BUILDING CODE PROVISIONS ON TORSIONAL OSCILLATIONS
by Jorge I. Bustamante® and Emilio Rosenblueth®

Intzoduction

Damage from torsiomal oscillations due to earthquekes has been observed
in many buildings. In instances the distribution of damage can be explained
only by admitting that the center of rotation lay imside the floor area. a
This implies actual eccentricities of horizontal shear much in excess of
what can be accomnted for by static computations.

One may cite several reasons for the discrepancy: (@) yncertainties in
caleulation of relative rigidities and hence in location of the center of
torsion; differences between dynamic and static behavior; uncertainties in
load distribution; men-linear behavior; etc.

There are few data and no means at present for a rational evaluation
of these factors. Conmsciousness of their importance has led to adoption of
certain provisions in at least three building codes. Thus the Structural
Engineers Association of Califomia pfgpres e minimum eccentricity equal
to + 5 percent of the plan dimension. *°* The Mexican emergency regula~
tions require an eccemtricity, additional to that computed statically,
equal to + 5 percent of the plan dimenoion for ordinary buildings and * 7
percent for wareheuses; besides, at no elevation should the torsiczal ec-
centricity be less them half of the maximum computed for all stories below
that elevation, nor the design torsion less than half of the maximum torque
computed for all stories above.'S: The proposed requirements for Mexi-
co's new Federal District code teatatively specify an eccentricity equal to
+ 5 percent of the plan dimension of the story, to be added to 1.5 times
the torsional eccemtricity statically computed for all buildings; static
analysis is permitted only when the computed eccentricity does not sxceed
10 percent of the plam dimensions. )

Dynamic studies of gsingle~story buildiugs('n indicate clearly that
differences between dynsmic and static eccentricity in ideal elastic build-
ings may be important. The main object of the present paper is to gemerai-
ize those studies. Conclusions derived therefrom are far from definitive
but may aid judgment in the setting up of code requirements. They show the
problem has sufficient importance to warrant further investigation.

Assumptions

Three different design acceleration spectra have been used in the
present emalysis (Fig. 1). Spectrum 1, in which acceleration is inversely
proportional to natural peried., T, in the entire range of T, is the same
as sssumed by Housner and Outinen in their study of torsion.(7) Spectrum
‘2 has been proposed in Mexico's new building code for structures on firm
ground.®) In it the acceleration is independent of the Tup to T = 0.
sec, and inversely proportional to T thereafter. Spectrum 3 has been pro~
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posed for structures cn soft ground in the Federal District; the design ac~
celeration is a linear function of T up to T = 1 sec, where its value is
twice that for T = 0; it is independent of T between 1 and 2.5 se¢c; and
thereafter becomes inversely proportionmal te T.

These spectre are intended to correspond to 0.1-0.2 of critical damp-
ing, Accordingly the structuzes analyzed were treated as undamped.

It was assumed that the structures could deform only in torsion and
shear and that they had no eccentricity paraliel to the motion analyzed.
Hence, they were treated as systems with two degrees of freedom per story
with no influence from motion perpendicular to the direction considered.

The motion of the structure was found from expansion in texms of the
natural modes and frequencies. The coefficients of the expansion are the
participation factors. After calculation of all natural modes and perieds
for a given structure, the contribution of each mode to the motion was
found by multiplying the mode in question by the corresponding participa-
tion facter and by the spectrum ordinate associated with that natural pe-
riod. This is known as the method of modal analysis.

Design responses ({shears and torques) were obtained as the square root
of the sum of squared responses associated with thd natural Tgsies. This
assumes that earthquakes consist of random arrays of pulses. Tt is the
method specified ie the proposed code when ome chooses to use modal analy-
sis.

Assumptions adopted in this paper lead to results consistent with a
proposed building code. They are not intended to afford bases for an at-
tempt at predicting actual behavior. Yet, with qualificatioms they should
permit drawing general conclusions. Spectrum 1 was included with the pur-
pose of gaining some generality.

