A STUDY ON THE OPTIMUM VAIUE OF A SEISMIC COWFFICIENT
by T. Odaka® and F, Borie™
INTHODUCTION

It is known that in the non-linear vibration phenomena of the structure
caused by earthguake moticn, the fraction of critical damping, for the
nysterestical restoring force due to characteristics of structures has a upper
bound, That is, in the case that the yield shearing force of structure is smsll
the displacement und the ductility fuctor are large, and as the yield shearing ’
force increases, the displacement and the ductility factor decrease., On the
other hand,in the case that the yield shearing force is larger than the certain
value, which is different depending upon the characteristics of structure and
earthquake motions, as the yield shearing force increase, the displacement also
increases and ductility factor decreases,

The yield shearing force coefficient, in case that the displacement is
minimm is called the optimum yield seismic coeficient. This property means
that in the case that the yield shearing force coeficient is larger thun the
optimum yield seismic coefficient, the elastic displacement is dondnant, so
the damping effect in the plastic range is small., While in the case that the
yield shearing force is smaller than the optimum yield seismic coefficient,
the damping effect in the plastic range is large and then the displacement
is 8mallo

This optimum yield selsmic coefficient was discovered experiment-ally in
a study on the non-linear transient response of structures caused by earth-

quake motions (1), (2).

Ho Tajimi confirmed analytically this character in the non-linear steady
state phenomena (3). H. Tajimi evaluated the response of the one and two
mass systems, using "the method of slowly varing parameters™ by T.K.Caughey (4).
In the two mass system, however, he evaluate the response only in such a case
as only either the lst story or the 2Znd story vibrates non-linearly.

On caleulating the yileld seismic coefficient or yield shearing force
coefficient based on the non-linear response of structures, we have to notice
the following points,

1) How many ratio of the plastic displacement to the yield displacement

of structures is allowed? That is, in order to evaluate the above

quantities, we have to know the ductility factor and the degree of
failure,

2) There is a lower limit of the total displacement of structures, we

have to know the optimum yield seismic coefficient.

In the experiment of repeating leading on the reinforced concreate
frams of one span 4nd one story, the following tendency, we can see (5)

1) As the compression stress in column under virtical loading increases,

the ductility factor decrease (Fig.l.l).

2) The ductility factor can not take a large value,

The restoring force characteristics of structure is not such a idealized
type as perfect plastic or bi-linear type and they are rather a spindly type.
This is concerned in the effect that the resudal displacement decreases, as
the compression stress in column under virtical loading increases,
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In a study on the response of one mass system, in which we assume
restoring force characteristics of structure to be perfectly plastic or
a bi-linear type,under rectangular shock wave as proposed by T. Kobori,
the ductility factor corresponding to the optimum yield seismic coeffl—

cient is small,

From this point of view, it is desirable that the yield seismic
coefficient or yield shearing force coefficient in seismic design are
determined in relation with the ductility factor so as not to be below
the optimum yield seismic coefficient. The optimum yield seismic
coefficient found from the structural response due to the dctual
earthquake motions depends on a particularity of those,

In this paper, considering this property of the optimum yield
seismic coefficient, we compute this value under a clear condition,
We approximate the earthquake motions as a sinusoidal wave. We treate
a problem of resonance in non-linear steady state vibrations. Then,
if we consider only the lst order resonance, non-linear systems with
bi-linear hysteresis may be replaced approximately by linear systems with
a equivalent viscous damping effect, The eigen value in such a non-linear
vibration can be calculated by solving the boundary value problems in the
Galerkin's method, and their displacement responses is given by applying
their eigen value to conservative law of dynamical energy.

We prove there is few difference between the optimum yield seismic
coefficients gained in steady state and transient vibrations state. This
means that the transient vibration state can be replaced by steady state,
Using this results, we shall be able to discover the optimum value from
the response for a different ratio of mass, elastic rigidity and yield
displacement in the case of many mass system,

METHOD OF ANALYSIS

In the case that the structures have the restoring force characteristics
as indicated in Fig.2.,1, we assume that the vibration with be-linear hysteresis
can be approximated by the linear vibration with a equivalent viscous damping
effect on diagonal line BCE which corresponds to hysteresis area ABCDEFA,

Then, it is enough to consider only the first order resonance, and the effect
of higher order can be neglected and the displacement of S th-story is evaluatel
approximately by the following equation;

s 2= X MM (T+P) | Xs cod (THP)  (2.1)

Where Xs, Xs,w, € and @ are the relative displacement of Sth-story,
the maximum amplitude in steady state vibration, the circular frequency of
steady state earthquake motion, the time variable and the phase angle respectively
AndT is defined by U= L& &

From eq.(2.1), we know that there is only few difference between each
phase angles of the relative displacements of each story. Further, we classify
the non-linear vibrations into the following three case;

