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ABSTRACT

A method is presented for the analysis of bilinear inelastic multiple
story shear buildings subjected to earthquake motions. Relationships are
derived expressing the motion at each floor level in terms of the relative
deflections of the floor levels with respect to the base of the structure.

A numerical integration procedure is used to solve several example problems.

INTRODUCTION

The dynamic analysis of multiple story, multiple bay, structures of an
elastic-linear strain hardening, inelastic material, such as shown in Fig. 1,
subjected to an earthquake disturbance has been of practical interest for
some time and becomes feasible with the advent of readily accessible high
speed electronic computers and an accumulation of earthquake records.

The behavior of an elastic-linear strain hardening material, which is
elastic or elastic-perfectly plastic in the limits, has been studied for some
time. The analysis of members made of such materials under static loading
has been treated by several investigators. The dynamic behavior of structures
made of such materials, however, has been confined almost wholly to a single
degree of freedom system and was recently discussed by the authors (1) in
which a partial listing of references can be found. It is recognized, however,
that most structures are inadequately described by a single degree of freedom
system and, therefore, more recent analyses (2,3) have considered the
structure as a discrete multiple degree of freedom system.

One of the more successful and realistic mathematical models of a
dynamic building is based on the shear building assumption (4,5) whose

restrictions are as follows:
1. Mass is concentrated in a plane at the floor levels;

2. Floors are infinitely rigid and continuous;

* 3
Assistant Professor, Civil Engineering Department, University of Wisconsin,
Madison, Wisconsin, U.S.A.

** .
Associate Professor, Civil Engineering Department, Northwestern University,
Evanston, Illinois, U.S.A.

Professor, Civil Engineering Department, Northwestern University,
Evanston, Illinois, U.S.A.

11-533



3. The column segment, that is a continuous vertical line of single
columns, is massless and fixed to the floor masses.
The definition may be generalized as a building in which the relative dis-
placement between floors is horizontal and the shear force in a story is
dependent on only the relative displacement between two adjacent floors.
The shear building is in many cases a more realistic model than the space
frame for actual buildings (5).

The purpose of this paper is to develop a method for the dynamic analysis
of multiple story, multiple bay, buildings of elastic-linear strain hardening
materials. Essentially, the n-story building is replaced by an n-degree of
freedom lumped mass model based on the shear building assumption and the
coupled ordinary differential equations of motion are numerically integrated
to obtain a history of the horizontal deflection of the floor masses rela-
tive to the base. Compatibility of the deformation is defined by relating
the curvature to the deflection at the control points, at the top of a
column, through use of the conjugate member analogy described concisely, to
include frames and perfectly plastic deformation, by Lee (6) and extended
herein to include linear strain hardening inelasticity. The resistance-
deflection relationships, resulting from correlating the resisting forces
to the compatibility condition through the stress-strain definition, are
dependent on the loading history of the structure and also time dependent
because of the time dependency of the compatibility equations.

The letter symbols adopted for use in this paper are defined where
they first appear.

EQUATIONS OF MOTION

A typical bent of an n-story multiple bay shear building is shown in
Fig. 2, and the idealized model of a typical continuous vertical segment of
n columns in Fig. 3a. In addition to the shear building assumption discussed
previously it is further assumed that all the columns in each story are
identical and prismatic,

The equations of motion for lateral movement of the assumed concentrated
floor masses of the structure may be described by the relationship

{U} = fm] {§T} , )

where {U} are the force resultants at the floor levels, [m] is a diagonal
matrix composed of the concentrated floor masses, and {y .}, {y,}, and {¥. ]}
are the total lateral deflections, velocities and accelerations of the floor
masses. The force resultant at level i can be expressed in the form

U, = Fi(t) -Q - ¢ 2)

vhere F, (t) is a time dependent external force, Qi is the resultant of the
shear forces on the floor mass at level i due to all the columns adjacent
to the floor, and Ci = Ci(yj’ yj) is a damping force dependent on the con-
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struction of the building serving mainly to restrict and decay the vibration.
1t will be shown later that the force-displacement relationships for the
structure can be written in the form

{Q} = [a] {y} + {B} 3)

where A, . is a stiffness influence coefficient and B, is a residual force
vector, Both being dependent upon the loading history of the column and the
number of columns in the story. Under seismic disturbance, the total ac-
celeration of floor i can be written

Vi =% t Y ()

where ;; is the foundation acceleration and y, the acceleration of floor i
relative to the base. For the purpose of this paper internal damping forces
will be neglected and external forces at the floor levels assumed zero. In
this case Eq. 1, upon the substitution of Egs. 2, 3 and 4 and rearranging,
leads to

{ M} 6 £(o) - [A] (v}~ (BY}de = [a] (a5} )

in which .
Y =- G g £(t) (6)

W, is the weight of floor mass i, G is a constant called the amplitude factor,
g is the gravitational constant, and f(t) describes the time dependence of

the seismic disturbance. As will be shown later, Eq. 5 is convenient for
numerical solution.