Multistory Buildings

Four and eight story buildings have been analyzed using the modal
analysis method described above. In all cases comsidered the plan of every
floor is rectangular (in most cases it is square) and the center of mass of
311 floors lies on the same vertical line. All the floors in a given build-
ing have tl.le same mass and, except series 2 and 3, they have the same polar
moment of inertia, In all the examples, shear stiffnesses were assigned
such a variation with height above ground that the relative displacement be-
tneex‘x consecutive floors, neglecting eccemtricity, would be the same for all
stories when the building were analyzed statically under horizonmtal accel-
erations proportional to height. Thus in a four-story bmilding, if the
stiffness of the ground story is 1.000, these of subsequent stories are
0.900, 0.700, and 0.400. In an eight-story structure they are 1.000, 0.972,
0.916, 0.833, 0.722, 0.583, 0.416, and 0.416. (The stiffness of the Sth
story was taken equal to that of the Tth stoxy.)

. Torsional eccentricity of horizontal shear was assumed due to an end
rame or well, In that direction the entire stiffness, save for that of
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the end frame or wall, was assumed wniformly distributed. In the direc-

tion Perpendigular to the ground motion the entire stiffness was uniformly
distributed within the floor area and had a magnitude such that st every

story stiffnesses in both directions were proportional to the side lemgths;
they were equal for square floors.

In many of the cases analyzed there was static eccentricity (distance
from the center of torsion to the statically computed horizontal shear) in
only one story, while in all the stories the center of torsion lay on the
same vertical line as the centers of mass of all floors. In other cases
two or more stories had static eccentricity. The ratio e/a selected for

each story was in most cases 0, 0.1, 0.25, or 0.5, and either positive or
negative,

The ratio of mass to sheax stiffness was chosen so that the fundamen-
tal period of the structure was equal to 0.5 sec for series A and to 2.5
sec for series B. Each series was analyzed in conjunction with the three
design spectra described. above.

The problems were dealt with by setting up a matrix formulation of
the free vibration problem and using modal analysis. Computations were
carried out in an electronic digital computer.

Table 1 gives a summary of the geometric characteristics of most of
the buildings studied. They are divided in eight groups that conform
with minor variations to the characteristics described above. All build-
ings, except those in group 5, are square in plan. The distinctive charac-
teristics of the group are:

Group Characteristics

Uniformly distributed mass in all flooxs: j = asm/6. o
In flooxr immediately abgve story having static eccentrici-
ty, J = a%m/3; in all other floors, J = azm/é}. o
In floor immediately above story having stagtic eccentrici=
ty, J = a2m/12; in all other floors, J = 2*m/6.

4-story buildings; shear stiffnesses from the bottom up are
k, 0.972k, 0.916k, and 0.833. o )
Rectangular floors with uniformly dxstpbuted masses: J =
(a2 + b2)m/12; shear stiffness proport;onal.to side length.
Unequal shear stiffnesses in X and y directions.

J = 2¢2m/3 in all floors.

J = a“m/24 in all floors.

O~ 1 B W O

The effect of presumably important variables was sought th:.:ongh study
of these groups. Dynamic eccentricity and shear were comquedIm Zvigxic
story. Results were compared with those correfpondmg to simpler dy
structures and with results of static computations, as follows.

i hat in a similar building in

1. Ratio of computed dynamic shear to t ) )

which static eccentricity is_neglected. Flg;. 3-6 depict the ra
tio V/Vo for each story, series B, spectrum &.
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2. Ratio of dynamic eccentricity in each story ic the maximum_static
eccentricity in all floors, ej/egy pmoxe Dynamic eccentricities
were also compared with the f'loor dimension g parallel thereto.
Both groups of ratios appear in right and left axes of Figs. 7-10
for varions maximum static eccentricities, series B, spectrum 2.

3, Ratio between shear ratios inm multi= and single-story structuzes.
By shear ratio is meant the quantity defined undexr comparison 1.
Single-story buildings chosen for comparison have the same polax
mopent of inertia as the floor asbove the story with meximum static
eccentricity in the corresponding multistory building; static ec~
centricity and torsional rigidity are the same as for that stoxy
in the muitistory building; and the ratio of shear stiffness to
mass in the one~story structure is the same as for the first stoxy
of the multistory building. Ozxdinates in Figs. ll1~14 are ratios
of shear ratios for the story with maximum static eccentricity,
spectra 1, 2, and 3, series A and B, For buildings eccentric in
more than two stories, only the maximum and minimum ratios found
are shown; this holds for comparisen 4 also. =

4, Ratio of dynamic eccentricity in the multistory buildings to that
in one-story structures having the foregoing charactexistics.
Ordinates in Figs., 1518 give these ratios for the story with
maximum static eccentricity, spectra 1, 2, and 3, series A and B.