IXs| < sy Fo 177072 on Fig. 2.1
Xy £ Ml £ 2%y for pA—>p>Cs>d—>e>f7 in Fg. 2.1

Xpl2 22y #t pPA>B>C>D>E>F7 in Eg. 2.1
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And we assume the relation between the displacement ,’(5 and the time
as in Fig.2.2. Under the initial condition X, =@ for T=o , the
condition of half period, and X¢=0Oand T=7C , and the condition after
one period and X s =0Oand T=27 , the progress of a vibration on
hysteresis curve is as follows,

elastic S b plastic ) e elastic

'Y
7 7

L4

d
every half period, for Asy & | X5 £ 2 sy

elastic ' plastic

A _plastic . B » D, and repeat cyclically
every half period for | XV"‘ > 2 Xsy

Where Xs« and Xz 18 the relative maximum displacements of Sth-story
and Xsy 1is the yleld displacement of Sth-story. The equation of motion of
r mass system is given as follows,

L= M;« PRI + J.Z.s;)"‘ Car jSH + Gy

oo T )+ £ (30) 4 ns Jo=0 (S=42,-,7) (22

Where 771 is the muss of the bth-Utory, Cs is the viscous damping
coefficient, { (x;) 1is the hysterestical restoring force of the Sth-story
and 7 is the earthquake acceleration, Using 7= wt, eq.(2.2) is rewritten

as follows;
Ls=ms WX+ + Xs)m Copad Tsm + Csew X5
~Fo (X)) + £ (X) + Ms ' Z =0 (524,45, 7) (23)

o ) Jz; L - .4113
m y,) e Z:(”wz-:u , X g = d“"r""z

The solution for the lst order resonance of eq.(2.2) is appromated by

6q.(2.1). Determining the arbitrary constants by X;=0 for T=0 and
Xs=¢ for =/ , we can solve the steady state vibration as the

problems of boundary values. That is, by taking % = O in eq.(2.1), we
get a solution of eq.(2.2) as follows;

Ids - Xsd e , X:./a A44m C (5 =[2, ", V) (2.4)

Then earthquake motion displacement Z is given by

Z = il et

That is pecause, in the resonance of linear steady state vibration
with a viscous damping, phase angle difference betwsen the earthquake
displacement and the displacement of structure is about—% , then we can
replace the eq.(2,3), according to the Galerkin's method, by the following

integral equation,

4
[ LosinTLT=0  (S=42,,7) (o8

o P
As the term including Z. vanishes all times, we are able to compute
theeigen values w” of Xs«, Xsp from eq.(2.6)., Of course, w” is the
square of the circular frequency in the equivalent linear system,
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In order to determine the steady state displacement, we utilize
the conservative law of dynamical ensrgy. That is, the equation of
motion eqg.(2,3) is the equation.of equilibrium of dynamical force in
every story of the structure. Therefore, jacco?-ding to a principle of
virtual work, when a minute displacement is given by:

ééIS = X cod TAT , Xsﬁuyf'(ﬁc{(- (2.7)

The work by vibrational system is nearly zero.

However, as the eq.(2,4) is an appromimate equ“tion,.the work is
not strictly zero, and we must make the average of.worl‘c in onerperigd
to be zero. That is, when X, Xsp %0 ,multiplying eq.(2,3) by
eq.(2,7) and integrate by 7 from O to 27, we get

27
/Ls (2,Xs5, X5, X5, T)cedTAT = O (2.8)
0 (S=/, ~ R r)

In conclusion, we can compute the eigen value and the steady state
displacement from eq.(2.6), (2.8).

ANALYSIS FOR ONE MASS SYSTEM

Method of Analysis, - The equation of motion for the system is given by

Li=mX 4+cx +f0)+m7Z =0 (5.1)
Replacing time ¢ by 7=, and applying eq.(2.5) as the earth-
quake motion, we get

. » .
L= ???CUP,Z +CWw X + fCi) e M sl O (3.2)

Therefore, assuming that the solution of eq.(3.3) is given by eq.(2.4),
we get

(= Wu kA T, Xy tin T |
Am Kol (3.3)

From eq.(2.6) and (2.8), the equation o eigen value and the steady
state displacement are intraduced as follows;

A4 w .
/L,,w/z (”a(r:/{ mw);? + WX+ f 1)+ m w’;er':f A TAT= O (3.4)
e o zr

2T D oed
/ L wrdr-f/{ MaZ + ot +f )t mw Lol dt =0 4 g

Eq.(3.4) and (3.5) are calculated by using eq.(3.3). The integration
of f(x)is as follows,

The f(x) can be given in terms of X and X}3 in the following form.