STRUCTURAL ANALYSIS

Moment-Curvature. The stress-strain relationship for an elastic-linear
strain hardening material under a uniaxial stress condition is defined in
Fig. la. The slope E designates a family of parallel lines defining the
elastic behavior while o E designates the slope of two parallel lines de-
fining the plastic regime. The bending moment-curvature relationship for a
member whose cross section is symmetrical about the plane of bending can be
readily derived and and the case of a WF or I section can be accurately
approximated by the idealized solid curve given in Fig. 1b. It should be
noted that the effect of axial forces is neglected.

For the assumed concentrated mass system the moment-curvature relation-
ships for the control points, located at the top of each column of the story,
~an be written as

M} = 1N} + %) {18} - (¥} @

where r i
K, , = -+ 1]k 8
g =80 @D 1]k, @®)
In these equations, M, is the bending moment, §, the curvature at point i,
N. and ¥, are the momént and curvature phase cofistants. The phase constants
afe eith&r the coordinates of the origin or the last phase change at the
point and are constant quantities within each phase. The stiffness is de-
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fined by letting k., = 0 if i # j and k,. = EI if i = j, while the phase
coefficient g+ takdd the value 81 = 0 indthe elastic phase and §% = 1 ip
the plastic phase. Therefore, the elements of the stiffness matrix [Kj are
K..=01if i # j and K,, = EI or ¢?EI if i = j, depending on the phase at
pofnt i. The strain héédening coefficient o is that obtained from a simple
tension test. The limiting ratios o = 1 and ¢® = O correspond to the
elastic and perfectly plastic cases respectively. It will also be helptful
for later use to define the following dummy variables

Qi =% - ¥, 9)

L, . -
i i i

i)
=
'
2

(10)

where ()., and L, are the curvature and moment phase variables at point i,
which ate equai to zero at the origin and whenever a phase change occurs
at point i.

During a loading cycle, initial conditions must be given and controls
used to detect a phase change so as to obtain the phase constants and the
stiffnesses at the control points at any time. If the building is
initially undisturbed the initial moment-curvature coordinates for any
control point are at the origin and, in addition, &, is zero at any point.
With zero initial conditions the first phase change will occur if

4
LA ¢E)

¢ . .
where N, is the positive bending moment at initial yielding of the column
at poin% i as defined in Fig. 1b. The corresponding curvature is denoted
¥, - Whenever the phase at point i is plastic a transition is indicated if

3. =0 (12)
Further elastic to plastic phase transitions will occur if
4
lLil > 2Ni (13)

and, in addition, the phase variables cannot change signs within a phase.
Once a phase transition is found for point i the coordinates, M. and Qi’
become the phase constants, Ni and Yi’ of that point until the next transi-
tion.

Equilibrium. The resisting forces R, given in Fig. 3b for the model
of a vertical column segment are equal to the change in shear at the floor
levels as shown in Fig. 3d. A statical analysis yields the resisting
force-bending moment relationship

{R} = 2[m M} (14)

in which
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l/hi i=1

Bi5 = 7VBin

o

~

i=3-1

otherwise

where the story heights, hi are not necessarily the same.

The resisting forces Qi given in Eq. 2 are the resultant of the con-
tributions of all the column shear forces adjacent to a floor mass and
can be written

i i+1
. = V. - v,
Q1 P i P i+l (15)
i, . .
where p~ is the number of identical columns in the i th story and V. is
the shear force per column. Since the individual resisting forces R, are
related to the shear forces by, *

Ry = Vi - Vi (18)

the total resisting force can be written as

{at = [P {R} an
where
i
P i=13]
iy _ ) _ i+l + pl 1<
0 i>]