5. Comparison between maximum static eccentricity and the dynamic
eccentricities in all stories of some 4-story buildings, Fig.
20~22 show results for series B, spectrum 2, and Fig. 19 for se-
ries A, same spectrum. In Fig. 19, J = a%m/6; in 20, J = a2m/6;
in 21, J = 2a%n/3; and in 22, J = alm/24.

These results justify the following conclusions.,

Effects of static eccentricity in a given story are essentially in-
dependent of eccentricities in other stories if these are not numer~
ically greater than the eccentricity in the story considered (Figs.
3-10). Effects are slightly reduced when eccemtricities alternate
signs in consecutive stories (Figs. 7 and 8),

Dynamic eccentricity in a story with static eccentricity is roughly

the same as for a single story building with the same static eccen=
tricity (Figs. 15-18).

Dynamic eccentricity in stories other than the ones in which thexe ig
appreciable static eccentricity are roughly equal to O.4a and nearly
independent of static eccentricity when J = a“m/6. In every case they

are an appreciable fraction of the maximum dynamic eccentricity in the
building (Figs. 7=10), ¢

Horizontal shears are somewhat reduced due to sppreciable static ec-

centricity. The reduction is comparable to that im single-
buildings, P n single-stoxy
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An outstam;igg feature in these results is the fact that for J = a%m/6
dynamic eccentricity seems to remain finite even when the static eccentric-
city ig made ever smaller. For other J's this no longer bolds, although
there is alwa:_'s some dynemic magnification. The situation is dilucidated
in the Appendix for single-story buildings. It is shown that for a critic-
al J, which is a<m/6 for the type of structure considered here, the two
differential equations of motion tend to become identical when the static
eccentricity approaches zero. The condition leads to two natural modes

having equal frequencies. An analogous situation can be anticipated in
structures having several stories.

Actually the torques associated with the pair of equal natural periods
have opposite signs and tend to become equal as the static eccentricity ap-
proaches zexo. The true combined dynamic eccentricity also tends to zero,
but the sum of squared torques (or of their absolute values) does not.
Hence the apparent discontimuity et e = 0 when J is critical

Accordingly the anomaly should be ascribed to the method of analysis.
In this range neither the criterion of the root sum square nor that of the
sum of absolute values holds in combining natural modes. Both assume that
the natural periods of the modes to be combined are sufficiently different
from each other that oscillstion in one mode may be regarded as a pxocess
independent of oscillation in the other modes. The same difficulty is not

to be expected under large static eccentricities or other polar moments of
inertia.

Concluding Remaxks

Since modal analysis does not apply when two or more natural periods
are very close to each other compared to the expected ea:thgnake durat@or_i.
at least the range of small static eccentricities coupled with mear-criti-
cal polar moments of inertia should be further explored.

The following items also deserve further st‘udy. Eccentricity along a
line different from the principal axes of the building; the presence of
unequal masses in the various stories; centers of mass not on the same
vertical line; combined effects of ground motion in more than one direc-
tion; non-linear behavior and proncunced damping; and torsiomal compoments
of ground motions.

3

Nonetheless some general conclusions are warranted:

i The
1. amic eccentricity may exceed statically computed values.'
‘e)i:ess 1s particularly important when the polar moments of inertia
are close to their critical values; these are attained within the
range of usual characteristics of buxl_dings.

Itistory build-
. h estimate of toxsional dynamic effects in mn
2 ?n;:ugan ;e obtained from the response of single-story structures

with similar charecteristics.

v i he critical
amic eccentricity due to closeness to t
3. %z:s;;:e:{z of inertia may be greatly reduced by changing the
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critical values. This may be accomplished by increasing in the
stiffness of perimetral frames.
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ingle~ 1din

. Consider a structure having a single story (Fig. 2). D'Alembert's
equations of equilibrimm in free oscillation lead to the pair of equations

(k-mp) y-ek® = 0

\ 11)
-eky +(R-Jp)©O =0
where p denotes natural circular frequency. Their solution gives
pr= A A Li=1,2
2. P+ _ p-ly  c2
A= 3 V) + 5 @
Vie—CMmY¥i L _RVO%-1)
i, 0 Mj=——aNtU
Co+ (.)\;i"l) ack xi 3

the dybamic eccentricity is
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2 2
M| + M2 2

€4 =
d ( V!z+ V; “)

case Vaiuzs:f c<< 1 are particularly interesting. Consider first the
p= 2ac, where a is any arbitrary constant. Then, from Eq. 2,

Ad= |+ ( ;\/azq—.;_ )¢
R' (a ;Vaz-f-}— )

ak x;?