In the interval Xy £ Xt & 22y
0= NE(X-2,)+ kX fr 0 sTid (
FO= 282, + 24-m1 g« cTe X | (3.6)
fQO =-nkM-1)+ k1 g2 E <o
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In the interval I Xl = 22Xy

FoOo=nkxy, +E(-) X oozt d
FOO=-nR(X,-2,)+ X <

i (5= 2y P X sTsp (3.9)
fFQO=-nE1, +#/-n)X U psT=T

where # and 7 are the spring constant in the elastic range and in the
elastic and plastic range, respectively, Then we get

/f(z)/amfd( ————(z7r NIC+200l - nmzdﬁizc&mx — 470 coddl )

o

ffmayfm(r 2EN Xu X
o (3.9)

F 17§’Xdl§21>’

(3.8)

and

/f(x)MTc(“— /?Xﬂ(zz ~INTC 2 mtin 3= £ et 3 +<mwd/f) (3.10)

ff(z)wxrdrzzfe’rzxﬁ(m’/@ ~z,m/j+4—ff~’m/?+/) (3.11)

0 1 [(Xel Z 2 Xy
Calculation of the eigen value. - Substituting eq.(3.8), (3.10) into
eq.(3.4), we get

Xe| A ELICRES

Xﬁlum - (2= ~INT+2nA - ﬂxm/ HIW +47 CM/J’)*zﬂfzo(B.lB)

From eq. (3.3),
A= Xatimod = 2Xy=Xo | g T=&

(3.14)
X= Xpeinff = Xg-2%y, gt T=pP
Then, we can deduce the ductility factors /(« ,/U/,a as follows,
Xt < 7T
Moa=gr = P (SUE2 ) 0gX < (3.15)

=z " T 0 B 25MpET K s (3.16)

Substituting eq.(3.15) and (3.16) into eq.(3.12) and (3.13) conside-
ring Xu £0 > XﬁﬂEO’ we get

R . . T
—r - . X)—— =
T (270-NTC+RNAK + Nt 2X) =5 0 (3.17)
E_ . - o us
T (27(_373/2~+271/3’+7Z.,¢1/7L‘?/J)_.Z_,___0 (3.18)
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2
The square of circular frequency cv in steady state resonance is
computed by determining the arbitrary constant o , & from eq.(3.17) and
(3.18), where w® is a kind of eigen value. In order to non-dimention-
alize the eq.(3.17) and (3.18), we define A*by

)\z= w? pl= E
. F m (3.19)
Z
where ,bzand A are called a square of undamped natural circzular frequency
and a frequency ratio respectively. The freguency ratio A" becomes

2 / .
N =750 RU-NTCH2AL+RAn2X) £ 2, <] Xl 222, (3.20)
= L (2T =0T H+2NE + ndimz f <
N = 5 (R =97 ) ger 1%, 2 22, (3.0

Calculation of structural response, - Substituting eq.(3.9) and (3.11) into
eq.(3.5), we get

TTC X« BN X« .2 : Ay . .- .
Lo RECA ~ =L ol - = (3.22
oo + e (el + 2aind ~ 4 S _aimet + )= a7 = O )

TCXp | _EnXg
mw nw?
The maximum displacement Xocand Xﬁ are computed by substituting eq.(3.15)

and (3.16) into eq.(3.22) and (3.23). Defining %A = C/cor (Cor=2/Fm )
the maximum displacement Y, and X (5 are given as follows; 2

ca . Xy .
(cairipp z/m/v’+4—>§wﬁ+/)—-a7r==o (3.23)

7T
XO( = Q (3.24-)
-‘?—f—f‘ -+ —-;\7%—*(/——,«;-71‘4)
Xp = al (3.25)

T I T )
In order to non-dimensionalize the eq.(3.24) and (3.25), we use the relation
)7?’ 2
Ls =—;§f" (3.26)

where Xsis the statical maximum displacement due to the statical earthquake
motion. Then, the equation of —XL: s —’f(f-’- is given as follows;
5

T = X _ .

Xo T 2R A R ([ aonel) (3.27)
o= Xa _ s

£706 T TR + M —ng) (3.28)

where Ux and TJ; are the ratios of the dynamical maximum displacement to the
statical maximum displacement.

The relation between the maximum displacement [ and the ductility
factor M 1s as follows;

B Xy
&__mg L _ X _UTd U (3.29)
A

where the yleld shearing force coefficient 2, and the seismic coefficient of
the earthquake motions ky are given by
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EXy z
= aw
Z)’ m g 7 KE = T (3030)
This relation means that the scale of structural strength for earth-
quake motion is equal to the ratio of Uto/a N

Response curve for one mass system.- In order to compute the response curve,
the nmumerical calculation is carried out. The parameters in numerical calcu-
lation are a fraction of critical damping, £ in the elastic range, and the
spring constant ratio, » in the elastic and plastic range. The process of
numerical calculation is the following;

(1) We calculate the eigan value )Lzby eq.(3.20) and (3.21) for 7 .
Then, if we determine of , 3 suitably with the condition of g << I R
_;_t SRS in rangs o Q{)/@, We can compute 22 always. 2

(2) The ductility factor U« , Alg are computed by eq,(3.15) and (3.16)
by using o andﬂ which are determined in calculation of 22,

(3) The maximum displacement T, and U/;are computed by eq.(3.27) and
(3.28) using 04)/9 and 2 .

