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SUMMARY: 
The paper presents a novel computational procedure for the moment-curvature analysis of rectangular reinforced 
concrete (R/C) jacketed sections under cyclic loading, including the effect of potential interface slip between old 
and new concrete. A fiber section decomposition approach is adopted, utilizing inelastic cyclic material 
constitutive laws for concrete and steel, while the slipping effect is simulated by an improved cyclic interface 
model. Resultant internal actions are numerically integrated and the required equilibrium conditions for interface 
behavior are imposed. The implemented solution strategy for producing cyclic moment-curvature diagrams is 
based on an efficient differential evolution algorithm, showing satisfactory convergence. The performance of the 
suggested method is demonstrated through cyclic load analyses of jacketed R/C columns. 
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1. INTRODUCTION 
 
Reinforced concrete (R/C) jacketing is an intervention method used extensively in practice to 
accommodate deficiencies related to structural response, in terms of stiffness, strength, and ductility. 
The application of this method leads to a uniform distribution of lateral load capacity throughout the 
structure and hence the enhancement of structural behavior under seismic excitation. An important 
aspect that plays a significant role in the structural response of jacketed members is the shear transfer 
efficiency along interfaces between old and new concrete. The mechanisms mobilized along interfaces 
due to slip and their interaction is a rather complex issue in experimental and analytical research, 
especially under cyclic loading conditions (notably seismic loading), where strength degradation 
should also be accounted for. Mechanisms that resist interface sliding are aggregate interlock between 
contact surfaces, including any initial adhesion of the jacket concrete on the substrate, friction owing 
to clamping action of reinforcement normal to the interface and dowel action of any properly anchored 
reinforcement crossing the sliding plane. 
 
For the analysis of jacketed R/C member response under cyclic loading including the effect of 
potential interface slip, a novel computational procedure is presented herein. Section analysis is 
performed in moment-curvature response terms, using a fiber section decomposition approach. 
Inelastic cyclic material constitutive laws for concrete and steel are utilized, while the slipping effect is 
simulated by an improved cyclic interface model, exhibiting numerical robustness. Resultant internal 
actions are integrated analytically and the required equilibrium conditions for interface behavior are 
imposed. The implemented solution strategy for producing cyclic moment curvature diagrams is based 
on an efficient differential evolution algorithm, showing satisfactory convergence. Finally, the 
performance of the suggested method is demonstrated through cyclic moment-curvature analyses of 
jacketed R/C columns. In the following sections, the constitutive model formulations and the solution 
strategy of the present computational procedure are described in detail, and examples of the model 
response are provided. 



2. CONSTITUTIVE MODELS 
 
The elements required for assembling a fiber representation of a jacketed R/C section and 
subsequently performing cyclic moment-curvature analysis are: (a) two cyclic constitutive models for 
concrete and steel materials and (b) a robust cyclic interface model to simulate the slipping effect 
between the core (old) and jacket (new) concrete.  
 
The constitutive model for concrete implemented in the present study is based on the uniaxial 
stress-strain relationship suggested by Mander et al. (1988), as adapted by Martinez-Rueda and 
Elnashai (1997). The confinement action due to transverse reinforcement is represented by a passive 
confinement factor (K), which is considered constant during loading. For the reinforcing steel, the 
well-known cyclic constitutive model by Menegotto and Pinto (1973) incorporating the isotropic 
hardening rules by Filippou et al. (1983) was implemented. The generalized response curves and the 
material parameters for the above constitutive models are presented in Figure 2.1 and Table 2.1, 
respectively. The present model implementation was validated by comparison with an established 
finite element software (Elnashai et al., 2010). 
 