Equations 3

Mi
Vi

'{'his ratio is finite for all a even when ¢ = 0. Hence the dynamic ec—
centricity (Eq. 4) is also finite even when the static eccentricity is nil.

Now, if p - 1 does not tend to zero with ¢,

T DU S, TP S S
MU T TP
2 cR' Va2 | ‘
o gt G

which is of the oxder of the static eccentricity.

Accordingly, in the single-story building, there is always a2 critical
value of p, and hence a critical polar moment of imertia, for which the
dynamic eccentricity tends to a finite value as the static eccemtricity
tends to zexo. For all other polar moments of inertia ey remasins of the
same order as e when the latter tends to zero.

As a special case consider a building square in plan view, of side z.
Let the shear stiffness k come from a number of resisting elements suffi-
ciently close to each other and sufficiently similar to eack other plus an
end element that is more rigid than the rest, and let the shear stifiness
perpendicular to the direction of motion be equal also to k. Then,

- 8%k = J1f2c
R' 6 (l+20) ¥ P 63

The critical polar moment inertia obtains whem j = 1/6, thet is, fox
example when the mass is uniformly distributed ia the slab. Corresponding-—

ly, withc<< 1, if 9y =¥, = J:
‘ V=0.756my , eg>0.349a {l+¢)
If §,/¥2= A/ A2
V 20.756 my, {1 +0.45¢c), e4= 0.349a (1+2.60c)
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On the other hand, if j # 1/6, and ¥ = 92.

while if yl/yz

eq . VI+(6))?

est -6
= 2yfog

ed . VI +6]§

est 1-6j

Figures 2a and b show results computed for this type of square build~
ing (without the simplifying assumption that ¢ {{ 1), They correspond to
spectrum 2, series A and B, The latter have been computed for structures
. with fundamental periods equal to 0.5 and 2.5 sec respectively. These xe-
sults are in accordance with the esbove dexivations for small static eccen-
tricities. Results for spectrum 3 and T; = 2,5 sec are similar to those

in Fig. 2a,

Notation
&,b

(eg)y

= floor dimensions, respectively perpendicular and parallel
to sarthquake motion;

= e¢/a;

= paximum static eccentricity;

= dynamic eccentricity;

= dynamic eccentricity in jth story;

= dynamic eccentricity in statically eccentric storxy;

= dynamic eccentricity in a one-story structure similar to
& multistory buillding;

= aaka(l + 4¢)/12 = moment of inerties of the shear stiff~
nessés in y direction with respect to the y axis through
the center of mass;

= abkyj/lz = do. x direction, x axis;

= centroidal polar moment of inertia of mass;
"

=
alm

= total shear stiffness in the y directionm;

= do. x direction;

= torsional moment in the ith mode;
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¥ s Lorsional design moment;

n = number of degrees of fxeedom of the building:

Py = natural circular frequency of the ith mode; p% = kyikiz/mi;

R = Igx + Igy = torsional stiffness with respect to the center
of mass;

R’ =R - exz.k; = torsional stiffness with respect to the centex
of torsions

x = a/b;

Ti = natursl period of the ith mode;

v; = shear force in the ith natural mode of a staticlly eccen-
tric structure.

\' = design sheaxr force;

Vo = design sheaxr force when neglecting static eccentricity;

(V/Vy)1 = ratio of shear forces in single-story structure similar to
a multistory building; (V/V,)y ratio of shear forces on the
multistory building;

91 = ordinste of the acceleration spectrum, corresponding to the
ith natural period;

¥i = free-vibration displacement of the center of mass in the
ith natural mode;

B = stiffness ratio = Ipy/Tiys

8y = free-vibration rotation in the ith natural mode;

Liz = ith eigenvalue;
P = R/(a2k}).

Subscxipt j refers to jth floor or the story immediately below. Us-
rvally the j subscripts are dropped in single-story buildings.
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Building Code Provisions on Torsional Oscillations
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