(4) The structural strength .;2(;’, are computed by eq.(3.30) by making use
of/dq:/l,(/;: T« and U/E .

The results of response curve are shown in Figs.3.1l, 3.2 and 3,3. The
relation between the structural strength_& and the maximum displacement [
for n=1, 0,75, 0.5 and h=0, 0,05, 0.1, /ff.2 is shown in Fig.3.1.

The maximum displacement U and ductility factor A in these curve change
with parameters n, h and we notice that the displacement U has the minimum
value when the % is some value, The U and -E—:; decrease with increase of
parameters n, h, so we see that the profitable condition in the seismic
design is to make the viscous damping effect as much as possible and the
type of restoring force characteristic to be plastic perfect type.

vhen U and S is minimum, the ductility factor 4 has almost constant
value which is about two. From these results, we see that the damping effect
becomes most effective and it happens in the case of « =2, ,

3r
Fig.3.2 shows the relations between “z and &L for n=1, 0.75, 0.5 and
h=0, 0.05 0.1, 0.2. The Fig.3.3 shows the relation between I , %x s U
and the spring constant ratio n for the optimum value. =

On the stabilily of the golution, Eq.(3.2) has been solved by assuming that
the solution of its equation is eq.(3.3). This means that the solution of
eq,(3.3) is assumed as steady state solution and stable, Therefore, we must
search the condition that the solution of eq.(3.3) can be approximated by the

steady solution (3.4).

after long tedious calculation, we get the stability condition of the
solution as follows;

L=< o, ILMM,

7 cod K ﬂmjj < 2R (3.31)
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where
ﬁzﬁ%(ﬁi&&d&’ﬂ ~ 27K )

The stability condition eq.(3.31) is satisfied when the spring
constant ratio n is small, that is, the system is almost linear, o ang
Yz is nearly equal touég s A 1is nearly equal to one and h is large.

In general, the state of resonance has tendency of becoming unstable
vibration in either linear or non-linear vibrations. In the resonance of
non-linear steady state vibration with a hysteresis characteristic , the
condition of stability is very strict as known from egq.(j.31).

Comparision between transient and steady state response,- The following
figures shows comparision between responses by author's theorem and res-
ponses by the other method.

(1) Comparision between the author's analysis with the other one in
steady state response,.

The response calculated by author's theorem are shown in Fig.3.4,
in comparision with the responses by H. Tajimi(3) and k., Ando{7). These
curves are for the spring constant ratio n ==1.u(perfect plastic type) in
the elastic and plastic range and the fraction of critical damping h=0, 0.C5,
0.1 in the elastic range.

From these curves, we see that the three analytical results agree
perfectly with each other,

(2) Comparision between the responses caleculated by author's and the
steady state and transient response caused by stationury waves,

We compute the steady state response and the transient (maximum)
response by the electrical analog computer NiaC =100 under the uction of
four kinds of stationary waves as shown in Iig.3.5(8).

We compare these responses computed by NE&C T-100 with the analytbical
values by author in Fig.3.6 (a) (the transient response) and in Fig.3.6
(b) (the steady state response). From these curves, we see that the author's
theoritical responses agree falrly well even with the transient response.

(3) Comparision between the responses calculated by suthor's and the
transient response caused by one step of rectangular shock wave,®)

We have caleulated the most disadvantageous transient response of one
mass systems caused by the one step of rectangular shock wave,

The results of comparision between the most disadvantageous transient
response and the author's theoritical steady resporise are shown in Fig.3.7.
These curves agree fairly well with each other.

(4) Comparision between the transient response caused by sctual earth~
quake motions and caused by the one step of rectangular shock waves.

We show the relation between the seismic coefficient &y and the
maximum displacement X in Fig.3.8, based on the transient response caused
by the El-Centro, California May 18,1940 which N.M.Newmak «nd G.V.Berg have
computed(9),(10) and on the one step of rectangular wave which authords have
computed(6).
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These two response curves almost agree with each other at the natural
period Ts=O0.45¢¢, At the natural period Ts>0.8 only the optimum yield
seismic coefficient agree fairly well with each other. In the comparision
with these responses, we see that the optimum yield seismic coefficient
computed in case of the non-linear steady state vibration are almost
coincident with that computed in case of the non-linear transient vibration.

