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SUMMARY: 

Two methods for forward computation of H/V spectral ratio of ambient vibrations based on different hypotheses 
are compared in this work. The first one rests on the Diffuse Field Approach (DFA), assuming that the relative 

power of each wave type is prescribed by the energy equipartition principle; under this hypothesis, the 

proportionality between the Fourier-transformed autocorrelation (power spectrum), at any point of the medium, 

and the imaginary part of the Green’s function, when source location corresponds to the receiver location, holds. 

The second method assumes that the ambient vibration wavefield is generated by Distributed Surface point-like 

aleatory independent Sources (DSS hypothesis), which effects propagates to the receiver without significant 

scattering, apart from the one due to the layering. These models have been numerically compared for a set of 

simple structures. An algorithm for calculation of DFA spectral ratios based on a classical contour integration in 

the complex radial-wavenumber plane is also outlined.  
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1. INTRODUCTION 

 
The H/V spectral ratio (Nakamura, 1989) is a widely used technique of seismic exploration which can 

be employed as a tool for quick detection and evaluation of site effects in terms of SH-resonance 

frequency as well as for constraining the elastic properties of the shallow geological structure (usually 
under the assumption of horizontally layered medium). Nevertheless, some controversial aspects about 

the exact physical interpretation of the outcome of this technique (H/V curve) remain. Most of them 

are related with the nature of the ambient vibration wavefield and its sources. These differences in the 

forward modelling of H/V ratio might have consequences in the results of ground model inversions, 
which should be thoroughly studied. 

 

In this work, we compare two possible interpretations of H/V ratios with solid theoretical foundations. 
The hereafter called DSS hypothesis assumes that the wavefield is generated by a set of Distributed 

Surface point-like aleatory independent Sources, which effects propagate to the receiver without 

significant scattering, apart from the waveguide effects of layering (Lunedei & Albarello, 2010). On 
the other hand, Nakamura’s ratios can be evaluated by considering the Diffuse Field Approach (DFA), 

which assumes that the relative power of each type of wave is prescribed by the energy equipartition 

principle. Under this hypothesis, the proportionality between the Fourier-transformed autocorrelation 



(power spectrum), at any point of the medium, and the imaginary part of the Green’s function, when 

source location corresponds to the one of the receiver, holds (Sánchez-Sesma et al., 2011a). The 

assumption of a major role of multiple scattering is behind this formulation. A suitable method for 

calculation of DFA spectral ratios based on a classical contour integration in the complex radial-
wavenumber plane is also presented. The imaginary part of the Green’s function at source is 

synthesized as a sum of residue contributions (surface waves) and branch-line integrations (body 

waves) over a bounded interval only (from k = 0 up to the wavenumber of S-waves in the halfspace). 
 

 

2. THE H/V SPECTRAL RATIO AS DESCRIBED BY DFA 
 

If a 3D diffuse, equipartitioned, harmonic displacement vector field ),( xiu  is established within an 

elastic medium, the average cross-correlations of motions at points Ax and Bx  can be written (e. g. 

Perton et al., 2009) as:  
 

)];;(Im[2),(),( 3*  BABA xxxx ijSSji GkEuu       (2.1) 

 

where the ),,( BA xxijG  is the Green’s function,   the circular frequency, 
SS Vk /  the shear wave 

number, 
SV  the shear wave propagation velocity, ES the average energy density of shear waves, which 

is a measure of the strength of the diffuse illumination. Eqn. 2.1 is the analytical consequence of a 

correlation-type elastic representation theorem and has been verified in canonical examples of a full 
space (Sánchez-Sesma & Campillo, 2006) and for elastic inclusions (Sánchez-Sesma et al., 2006, 

2008). 

 

The energy density at point Ax along the direction m can be obtained if we rewrite Eqn. 2.1 assuming 

BA xx  : 

 

)];;(Im[2),(),(),( 3*  AAAAA xxxxx mmSSmmm GkEuuP  , no sum.  (2.2) 

 

Thus, the total energy density at a point, m mP , is proportional to the imaginary part of the trace of 

the Green’s tensor for coincident receiver and source. The imaginary part of, say, G11 represents the 

power injected by the unit harmonic load in direction 1. This quantity “detects” energies that are both 

radiated and coming back to the source and may be used for imaging. Finally, we can thus write the 
H/V ratio as: 
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where P1, P2 and P3 are the directional energy densities for the horizontal (P1 and P2) and the vertical 

(P3) degrees of freedom. The last step includes an assumption of a pure 1D configuration (horizontal 

layering), where horizontal directions are indistinguishable (i. e., P1 = P2). Eqn. 2.3 links average 

measurements expressed on the left side with an intrinsic property of the medium on the right, and 
naturally allows for the inversion of H/V ratio accounting for the contributions of Rayleigh, Love and 

body waves. 