 
Figure 2.1. Generalized cyclic response curves for concrete (left) and steel (right) constitutive models 

 
Table 2.1. Material constitutive model parameters (see also Fig. 2.1) 

Concrete Steel 
fc (MPa) Uniaxial compressive strength Εs (MPa) Elastic modulus 
ft (MPa) Uniaxial tensile strength fy (MPa) Yield strength 

εcο Strain at maximum strength b Hardening factor 
Κ Confinement factor R0, A1-A4 Shape and isotropic hardening parameters 

 
The interface model to be formulated in the present study should describe the shear response (V) of 
the core-jacket interface due to the relative slip (s) between old and new concrete, under cyclic 
loading. However, the available literature on this subject is extremely limited. The most relevant study 
by Vassilopoulou and Tassios (2003) tackles the problem of cyclic concrete-to-concrete interface 
modeling for the first time, yet on a limited basis, since it produces shear-slip response curves only for 
symmetric cyclic slip loading (a common situation in cyclic testing). As a result, it is attempted here to 
improve and extend the above formulation for arbitrarily varying cyclic loading. The interface model 
is based on the interaction between two distinct mechanisms: (a) dowel action of the reinforcement 
normal to the interface plane (b) friction forces that develop between old and new concrete (Fig. 2.2). 
In Table 2.2, the necessary parameters for initializing the interface model are presented. 
 
Table 2.2. Cyclic interface model parameters 

Ec (MPa) Concrete elastic modulus Εs (MPa) Steel elastic modulus 
fc (MPa) Concrete uniaxial tensile strength fy (MPa) Steel yield strength 
Ac (m2) Interface area between cracks kb Number of dowels between cracks 

  db (mm) Dowel diameter 



 
Figure 2.2. Interface dowel and friction mechanisms 

 
A standard feature of any cyclic model is the envelope response curve, also known as ‘skeleton curve’, 
which is supplemented by the cyclic (hysteresis) rules. The envelope curves, according to 
Vassilopoulou and Tassios (2003), are defined by eqs. 2.1-2.2 for the dowel action D(s), and by 2.3-
2.8 for the friction effect τ(s), respectively. The lower branch of eq. 2.1 may be implicitly solved by a 
root-finding method (e.g. Brent’s). Equation notation can be referenced in Figure 2.2. 
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Due to the combined action of dowel and friction forces, the reinforcement axial capacity is 
considered to be ‘consumed’ by both mechanisms, according to the interaction equation 2.9. By 
solving this equation with respect to slip (s), a critical value scrit is derived, which introduces the 
following interaction conditions in (a) dowel and (b) friction envelope curves: 



(a) An upper bound value of dowel force D(scrit) is imposed on the envelope curve, i.e. for slip values 
greater than scrit, no further increase in the dowel force is allowed. 

(b) In eq. 2.8, the ultimate slip value (su) is replaced with scrit, i.e. for slip values greater than scrit, no 
further increase in the crack opening w(s) is allowed. 
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Figure 2.3 shows worked examples of envelope curves with and without the interaction effect between 
dowel and friction actions. On these envelope curves, cyclic response rules are subsequently 
introduced. As noted earlier, the limitation of the original cyclic model by Vassilopoulou and Tassios 
(2003), which is based on previous studies by Vintzileou and Tassios (1987) and Tassios and 
Vintzileou (1987), is that the cyclic rules are covering only the special case of symmetric cyclic slip 
(i.e. cycling up to a constant slip value of ± sn). Figure 2.4 depicts the original cyclic rules which will 
be subsequently improved in order to handle arbitrary cyclic loading. 
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Figure 2.3. Dowel and friction envelope curves with and without interaction 

 

 
Figure 2.4. Symmetric dowel (left) and friction (right) cyclic response (Vassilopoulou and Tassios, 2003) 

 
The new modifications in the above dowel and friction ‘submodels’ are described as follows: 
 
- The envelopes, for positive slip values, follow equations 2.1 for dowel and 2.3 for friction forces, 

respectively. For negative slip values, these envelopes are reduced by 30 % and 25 % respectively 
(non-symmetrical). 