ANALYSISO FOR TWO Mabo SYSTEM

Method of analysis.~ The equations of motion for the two mass system are
given by the following equation:

Li=m 2, - Ga+ Cx - £+ £0)+m,2 =0 (1)
L,z = 7, ‘Z./‘f' 7772%2 +Czig +ﬁ(12)+ 7, Z = O (4.2)

Replacing time T by T=wt, and using eq.(2.5) as the earthquake
motions z , the above equations become as follows;

L,= 7,0 %, = CGrew X + Qo X ~ L) +F,) - adi e T=0(4,.3 )
2 00

Lo= 20 X, +m& X, + s + £ () ~Maw AT =0 (4.4)

Therefore, if the solutions of eq.(4.3) and eq.(4.4) are assumed to
be eq.(2.4), they become:

X=X, X/,/?_/d»('/ﬂz_ , A= de) Xzﬁ_,&{/n_‘( (4.5)

From eq.(2.6) and eq.(2.8), we get the equation of the eigen value and
steady—state displacement. The equation of the eigen value is

us

The steac{y—state di splacement is
2r

/LC@J cdt =0 , /L et TAT = O (4.7)

Lin order to calculate /f(x:u, Xy 4im T) 4inTdT and
/ f(x,., Xep 4in T)ITAT 5 in eq.(4.6) and eq.(4.7), we classify
the range of | Xs| as follows:
(4) Xsy < | Xsul 2%y (5=1,2)
(B‘) ])(,/_4[_?:21,y, 11y=<"x1xl§ 2127
Egg Xy £ 1 XIS 2%y, %551 Z 222y
IXsglZz 22Xy (S=7,2)

The results of integration of eq.(4.6) and eq.(4.7) for the case of
(4), (B), (C) and (D) is as follows:

-7 X/u(/a 4}77 de/ (0/:,/94) +4 X/CY/ Fi(« /0) = l
" J (4.8)
““‘X/ol/;’ X2o(ﬁ+ de/;E(O/I/g)z o
_ 7(Cz Xz«/;+ de/’_ B de/yG—(fx;ﬁ)-i— Xm,;C-},(co,ﬁ)—aﬁzoz
X20(ﬁ+ Xxuﬁq—z(o/,jﬁ)—aﬂ'—o J

11-407 (4.9)



Whone Am cade af Xy é]XSdlézlsy; X/o(,/jr= X/o(, X}af,/ezx2d

F(d,ﬁ)z E(dl), F2 (d)ﬁ) = 7‘;(0{2), 6,@,/})26;(0[,) amo( Gz(o()ﬁ) :(7:2 (0(2)

AN coAdl le{ )xsf?lg 215)’ ; X,o(/g—': XVJ’, Xzo{,ﬁ: ije) }:;(0(’/8)=Fl-(ﬁ/)

F(o,8) = F2(f2) | G = G () and G.(x,6) = G, (f:)
Fe(0s) = 270= 72: TC+ 2 RsQls = s _40m 205 + 87 M%T T4 ced s
/T(/ZS)_.U( 37757T+27?sﬂ %Mwnzﬁ -8 Ns m/c L
G Qs) = _40n°ds + 2 _aim s — & aim s J)Esy +/

G’s(ﬁs):Mﬁs-2M/@:+4Mﬁs%+/

Calculation for eigen value.,~ In order to non-dimensionize the eq.(4.8)
we define the following quantities;

5 T4 eafs } 10)

S = ——916—2—7 ; relative yield displacement ratio
1y
y :l;;t y spring constant ratio in the elastic range,
1
£ =12 ; mass ratio
my
2 AR 2R ; undamped natural frequency in the
b=t ’ f= a elastic range
/ 5
A -~——[{)/+E(1+ﬂ) *f{w@mw}’w 4ey ]
2 w” .
A = e , frequency ratio

The ductility factors AL s« and /é(s/,, are computed by the same method
as for one mass system as follows;

— 2
s = xw T s (4.11)
sy — ;@, _ 2 (s=17,2)
sy
Substituting eq.(h.ll{ into eq. (L.8), the frequency ratio becames

D= ) {1 £ amcv,pot Falds,B2)

zrre,s Cit )+ {18 win (o, 8) + im (a2, 8,)} (4.12)

7 R AN

']l. 27 42 [F(d(/@l)_ { = et F,;(d),ﬁ;)}

where in case of ,, <|Xsul$ 2Xsy . 1 Faem (dr ﬁ,,

—aom (0(,,/9) =AM N, _gdm (Q’z,ﬂ,,)..,..wn(a/: , Fil,B) = Fi@), Fa(z,fe)= Falaly)
L cade o ’Xsﬁ!§21’s‘y;

vdj/lb(“uﬁ/): -./!—h'l/&/ , .M(Q’a,/dz) = "Mﬁz, E(duﬂ)f-‘ F;(/i,)’ FZM,?&)=EQEJ)
Fslds) = 270~ Ns T+ 2NsXs + Nstim 2 s } (
Fa(B) =27 = 37T +200 s + Mosirt 285 <5702 b 13)

In the eq,(4.12), the two equation being equal each other, we get the
transcendental equation for calculating o and s . The equation
includes two unkown quantities (- and B4 s 80 that, if either o/ or

/s 1s determined, the other variable @ or ofs is computed. If s and
s are given, eigen value e is computed easily by eq.(4.12).