 

2.1. Surface Wave Contribution 

 

Several studies have shown that surface waves represent the dominant contribution to the wavefield at 
large enough frequencies. In that case, we can rewrite the Green’s Functions in terms of their well-

known modal characteristics. After taking the zero-distance limit of the Harkrider’s (1964) 

expressions for a horizontally layered medium, the surface-wave version of Eqn. 2.2 can be expressed 



as:      
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where RmA  and LmA  represent the medium response of Rayleigh and Love waves for the m-th mode 

(Harkrider, 1964) and m  the corresponding  Rayleigh wave ellipticity (as a real quantity). 

 

 

3. THE H/V SPECTRAL RATIO AS DESCRIBED BY DSS 

 
In this approach it is accepted that ambient vibrations are generated by a continuum of surface loads 

distributed on the Earth free surface. The ground motion they produce propagates to the receiver 

without significant scattering, except for the one due to the stratigraphical interfaces (impedance 
contrasts). This model was formulated under the assumption of weakly dissipative medium, for both 

the full ambient vibration wavefield (Lunedei & Albarello, 2010) and for the surface-wave component 

only (Lunedei & Albarello, 2009). Adapting their expressions to the usual Green’s function 

nomenclature in Cartesian coordinates, we find: 
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where 
2  stands for the total surface variance density of random sources and 2

j  for  j-component 

relative surface variance density as defined by Lunedei & Albarello (2010). The separate expressions 

of )(1 P  and )(2 P  in the case of anisotropic illumination (1 ≠ 2) have been also determined in the 

quoted paper. Formulae in Eqn. 3.1-2, which have been derived under a rigorous statistical framework, 
generalize the Field & Jacob (1993) expressions, enabling different weights of Green’s functions. A 

source-free circular area with radius 0min x  surrounding the receiver can be eventually considered in 

this calculation (this area is absent when 0min x ). Finally, the spectral ratio is calculated as: 
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3.1. Surface Wave Contribution 

 

In the case of predominance of surface waves, expressions in Eqns. 3.1-2 assume a simpler form. 
Compact formulae were first given by Arai & Tokimatsu (2004) for an elastic stratified medium, 

under some additional simplifying hypotheses (asymptotic long-distance forms of the Green functions, 

suitable free-of-sources areas, incoherent summation of modal contributions):    
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where κ is a frequency independent damping parameter, representative of the scattering effect. Under 

the same simplifying hypotheses, Lunedei & Albarello (2009) proposed a different implementation, 

which includes the effects of material damping (viscosity): 

 

    
RAYLEIGH

min

2
22

2
2
1

22
3

2

21 2exp
)(

)(2
4

)()(
m

Rm

RmRm

Rm
mm x

k

A
PP 





   

 

 



LOVE

min

22

2exp
)(

4
m

Lm

LmLm

Lm x
k

A





,     (3.6) 

 

   



RAYLEIGH

min

2
2
2

2
1

22
3

2

3 2exp
)(

)(2
4

)(
m

Rm

RmRm

Rm
m x

k

A
P 





 ,     (3.7) 

 

where αLm and αRm are the attenuation factors for the m-th Love and Rayleigh mode respectively, 

which depend on the viscous properties of the medium (i.e., P- and S-wave damping factors or 
corresponding quality factors). These formulae explicitly depend on the source-free area radius 

0min x , which can be set as a constant value, as well as a frequency dependent function. 

 

 

4. SYNTHETIC TESTS 
 

In order to study the differences and similarities of these two methods in practice, a set of synthetic 

tests has been performed using the stratigraphyc models listed in Table 4.1. Models M1* (purely 
elastic) were used by Tuan et al. (2011) in their studies on the Rayleigh waves ellipticity. 