- Since the dowel (D) and friction (τ) response shapes in Figure 2.4 are non-symmetrical, they are 
applicable only for an initial positive slip step. Consequently, if the initial step is negative, the 



response shapes should be mirrored, hence a global ‘direction’ factor λ = sign(s) is defined when 
the absolute current slip value exceeds the dowel elastic slip limit sel = 0.006·db for the first time.  

- In the case of unloading or reloading from the envelope curve, the slip (sr) and response (Dr or τr) 
are stored, at the moment of slip reversal. At the same moment, the absolute maximum recorded 
slip value (smax) is also stored. 

- Upon any slip reversal, the applicable range of the cyclic response is updated using eqs. 2.10-2.11 
for dowel and 2.12-2.13 for friction forces. Figure 2.5 depicts the corresponding unloading and 
reloading paths the dowel submodel. In the special case when the starting (sr) and ending (sn) slip 
values are of the same sign, the depicted trilinear path is reduced to a straight line. Furthermore, in 
order to improve numerical stability, the vertical drops in friction force (arrows in Figure 2.4, right) 
were mitigated with a slip reduction of 10 %. 

  
 dowel range:  (sr, Dr) ~ (sn, Dn) 
 unloading:   sn = −smax  sr > 0 : Dn = −0.7·|Dr| sr < 0 : Dn = −|Dr| (2.10) 
 reloading:   sn = smax  sr > 0 : Dn = −|Dr| sr < 0 : Dn = −|Dr| / 0.7 (2.11) 
 
 friction range:  (sr, τr) ~ (sn, τn) 
 unloading:   sn = −smax  sr > 0 : τn = −0.75·|τr| sr < 0 : τn = −|τr| (2.12) 
 reloading:   sn = smax  sr > 0 : τn = −|τr| sr < 0 : τn = −|τr| / 0.75 (2.13) 
 

 
Figure 2.5. Unloading and reloading paths for dowel action 

 
- If the ending slip value (sn) is exceeded during loading (i.e. its absolute value is larger than smax), 

the loading path continues on the envelope curve. 
- In the case of |s| < sel, elastic response is considered and no cyclic rules are applied. 
- The final element of the improved cyclic interface model is the introduction of two force 

degradation factors for dowel and friction submodels. These degradation factors operate on the 
envelope curves and reflect the force degradation due to cyclic loading. In the original suggestion 
by Vassilopoulou and Tassios (2003) and in the later amendments of the Greek Code for Structural 
Interventions (KANEPE, 2012), the strength degradation depends on the number of symmetric 
cycles (n). In order to extend this concept to arbitrary loading history, an ‘equivalent’ number of 
cycles (neq) is introduced herein, depending on the cumulative slip (Σs): 
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and the degradation factors for dowel (Ddeg) and friction (τdeg) actions are updated as follows: 
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The above degradation factors are pre-calculated at the moment of reloading yet finally applied on the 
envelope curves at the end of the cycling procedure, i.e. when the ending slip value (sn) is exceeded 
and the loading path continues on an updated envelope curve. The transition between the former and 
the updated envelope is performed on the final branch of the cyclic load path, as depicted in Figure 2.6 
for the dowel submodel.  

 
Figure 2.6. Calculation and update of the degradation factor and envelopes 

 
- Finally, the total interface response from the combination of the dowel and friction submodels is 

calculated as follows: 
  
 D F deg b deg cV(s) V (s) V (s) λ D(s) D k λ τ(s) τ A= + = ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅  (2.17) 

 
Figure 2.7 depicts worked examples of the interface model response, for symmetric, non-symmetric 
and arbitrary slip loading histories. It is observed that the suggested implementation exhibits numerical 
robustness and hence is deemed suitable for being integrated in the cyclic moment-curvature analysis 
solution strategy presented in the subsequent section. 
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Figure 2.7. Interface response curves for various slip loading histories 