Calculation of structural response.- Using eq. (4.11) (ofs)and G (
in eq.(4.10) is given as ) G G gp)

G ()= [ — air’ols
Ge(B)= 1 — 4irt s (£ =1,2) J» (4elk)
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The maximum displacements X, and Xsg are computed by eq.(4.9)
as follows;

X2.l = TCM2Q CO l
P rciw + R f—ml(o(z,ﬁz)} (4.15)
X1 = TC(m+ma) a w?

TCGw+RBin, {1 —sin®Ca,, ,)}

where in case of sy £ 1 X1 2 2Xsy

—aln (mﬁ)—,u/no(z,ama( Lm cade of |X
7 (s, B2 ) =_aim 2

In order to non-dimensionize the eq.(4.15), we use

—on (o(,,/(?,) =_wny, ’
P12 2%sr im0, 5) =aim’s,,

_ maw” (Tt Ma)aw?
Lys = T E, s Xis = 7 (4.16)

where 2:s and ;s are the statical maximum displacements of the 2nd
mass and the lst mass caused by the statical earthquake motions,
respectively. Then the equation of _X: and _X: become

Cie Xa . X X _ s : (4.17)
.:(zs Aas y Xas Z?l’)f;,,( I/ A+7Z:{"’M (Q’z,ﬂz)} h.l7

U, =2 R Xig -18
/ s Xis X;s AR, 4, A + ?7'{ f—dam («"/6’)} (h )

Ci 3 !
where %, = z/m% and f.= 7 are fraction of critical damping
in the elastic range for the lst mass and the 2nd mass, respectively
and 72, and 77; are the spring constant ratio in the elastic and

plastic range for the lst mass and the 2nd mass, respectively,

The maxdmum displacement ratio U and Tz are computed from the
eigen value . A* , U, and {J; have such a character that these
value are minimm in s=0 , & =7 8&s in one mass system, In general,
however, the maximum displacement X = X,+ X, does not happen always
in around o/ls=0 , Bs=7 » because o5 and fIs are determimed
arbitrarily for each mass, Since the relative displacement for $ach
mass occurs at the same time as mentioned previously, the maximum
displacement X is gained by adding the relative maximum displacement
of each mass:

2 2
TCM= Q.
X=X+ X,= TCCM+Ma) A W

2 + 2
TTC w + B f—an (oaf,)} TG + 8Nz { 1~stmt (oa,jaz)} (4.19)
Non-dimensionize the eq.(4.19) by defining
X X/s +Xas = (777/‘*'777;)&(0 -+ Ve ;wl (h.zo)
/ 2
the maximum displacement ratio .%- becomes
_ X Ya+e { (4.21)
U= Xs — E+X(+€) U+y(1+€) U’}

The yleld shearingforce coefficient for each mass is as follows:

9 = R, Xy 9, = Rz L2y (4.22)
(771/'*'7772)3 ’ oy 77?:;

Using eq.(422) and (3.30), we get the relations between yield
shearing force coefficients, },y’ }}naun&,_e COLEMUC
CO-%LGLM?Z:, Ke, n

Gy _ (1€ o '(z, vt (4423)
KE ( € ﬁ U’ [+J/f (4.24)
_X__’l______ _L"'_e_ 2 b
e ( € )(1+6X]+Vf)
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The following relation is also introduced from the eq.(4.23) and

Oq.(hoﬂ&)i gZY —-!‘)/(1+E)
Ly € (4.25)

Calculation of response curve.- We get the different response curves
depending on the structure parameters %, » , § , € and 75 . When we
compute the response curve, we must consider the condition of each mass
which depends on the rigions of Xs« and Xsg o That is, we must notice that
the eigen value, ,)° are calculated in the following regions;

(4) sy £ Xsal & 2 X5y (s=7,2)

(B) \X/ﬂ] Z 2y, Azy g)x,le‘_:} 22y
© Xy 1wl S 2%y, %) 2 224
(D) le,e)>zxsy (S=712)

When the eigen value, 27 s given in the case of (A),(B),(C) and
(D), U/ and U=z are computed by eq.(4.17) and eq.(4.18), and U also is
gained by eq.(4.21). The ductility factor _«s; for each mass and the seismic

coefficient ratio jl% are computed by eq.(4.1l), eq.(4.23) and eq.(4.24).

Example.~ We approximated the system to be perfect plastic, that is,
7,=7; =4 « We can classify the transition from the plastic to the
elastic range in the following three cases,

Case I: T 2

(1) ﬂsz—z—{/x4=w,/)\: of .