Compatibility. The conjugate member of a column in the i th story
subjected to lateral forces is shown in Fig. 4a where the conjugate loads,
3, are plotted on the tension sides and the conjugate moments, y. and
Yi_1» are shown in the positive direction. Equilibrium of the conjugate
column, observing that the end slopes are zero, yields the recursive equation

Vi =V P AL YA (18)

where the phase constant A, is the couple of the curvature area of the
last phase change and the phése variable A, is the couple of the increment
of the curvature area within the present phase. The latter is depicted in
Figs. 4b and 4c for the elastic and plastic phases respectively. In the
plastic phase the conjugate load consists of the superposition of. two tri-
angular areas defined by two parameters; a variable coefficient a” related
to depth of penetration of plastic deformation and a consta%t multiplier o
of the continuing elastic contribution. The distance 0.5 a~ h, can be de-
fined as the point at which the change in moment fro? the prece&ding plastic
to elastic phase transition at control point i is ZNi can be written
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where N¥ is the moment at the preceding transition. This is determined
from siéilar triangles on the moment diagram. Since the regime under con-
sideration is the following plastic phasc the current moment can be writtep
as

M, = NJ¥ +o” EIQ (20)
where N¥* is the moment at the elastic to plastic phase transition following
that athi. Using these relationships it can be shown that

a’ = 7o @D

1 - —;;;L
i

where the velocity has been assumed positive. By defining the dimension-
less parameter

ot = qi (\;} (22)
i

in which ql =2 agter the first elastic to plastic.phase transition after
the origin, and q° = 1 thereafter, the parameter a” can be written for
any plastic phase or velocity as

R (23)

1+ 0.5 cRct

In a similar manner, the constant multiplier of the continuation of elastic
deformation can be shown to be the coefficient of strain hardening oF as
shown in Fig. 4c.

The couple of the conjugate load A, defined in Eq. 18 and Figs. 4b
and 4c can be shown to be t

b, =y Q (24)

where

-

2

=

. . _ iy i
v o= [61 ©-1) + ﬂ_. [1 + 6 (1-0P) (3(;42:(:02)5 -}

(25)

. . i i

in which §° and ¢~ are as previously defined. Expanding the recursive
expression given in Eq. 18, the following deflection-curvature relation-
ship can be written:

fy} =[T1 {A} + (] "* {Q} (26)
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which, when solved for the curvature, leads to

fal = fyl - rm1rm {m ©7)
where
fo i <3
ij = i}. iz ]
o
i t7d
v
1 .
rij =5 i=3+ 1
v
0 otherwise
Equation 25 gives Vl as a function of Q.. Therefore, Eq. 27 contains

. . i . . .
the variable curvature, Q. on both sides of “the equation, which necessi-
tates an iterative solution.

RESISTANCE FORCE RELATIONSHIP

The force-deformation relationship previously defined by Eq. 3 can now
be derived by relating the equilibrium conditions, described by Egs. 14 and
17, to the moment-curvature and compatibility conditions given in Egs. 7,

9 and 27. The coefficients of the resulting force-deformation relation-
ship given in Eq. 3 are

ral = 2[P1 TH] K1 [T (28)

and
B} = 27p1 TH {rN} - (K1 [T [T 1A } (29)

The matrices TP1, TH1 and T'T7 are constants for a given building, while the
elements of K1, {N} and fA} change values whenever a phase transition occurs
at any control point. The matrix Tl is a function of the deflection, con-

sequently, the solution of the equations of motion will require an iterative
loop. -

NUMERICAL SOLUTION OF EQUATIONS OF MOTION

The equations of motion, Eq. 5, can be solved by using a numerical
integration procedure (7) in which the variation in the momentum-force and
the deflection-velocity relationships are assumed to be linear over a small
time interval At. The resulting equations can be written
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@) = =5 [ 5@ - (FW} - W) (20)

@) =2 Ly - s} - an N

in which U, (1) is the resultant of the forces acting on mass point i at
the beg1nn%ng of the time interval and U (2) relates to the same resultant
force at the end of the interval. The nimbers (1) and (2) in all cases
refer to the magnitude of their respective variable at the beginning of the
interval, t,, and its value at the erd of the time interval, t, = t; + At,
respectively. By combining Eqs. 5, 30 and 31 the equations of motion

can be approximated by

G

C 4
|

e [l - FaT ]y

+TA@] (Y@} =
(32)

s = ][] + CEQW) + CE@IW) - (BO)) - [B())