3. SOLUTION STRATEGY  
 
The computational procedure for the moment-curvature analysis of rectangular R/C jacketed sections, 
including interface slip, under cyclic loading, is based on the classic fiber decomposition approach due 
to the non-cylindrical stress field (non-uniform in one direction) emanating from the load path 
dependency which characterizes cyclic loading (Bonet et al., 2004). In this direction, the section is 
decomposed into a fine fiber mesh (Fig. 3.1, left) and each fiber is associated with the corresponding 
cyclic material constitutive model. It is noted here that three confinement regions are determined for 
the jacketed section (unconfined, partially confined, fully confined), each associated with a properly 
calculated confinement factor (see Tab. 2-1) according to the confinement model suggested by Kappos 
(1991). Furthermore, negative reinforcement fibers associated with the background concrete material 
are introduced at reinforcement locations, in order to account for the removed concrete area under 
reinforcement bars (Fafitis, 2001). For the stress integration of the section internal forces, following 
the Bernoulli-Euler assumption (i.e. plane sections remain plane and perpendicular to the axis of the 
column), the complete strain profile is described with four distinct parameters (φ, εο, εΑ, εΒ), in order 
to account for possible interface slip, as depicted in Figure 3.1 (right). 
 

 
fiber decomposition 

(half of section is discretized 
due to simple symmetry) 

 
Figure 3.1. Section fiber decomposition (left), equilibrium conditions (center) and strain profile (right) 

 
For each section fiber, the total strain is calculated according to its normal distance (y) from the 
section origin as follows: 
 
 For y < −hc/2  ε = −φ·y + εA (3.1) 
 For −hc/2 < y < hc/2  ε = −φ·y + εο (3.2) 
 For y > hc/2 ε = −φ·y + εB (3.3) 
 
where hc is the height of the core subsection. The above equations describe strains in total form, while 
the same equations are also applicable in incremental form. As a result, with the four strain profile 
parameters incremented, the updated fiber stress can be calculated as follows: 
 

(Δφ, Δεο, ΔεΑ, ΔεΒ) → 3.1-3.3 → fiber increment Δε → constitutive model → fiber stress (σ) 
 
and finally, by integrating all fiber stresses, the total internal axial force (Nint) and moment (M) can be 
calculated as follows: 
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where N is the number of fibers, x and y are the fiber dimensions, d is the rebar fiber diameter and 
indices c, s are for concrete and steel, respectively. In the same fashion, the internal axial forces of the 
three distinct zones (1-2-3 in Fig. 3.1, right), which are formed by the two interfaces are calculated and 
will be utilized below in the interface equilibrium conditions (Nint = N1,int + N2,int + N3,int). 
 
For simulating the interface slip between old and new concrete, two identical interface models are 
introduced which produce the shear forces VA and VB due to the relative slip (sA and sB) between the 
core and the jacket (Fig. 3.1, center). Furthermore the distance (c) between cracks in the direction of 
the column, where the interface model is considered to operate, is calculated by analytical expressions 
suggested in Thermou et al. (2004). The incremental change of the strain profile described above (Δφ, 
Δεο, ΔεΑ, ΔεΒ) causes slip in the top and bottom interface and modifies the corresponding shear forces 
as follows: 
 
 ΔsA = c·(ΔεΑ−Δεο) → interface model → bottom interface shear (VA) (3.6) 
 ΔsB = c·(ΔεΒ−Δεο) → interface model → top interface shear (VB) (3.7) 
 
Finally, the global equilibrium conditions of the section are described as follows: 
 
- Equilibrium of total axial force: Nint = Next (3.8) 
- Equilibrium of bottom interface: VA = N1,int – N1,ext (3.9) 
- Equilibrium of top interface: VB = N3,int – N3,ext (3.10) 
 
where N1,ext and N3,ext are calculated by the corresponding tributary areas in the case when the external 
axial load is applied to the entire section. If the external axial load is applied only on the core 
subsection (as in various experimental tests), the above values are zero. The aforementioned numerical 
procedures are summarized in Figure 3.2, where the nonlinear section equilibrium problem is 
described. 
 