@) B >h2 (75> F (contty >2), wfa> 5 (o> tts > 2)}

(3) 8 >f (fp=r (Mz=0), T f > g (oo Ma> 2)

El;; Zl<ﬁz {{z >°(120C25ﬂ,>/) 7('7/5’27w(m>/é/2>£)}

e o(,;/:*:{ Z:}ogzyz,w) /@2_.7'(' oo =0 (fls=2)]
/ 217z 120(2> y,>1), >0(z2 ¢

o U zo C2z u>p}

(1) ﬁs=}7—§(,a,..co, AN=o0)

(2) 8 = pa{\ 7030,> F (00> ti>2), 7 7 2 > B (oo > e >20}

(3) B =h:{ p=mcut=2), o= 7 =20

éz,; o =d: {di =0 (M=2), o =0 (o= 2)}

(Z) ffii {{f\f“’” C2of>1), > o>y <"~?>/“’>”}
= Kz (, Ef,q,:ﬂ(,: 2::.7r( 2=

Case III: F =), ca=F (th=1)}

1) B=Z (Ms=c0o, A= o0}

(2) B <p: {7r>ﬂ,>3l(oo>,a,>z> T B> B (co> e >2)}
(3) Ai<p: {75 p > Fleosu>d), p= %(/amz)}

&) A >Q'z{7‘(‘>ﬂ,>ﬂ:(°a>/a,>2) 7.>%go(22«./lz>/)}
(5) 4 >d2{B=70, =0 (=), Lroz >0 (27 M7/}
©) <o [Lruzo (zzu>), E>wsolz>te)}

The condition that the non-linear vibration occurs in the Case I, II,
IIT, will be computed by eq.(4.26), (4.27) and (4.28) for the Case I, the
Caae II and the Case III, _reppectively,
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2 __Fas) v i {tend

€ e Saams T I—ing B(ﬁe), € ittt veima, = PEO=TUSCraina) (4, 26)
V4
m: - l/f (4«27)
ruf _ 1 ~minfB v ¥ R
—— = - PN 1 C ORI v
€ 1¥I-fuing, Frosin 1205, Frins,~ 7 Tz i) (4 28)

The conditions are shown in Fig.L.l and Fig.h.2, These curves show

the relations between )/, wsand Gcin the case of €=7 and $= 0.5, 1.0,
055 260ge Ugﬂ:j%mm_zi is also computed from the curves,
E 32y

fn explanation of the figures.- When V=2 , F-04(point(a) in the
Figehsl), we get the value . = 4°, which is found from the J=0.4 curve
of Fig.4d in the case of 8,'=/80°Cw, =2) 2
Using this value of B, , we get U= &8  , lox 52, #nmand 53045,
On the other hand, as «, ger ol =0, 8. =/80° (_u: = 2) can not be found, the
non-linear vibration process is possible only in the rangs of /0% 2 2% e
The minimum value 77 exists in the range 35>TU> 3 /4 s which corresponds

o 2>57, 82> U > 2, /-5‘>—§i_1 > 104 amd 0.83 > %)0.49.
From the preceding explanation, in €=10,%s=10 and #s=0 , U and

AL change with » and § as parameters, and the pelation be
and € which makes [/ minimum is as follows; relation between v, ¢

Y5
2 2
€+ (h.27)
In the Case II, the non-linear vibration process is possible in whole
range from o In the case I and III

the non-linear vibration process 15 possible only in range from
to some value of » .

On the stability of the solution.- The stability condition of the
solution of eq.(4.3) and eq.(L.4) is introduced in the same way as in the
one mass system, and is given by

2 2
LR =20 K 4 AT codte o (4.29)
AT B AT ot f 4 Wtk B okt 2 O
CONCLUSION

The analysis of this paper examines the approximate method for deter-
mining the optimum yield seismic coefficient in dynamic steady state respe nse
of non-linear systems, and we applied this;meibod to cpe.and two mass.system.
4s the results, the following conclusions can be drawn:

1) The displacement of structures have the minimum value for the some yield
shearing force. It means that the damping effect based on bi-linear hysteresis
propertig@s of structures has & limit and the damping effect becomes maximuam
when structures possess the some yield strength.

2) The ductility factor is not always minimum even if the displacement of
structures is minimum, or regardless of viscous damping and hysteresis
properties, it 1s always two.

3) As it is assumed that the non~linear vibration is always in the state of
resonance, its vibration is apt to be unstable, Particuraly, in the neigh-
bourhood where the displacement of structures is the smallest, its vibration
is almost unstable, except in the case that the system has the large viscoms
damping effect, or is approximated by the linear one.