Stratigraphyc model M2 has been taken from Albarello & Lunedei (2011), as well as the M2* model 

family, which elements are generated from M2 varying either the Poisson’s ratio of the upper layer or 
the S-wave velocity of the intermediate one. All these models basically consist of a layer overlying a 

half-space, although models M2* include a thick buffer layer (the intermediate one), which prevents 

from sharply unrealistic truncation of surface-wave higher modes in the range of frequency of interest 

(0.5-20 Hz). Finally, model M3, taken form Sánchez-Sesma et al. (2011b), has the particularity of 
presenting two significant impedance contrasts. 

 
Table 4.1. Models used in the numerical experiments 

M1* 

4h/VS1 (s) VS / VS2  /2 QP QS 

1 0.05-0.50 0.00-0.45 0.7391 ∞ ∞ 

∞ 1 0.3449 1 ∞ ∞ 

M2 

h (m) VS (m/s)   (g/cm3) QP QS 

25 200 0.333 1.9 500 500 

5000 1000 0.333 2.5 500 500 

∞ 2000 0.257 2.5 500 500 

M2* 

h (m) VS (m/s)   (g/cm3) QP QS 

25 200 0.01-0.49 1.9 500 500 

5000 228-1520 0.333 2.5 500 500 

∞ 2000 0.257 2.5 500 500 



M3 

h (m) VS (m/s) VP (m/s) /4 QP QS 

5 30 500 1 500 500 

25 100 500 1 500 500 
50 150 500 1 500 500 

∞ 500 1500 1 500 500 

 

4.1. DFA Main Peak Characteristics for a Layer over Halfspace  

 
A set of 100 H/V calculations have been carried out for the simple models in the set M1*. In order to 

study the main peak shape, which can be potentially affected by body wave contributions, full 

wavefield simulation was used. Results confirm a good match between the peak frequency and the 

fundamental resonance of vertically incident S-waves (f0SH). Some deviations (of up to about 12% 
towards lower frequencies) have been found for models with low velocity contrasts (~2 in VS) and low 

Poisson’s ratio in the layer (upper left corner in Fig. 1a). Nevertheless, we find that the amplitude of 

the H/V ratio is not predictive of the SH transfer function amplitude (Fig 1b) and their ratio strongly 
depends both on the impedance contrast and the Poisson’s ratio. It should be noted that the compared 

amplitudes correspond to slightly different frequencies. 

 

 
 

Figure 1. Main peak characteristics for the M1* set of models using full-wavefield DFA simulations: (a) peak 

frequency to f0SH ratio; (b) peak amplitude ratios between DFA simulations and the vertical S-wave semi-transfer 

function. 

 

4.2. Overall H/V Shapes for a Layer over Halfspace Using Surface Waves 
 

The differences between these two approaches emerge in a more explicit form if their versions for 

surface waves are compared (Eqn. 2.4-5 vs. 3.4-5 and 3.6-7). Formulae have a similar structure, but 

the contributions of each seismic phase and mode to the total power differ. In fact, it depends on mA  

in the DFA formulation and on 
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 in the DSS one, where “•” indicates 

either Love (L) or Rayleigh (R) phases. Square operator in the last model is a consequence of the 

power computation, which is proportional to the ground motion square; in the DFA model, the correct 

physical dimension is insured by the energy factor that multiplies the imaginary part of the Green’s 
function in Eqn. 2.2. So, while in the DSS the energy repartition among contributing waves depends 

on the relative energies (expressed by square amplitude) of the waves received from the surface source 

distribution, in the DFA this repartition it is established by the Green’s function for coincident source 
and receiver. This is a very important physical difference between our two approaches. The common 

inverse wavenumber mk1 in the DSS formulae represents an effect of the long-range wave 
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propagation from the generic source to the receiver, while the other 
mk1  factor or the correspondent 

m1  is due to integration on the horizontal distance to compute the total source distribution effect. 

Both these elements are obviously absent in the DFA method. 
  

It can be shown that in both the considered models, the H/V ratio restricted to surface-waves tends to 

the ellipticity of (non-dispersive) Rayleigh waves over a halfspace and depend on the characteristics of 

the deeper medium (say
HS ) as f→ 0. This fact is due to the faster drop of the fundamental Love 

mode medium response AL0 in comparison with AR0 (specifically, AL0 = O( 2
0Lk ) as kL0→0 while AR0 = 

O(
0Rk ) as 

0Rk →0) together with the limits )(0 f →
HS  and 

0Rk /
0Lk →

RNSN VV /  as f→0 (
SNV = S-wave 

velocity in the halfspace, 
RNV = Rayleigh-wave velocity for the halfspace). 