 
Figure 3.2. The nonlinear section equilibrium problem 



According to Figure 3.2, for each curvature step (Δφ), the goal is to calculate the bending moment (M) 
corresponding to the new curvature value φ+Δφ, for a given constant external axial load (Next). This 
procedure is repeated for the entire curvature load history, in order to finally produce the requested 
cyclic moment-curvature response curve. For each (predefined) curvature step, in order to satisfy the 
aforementioned equilibrium conditions, the three unknowns (Δεο, ΔεΑ, ΔεΒ) which, together with Δφ, 
define the section strain profile should be determined. This kind of nonlinear problems can be 
traditionally solved by nested loops, seeking equilibrium by iterating each unknown separately. 
However, in the present case, this approach could lead to wrong estimates, considering the cyclic 
nature of the constitutive models; in Figure 3.3 (left), the interface model response for two different 
load paths (according to eq. 3.6), is depicted: (a) nested loop approach and (b) direct loading. In the 
first case, a slip of c·ΔεΑ is applied in the inner loop until convergence and −c·Δεο in the outer. In the 
second case, slip loading is applied directly, i.e. c·ΔεΑ−c·Δεο = ΔsA. It is apparent that the correct result 
corresponds to the second case because the cyclic model response is load-path dependent. 
Consequently, a ‘trial-and-error’ approach attempting different combinations of the three unknown 
values until convergence is required. 
 
The nature of the aforementioned nonlinear problem hints to the application of an evolutionary 
algorithm, specifically the differential evolution approach (Storn and Price, 1997) which is an 
established metaheuristic method that optimizes a problem by iteratively improving a candidate 
solution (i.e. the present unknown set of Δεο, ΔεΑ, ΔεΒ) with regard to a given measure of quality, 
called the objective function. The main advantages of this method, whose details may be found in the 
original study by Storn and Price (1997), are its robustness and easy implementation. For the present 
problem the chosen parameters are the population NP = 30, weighting factor F = 0.5, crossover 
constant CR = 0.3, and the objective function is defined as follows: 
 
 

int ext 1,int 1,ext 3,int 3,extf N N N N N N= − + − + −  (3.11)
 

 

 
Figure 3.3. Interface response for sequential and direct slip loading (left) and  

convergence procedure of the differential evolution algorithm (right) 
 
The above differential evolution algorithm, after a necessary number of objective function (eq. 3.11) 
evaluations yields the optimum solution vector x = [Δεο, ΔεΑ, ΔεΒ]T, providing that f < 10-4 (tolerance). 
Figure 3.3 (right) shows a 3D plot of trial solution vectors for a single curvature load step (Δφ). The 
vector color (blue to red) shows the continuous optimization of the solution towards convergence. 
Finally, a worked example of a jacketed R/C column under cyclic curvature loading, with and without 
consideration of interface slip is depicted in Figure 3.4, which demonstrates the efficiency of the 
suggested approach. It is observed that the introduction of interface slip results to a softened post-peak 
response due to the continuous deterioration of the interface between the core and the jacket. A more 
rigorous parametric evaluation of the present analytical method can be found in Thermou et al. (2012). 
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Figure 3.4. Moment-curvature response of a jacketed R/C column with and without considering interface slip 

 
 
4. CLOSURE 
 
A new analytical procedure was presented for the moment curvature analysis of jacketed R/C sections 
under cyclic loading, including interface slip. The included novelties are the improved cyclic interface 
model and the application of an evolutionary algorithm on cyclic moment-curvature section analysis. 
The computational robustness of the suggested method was validated with worked examples on 
constitutive and section level. It is believed that the present study contributes to the current state of 
knowledge on a subject of practical relevance, open to further investigations. 
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