L) The results of the two mass system is, qualitatively, similar to these

of one mass system. For the coupling effect of upper and lower story, the
story yleld seismic coefficient and ductility factor which make the displace-
mnt of structures minimum sare different each other.
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The story ductility factors of each story are equal each other and the
displacement of structures becomes the smallest, provided that the

relation between the mass ratio, spring constant ratio in the elastic range
and the yield displacement ratio of each story is given in eq.(4.27).

5) So long as conditional formula in eq.(4.27) is satisfied, the vibrational
transition from the plastic to the elastic range, in steady state resonance,
is possible, and when these conditions are not satisfied, there does not
happen the linear resonance (Figs. 4-1, 4~2).

6) Stability condition in the two mass system is not so strict as in the one
mass system,

7) The optimum yield seismic coefficient computed in the case of the non-
linear steady state vibration are almost coincident with that computed in
the case of non-linear transient vibration.
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ERRATA

A STUDY ON THE OPTIMUM VALUE OF A SEISMIC COEFFICIENT

BY T. ODAKA AND F. HORIE
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A STUDY ON THE OPTIMUM VALUE OF A SEISMIC COEFFICIENT
BY T. ODAKA AND F, HORIE

ADDITIONAL COMMENTS #

For the two-mass system, the yield shearing force coefficient
ratio (chH/éJg) in each story btecomes the following from equation

(4.25).
I
Wy = 7 {J(\/+av— £)34€2v- (wev—&)}

From this equation, we can find the optimum yield shearing force
coefficient ratic, if we determine the mass ratio (é ), and the spring
constant ratio { \/ ) for each story.

Tone figure shows the relation between QZ%AUS and \/ asa
parameter € in case of optimum. From this figure, ‘129'4" 2
and woen € =1, V =1, Clay,éy = 1.23. Y.

Many things remain to be solved in the future. For instance, in
order to calculate the yield shearing force coefficient based on the
non-linear response of structures, we have to notice the following point
ag we mentioned in this paper.

(1) How much ductility factor or extent of damage is allowed?

(2) As there is a lower limit of the maximum displacement of
structures, we have to know the optimum yield shearing
force coefficient.

For the 1st. point, we found that the shearing force characteristics
for a reinforced concrete portal frame have the following tendency in our
experimental study.

(1) The ductility factor does not become very large and the
actual restoring force characteristics of a structure are
not so simple as can be expressed by perfect plastic or
bi-linear type.

(i1) As the compression stress in a column increases, the
ductility factor decreases,

The restoring force characteristics are nearly of the bi-linear
type when the compression stress in a column is zero, and is characterised
by a double spindle type curve when the compression siress in a column is
large enough.

* These comments were made at the Conference by the authors
in elaboration of certain points in their paper.
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According to the relation between the ductility factor ( A4 )
and the ratio of compression stress ( 0c ) to 28-dey cylinder strength
( Fe ) in & column ( O/r. ), we can see that the ductility factor
decreases with increasing compression stress in a column,

For the 2nd. point, we found that when the yield shearing force
coefficient of an upper story is different from the yield shearing force
coefficient of a lower story, the relative discrepancy of the ductility
factor increases.

PFrom these results, in order to keep the maximum displacement as
smell as possible, it is preferable not to have abrupt changes of the
yield shearing force coefficient distribution along the height., Indeed,
the base shear coefficient should be determined in relation to the natural
period of the structure.

According to the relation betwsen the yield shearing force
coefficient ratio and the ductility factor ratio in the upper story to
lower story, we can gee that the yield shearing force coefficient ratio
is determined in accordance with the ductility factor ratio.

For example, when we wish to make the ductility factor of each
story to be equal, the maximum yield shearing force coefficient should
be almost twice the magnitude of the base shear coefficient and the
distribution of the yield shearing force coefficient should be exponential
in form,

Bibliography

(1) T. Odaka and K. Saito; Experimental Study on the restoring
force characteristics in the reinforced concrete gtructural
portal frames.,

Transaction of A.I.J., No. 106, Dec., 1964 (Japanese)

(2) T. Odeka and T, Shuzukij The Response analysis for multi-
story building due to earthquake motions, The Researched
report of Bridge and construction, No.11, Nov. 1964 (English)

11-419



wnwqo

10

S0

fo ase2 U1 3 L2)0upied se A pue “3 hag UIIM)DG &ﬁzo.gpmwww
oz s | S0 10 €0 20 0
a . . _ _ q wa wxw_ L€aU? )-UOU
U2101£f200 22L0f SurLRRYS plark = K Ky (%23 7 )
(©raee usz&vmw =1 s ® 8
’ 2y ey
(02304 sspu) 7= 3 wd .

(4033%f Zwrduep) a =7y ="y
(28uRL o350 PUR 223572, Uy b«\
42y

07304 JURISUD Burtds | o1sTL.3afLad ) 007 =T ="U
fo ase>ul

0Ol

Gl

0

11-420



