motion is a source mechanism
at the foci of earthquake. Several mathematical models for the focal mecha-
nism have been suggested to simulate the principle actions of the earthquake.
If a point source in x-direction is considered as a simplified focal model,
we have

oF = p(x,Y,2) = (L,0,0)el?t6(x)8(y) 6 (2-H) (10)

in which X, Y, Z and L denote each components of body force in cartesian coor-
dinate and magnitude of source. When wave motions radiated from a point
source propagate in a random medium, the nondimensional average surface dis-
placements in the vertical, radial and cross-radial direction are evaluated

in terms of the effective wave numbers k¢” and kg” as follows:

E{HESQLEBQ}=—2Qcos¢jm_53_[(2;2—32)Ealaoh-ZalazéaZaOh]Jl(caor)dc

Leluwt 2T WF (D)
Ur (0)bug 1 ® 0o 2=01agh 2 -a9aph 3J1(Tagr)
= C — - 0 ————— ————— e
E{ 1ot } Frcost F\i)[zc e (2z4-go)e ] Y dg
® l-09aph
+——cosd| —=e 290%7. (zapnr)dr
27Tr a2 1 0 (11)

Uy (0)D *® e
£{ £ (0) UO}_ 1 sind %2 [2;25“130h-(2cz—8 )eazaoh]J (zagr)dg
© 2 e

Lelwt 27r oF
_ 3J1(Tapr)
——lsin¢ °°—}-eo‘zaoh——l———g——dl}
2m 0 %2 or

where SR Iy

? F(C)=(2C2"g2)2‘ 4§2a1a2 ’ a1= Cz-nzgl ’ (X.2= Cz_gz
The independent and dependent variables in the nondimensional surface dis-
placements are related to the following physical parameters as follows:

- /Ao+2u0 _ /¥ W . W
Ve = Po » Vs T Po ke = Ve ? ks = Vg (12)
v 2 k 2 - 12
(—) "= (—) = 1-2v 2 , V : poisson ratio
Ve ks 2(1-v)
a =kgb , H=bh , R=br , k=kgZ
and k' 5 k!
s
( ke ) = 81(€,Xo,uo,po;ao) ’ ( n ) = SZ(E,Ao,uo,po;ao) (13)
s

where ap, h, r and b denote nondimensional frequency, depth of a focus,
epicentral distance and the reference of length, respectively.

NUMERICAL RESULTS

In order to show to what extent the random inhomogeneity affects on
the characteristics of the earthquake ground motion, the nondimensional
surface displacements of a semi-infinite medium are evaluated with the
variation of the parameter €2<p12>/902. The statistical properties of the
fluctuation of a wave field can be characterized by the correlation functions
of A(X), u{X) and p(X). Here, only the density p(iA) is considered as a
random variable and the correspond%?g correlation function is assumed as

Rop () =E{p(X)p(x")}=<p?>e" "7 , z=|r|=|x-x']| !
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where <p;2> is the mean square of pj;(X) and a(=bs§) is the correlation length
of the inhomogeneity. Setting poisson ratio v=1/4 and substituting eq.(1llh)
in eq.(9), then the effective wave numbers are obtained as follows:

2
<p?>
1 1 1 -1.1 .
gl(E,Ao,uo,po;aoFl-Ez —T[-s';(—l+;2-)cot (o5 -1
L "0 1
e, tea )]
1+4(=—-1)2
sn , _
<p2>
. croe2 L L 2 -1, 1 _; (15)
82(€,>\0,U0,po,ao)-l > 2p2 [sn( 1+n“)cot (sn i)
0
2 i
+ : +—(n-1)] ,s=agl
1+ -2 em

In calculation of the average surface displacements, the parameters {62<p125/
po2} are taken to be {5x10-"%, 4.5x10-3, 1.25x10-2}. Fig.l shows the real
and imaginary parts of the effective wave numbers g; and g;. In the small
values of apd, Im(g;) is considerably large compared to Im(gp), whereas Im(gj)
is of same order as Im(gp) in the large values of agS. And the real parts
Re(g;) and Re(gy) are almost flat along the abscissa agd. As the refractive
index of the density spl/po fluctuates over the ensemble of realization of the
medium, the values of Im(g;) and Im(gy) have physical significance related
to the scattering effect of wave motion. Figs.2(a)~2(c) indicate three com-
ponents of the amplitude characteristics of the average surface displacements
and those of the surface displacements of the nonstochastic elastic medium
are shown as a dotted line. When those waves are propagated in a medium with
random inhomogeneity, the amplitude characteristics of the average surface
displacement seem to decrease as if the damping characteristics exist in a
propagation meidum. It may be understood that this apparent damping phenome-
non is derived from the scattering of wave motion in the randomly distributed
density. Figs.3(a)~3(c) show the dependence of the phase characteristics
corresponding to Figs.2(a)~2(c) with respect to the wave traveling distance
and wave number. The wave motion varies according to the spatial variation
of the refractive index of a random medium, and the scattering of the wave
motion grows up with the increase of path length.
To make the scattering effect clear, it is necessary to explain the

dependence between the fluctuation of the wave field and the variation of
the refractive index. To find such dependence theoretically, it is conveni-
ent to introduce the wave parameter

A = _br (16)

s8

defined as the ratio of the size of the first Fresnel zone to the scale of
the inhomogeneity. The scattering depends essentially on the value of the
wave parameter A. To explain the amplitude and phase fluctuation due to
the random inhomogeneity, the following two cases are considered, which
correspond to two limiting values of the wave parameter; A< 1l and A> 1. In
Fig.4, the fluctuations of the average surface displacements fij(i=2z, r, t)
are presented with respect to the nondimensional correlation length §. 1In
this figure, the fluctuation grows up rapidly with the increase of wave number
and path length of wave motion for 8§ >1. Since the dimension of the first
Fresnel zone in the case (A< 1) is small in comparison with the scale of the
random inhomogeneity, the deviation of the refractive index from its mean
value has the same signs within the medium. Therefore, some of wave scat—
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tered by the different elements of the medium arrive at the observation
point in phase. Thus, the scattering effect is emphasized with decreasing
the average surface displacements for large value of agr. For §<1, the wave
length being large compared with the scale of the inhomogeneity (A >» 1), the
deviation of the refractive index from its mean value has the different

signs at the different points of the random medium. Therefore, all of the
elementary scattered wave do not arrive in phase at the observation point.

As they are partially interfered, the fluctuation grows up slowly and the
damping effect is not so much emphasized in the amplitude characteristics

of the average surface displacement for small value of apr.

CONCLUSIONS

The formulation and numerical solution of the seismic wave propagation
problem in an elastic continuous random medium are facilitated by applying
the perturbation technique in order to analyze statistically the influence
of geological effect on the seismic ground motions. The analysis and illus-
trative example contribute qualitative information which suggests the follow-
ing general conclusions:

1) the geological irregularity should have influence on the seismic ground
motion statistically,

2) the main influence seems to be the scattering of seismic waves,

3) the scattering waves due to random geological inhomogeneity induce the
damping effect on the amplitude characteristics of the average surface
displacements,

4) this apparent damping effect depends upon the correlation length of

random inhomogeneity, wave number and travelling distance, and

5) the scattering effect can be distinctly explained by virtue of two cases
corresponding to the limiting values of the wave parameter.
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