 

The effects of different way of considering the modal contributions in the surface wave version of 
DFA and DSS (Eqn. 3.4-5) calculations have been investigated for models in M1*: Fig. 2 compares 25 

synthetic H/V ratios calculated with both methods. For DSS calculations, the relative surface variance 

densities along the three Cartesian components were chosen to fulfil 1
2 

= 2
2 

= 3
2
/2. Even though 

the overall shapes are very similar and peak frequencies match well, some differences are still revealed 
in this figure. The [H/V]DSS curves often show sharper peaks and troughs at frequencies higher than 

the fundamental S-wave resonance (i.e., associated with higher modes) in comparison with their 

[H/V]DFA counterparts. 
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Figure 2. Solid blue line: [H/V]DFA vs. (f/f0SH) using surface waves for some models in M1*. Dashed green line: 

respective [H/V]DSS vs. (f/f0SH) curves following Arai & Tokimatsu (2004). 

 

4.3. Surface-Wave and Body-Wave Contributions 

 
Albarello & Lunedei (2011) have performed a detailed analysis of the influence of body and surface 

waves in the DSS frame for the model M2, which presents a single significant impedance contrast. 

They find significant contributions of body waves for frequencies around and below the S-wave 
resonance frequency f0SH (2 Hz in this case), whereas surface waves clearly dominate for frequencies 

larger than the P-wave one f0P (4 Hz in this case). This fact reflects on the deviation between blue (full 

wavefield, FW) and green (surface waves, SW) curves in Fig. 3a around the peak frequency. When a 
circular source-free area with a radius of 10 m exists (Fig. 3b), the FW produces an H/V peak equal to 

the one of the SW, probably as a consequence of the more efficient propagation of these last at long 

distances (see, e.g., Tamura, 1996). The elastic DFA results show no difference between FW and SW 

H/V curve, which peak amplitude is less than the DSS one. 



 

 
 

Figure 3. H/V ratios for structure M2 obtained by the DSS for full wavefield (blue) and the surface-wave 

component (green), as well as by the DFA for full wavefield (black) and the surface-wave component (red). (a) 

No source-free area is considered. (b) A source-free area with radius xmin=10 m is set in the DSS method. 

 
A parametric study of this stratigraphy is performed by considering the model family M2*, which full-

wavefield results are shown in Fig. 4. 

 

 
 

Figure 4. Panels (a) and (b): full-wavefield DFA spectral ratios for models in set M2*. 

Panels (c) and (d): respective counterparts obtained by using the DSS, with xmin=0. 

 

4.4. Differences between DFA and DSS in a More Complex Stratigraphic Model  
 

By using model M3, which presents two important impedance contrasts at 5 and 80 m and a minor one 

at 30 m depth, we point out that, contrary to the single-layer case, remarkable differences in H/V shape 
deduced from DFA and DSS can occur for more complicated subsoil structures. Rough calculations 

from the S-wave travel-time lead to expected resonance frequencies of 1.5 and 0.33 Hz respectively 

for the principal contrasts and 0.6 for the secondary one. Two peaks appear in the elastic DFA 

computation near to 0.4 and 1.5 Hz (that can be associated with the two subsoil principal interfaces), 
for both the FW (black line in Fig. 5) and the SW cases (red line in Fig. 5). The DSS response is more 

complex. When no source-free area exists, the DSS-FW H/V (blue line in Fig. 5a) only shows the peak 

correspondent to the shallowest impedance contrast, while the other is retrieved by the DSS-SW 
counterpart (green line in Fig. 5a). Nevertheless, the main peak is recovered in the DSS-FW H/V 

curve if close sources are removed from the calculations, as Fig. 5b (blue line) shows for xmin = 5 m, 

and moreover the overall shapes of the DFA-FW and DSS-FW curves approximately match. These 
results suggest that DFA and DSS might lead to closer results whenever a suitable source-free area is 

used in the DSS-FW computations, letting surface waves play a predominant role. The SW results 

seem very similar in any cases. 

 

(a) (b) 

(a) (b) 

(c) (d) 



 
 

Figure 5. H/V ratios from DFA and DSS methods for model M3 (with 1= 2
 
= 3): (a) surface loads are 

allowed on the whole ground surface; (b) near sources are removed from around the virtual station up to 5 m. 
 

 

5. EFFICIENT CALCULATION OF H/V RATIOS UNDER THE DFA 

 

A direct scheme for calculation of H/V ratios under the DFA has been proposed by Sánchez-Sesma et 
al. (2011a). Nevertheless, a more efficient one which takes advantage of complex wavenumber 

integrals can be performed as shown in this section. We may start rewriting the DFA equations in 

terms of the Green function in cylindrical coordinates:  
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where w0(r) is the Fourier-transformed vertical displacement at horizontal distance r due to a delta-
type vertical point load at the origin, while q0 is the radial displacement at (r, θ) caused by a horizontal 

load in direction θ = 0. Both source and receiver are located on the ground surface. The expressions of 

the functions )(kf V
PSV , )(kf H

PSV  and )(kfSH  in terms of the quantities G, H, JL, K, L, M, N, R, S 

(defined, e. g. in Harkrider, 1964) are: 
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Using that these are odd functions of k, the integrals can be extended to the whole real axis replacing 

)(krJn
 with 2/)()1( krHn

 and subsequently interpreted in the complex-k plane taking advantage of the 

integration contour shown in Fig. 6 (e.g. Tamura, 1996). The integrands present simple poles on the 

real axis as well as branch-cut discontinuities in the interval [
SNV/ ,

SNV/ ] and along the whole 

imaginary axis due to the dependence on the square roots  22 / PNN Vk    and 

 22 / SNN Vk    . The criteria used in this section for definition of Fourier transform and signs of 

j  and 
j  in Eqs. 5.2-3 are same as in Aki and Richards (2002). In this manner, the original integrals 

are evaluated from the sum of residues (corresponding to Rayleigh and Love waves) and the branch-

cut integrals in [0,
SNV/ ] and [0,+i∞) (corresponding to body waves). 

 

(a) (b) 



 
 

Figure 6. Contour used for complex-plane integration. 
 

Nevertheless, due to the conjugation of )(kf V
PSV , )(kf H

PSV  and )(kfSH  between both sides of the 

imaginary axis, integration in the latter interval will contribute to the real part of the Green’s function 

only. Thus, and after taking the limit r → 0, we finally obtain: 
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The surface-wave part of these expressions matches Eqns. 2.4-5, once the definitions of medium 

responses and ellipticity are inserted. Note that the constraint of numerical integration to the range 

[0,
SNV/ ] and the separate calculation of surface and body waves represent the major improvements 

reached with this analysis. The precautions concerning possible poles at k=0 (see Wang & Herrmann, 

1980) can be ignored in the limit r→0. 

 
 

6. CONCLUSIONS 

 
The results obtained indicate that both the DSS and the DFA provide reasonable full-wavefield and 

surface-wave synthetics for H/V spectral ratios. These curves present overall patterns in some extent 

similar, but not identical. 
 

In spite of the rather different underlying hypotheses, DFA and DSS lead to similar H/V curves for 

models with a dominant impedance contrast (M1*, M2*). Relative H/V main peaks match the first SH 

resonance frequency (f0SH) in a very good way. Nevertheless peak amplitudes may differ and show 
non-trivial dependence on the impedance contrast and the Poisson’s ratio. Results relative to DSS also 

depend on the source distribution around the receiver. For both models, surface waves represent the 

dominant contribution at high enough frequencies, whereas body waves play an important role around 
and below f0SH. The experiments performed for a stratigraphy with two important and a weak 

impedance contrasts show some variability in the overall shape of the H/V curve in the full-wavefield 

DSS when sources are present or absent near the receiver. DFA and DSS should lead to closer results 
whenever near sources were eliminated from the DSS computation and surface waves were playing 

the major role. This seems to suggest that, although physical bases are different, surface-wave 

behaviour described by DFA and DSS is very similar. In any case, the differences in the overall H/V 



curve features make clear that the relationships between DFA and DSS still require further scrutiny. 

Finally, explicit expressions (using Harkrider’s notation) for the surface-wavefield components of the 

DFA spectral densities have been provided and an efficient way for full-wavefield computing of DFA 

HV has been sketched. 
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