Thus, if the initial conditions fy(l)} and {y(1)} and the matrices A (2)"
and {B(2)} are known, values of {y(2)} and {y(2)} can be obtained from
Egs. 31 and 32 respectively. Once these values are known the phase
variable curvatures can be obtained from Eq. 27, and the curvature rate
from

(8} = {0} = [T {3} (33)

where Fi. results from the differentiation of Egs. 18 and 24 with respect
to time.3 The resulting equations, in view of Eq. 25 and

.2 .
L 5% (o2 1)+1_1r1+5 (eoPy=3e | 2P (PN gy
- Tt (2 + o? ch)3 }

.

dt v

°“|
e O

lead to Eg. 33 in which

[ 1
.ij=ﬁ"iz i=3+1
L 0 otherwise

The phase variable moments can now be calculated from
f1} = 7K1 {2} (35)

which is obtained by combining Egs. 7, 9 and 10. The bending moments can
them be obtained from Egs. 10 and 35. Equations 11, 12 or 13 can be used
to check for possible phase transitions. Once the values at t, have been
found, they will become the initial conditions for the next increment of
time and the process is repeated.
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In the single step forward numerical integration process defined by
Eq. 32, no iteration is needed in the elastic regime. In the plastic regime
[A(2)] and {B(2)} are both functions of {y(2)} as a result of the definition
of cl. Since ¢1(2) is always larger than ci(l) a solution can be iterated
by projecting an initial value of ci(2), and ending with a predetermined
accuracy between the last two consecutive values of {y(2)].

A salient feature of the method of numerical integration used is the
ease with which the magnitude of the time increment may be changed at any
time. A time increment, defined in terms of the period of the first
elastic mode tn as

At = by t (36)

where b, < < 1.0 can be used for the major portion of the successive inte-
grations. However, whenever a phase transition is detected, its coordinates
have most likely been passed. Therefore, the last calculated values should
be rejected and the coordinates of the transition pinpointed by using a
smaller time increment defined by

At = by t (37)
where b, < < b;, until the phase transition is again found. The last values
of the bending moment and curvature thus obtained are then taken to be the
phase constants for the next phase. The stiffness matrix is then recalculated
after which the integration can be resumed using the larger time interval. In
this study the calculations were performed with an IBM 709 computer.

EXAMPLE PROBLEMS

The solutions obtained for a four-story shear building taken from (5)
will serve to illustrate the method of analysis and the effect of various
degrees of strain hardening on the relative deflections. The calculations
were made for a 4-story single bay frame with the follow1ng properties: all
lumped floor masses have equal weights of 40 kips; *all stories have equal
heights of 12 feet; the modulus of elasticity of the material is taken as
30,000 ksi; the initial yield moment is taken to be proportional to the
moment of inertia of the column, I, is 300 in%, and I decreases by 50 in.%
in each succeeding story to 150 in.? in the fourth floor. The idealized
earthquake is a decaying sinusoidal curve described by

(0'1 - S;‘*t )sin 2t
£(t) = e n pren (38)
o n

where r, the ratio of the period of the idealized earthquake to the funda-
mental elastic period of the structure, t, = 0.6 sec., was taken equal to 0.25
and the amplitude factor G equal to 0.3. Thus, the period of the earthquake
was 0.15 sec., a realistic figure.

I1-541



The response curves in Fig. 5 show the lateral deflection of the fourth
floor relative to the base for various values of o . The plastic regimes of
the ends of the columns in each story are indicated below the figure. For
values of o® < 0.001 the response curves, for practical purposes, coincide
with the one for ¢® = 0.00001. Thus, although the formulation becomes sing-
ular when o® = 0 because elements of [I'] become infinite the convergence
of the response curves for o < 0.00l indicates that the solutions for very
small values of o approach that for the elastic-perfectly plastic case.

CONCLUSIONS

The example problems illustrate the application of the method of analysis
developed herein for determining the dynamic response of elastic-linear strain
hardening, inelastic, multiple story, multiple bay, shear buildings to earth-
quake motions. The method is applicable to structures made of a wide range
of materials including elastic and nearly perfectly plastic materials. The
method can be carried out readily on a digital computer. No attempt has been
made to state any general conclusions regarding the effect of strain hard-
ening on dynamic response.
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DYNAMIC ANALYSIS OF BILINEAR INELASTIC MULTIPLE STOREY SHEAR BUILDINGS,

QUESTION BY:

BY; W.E, SAUL, J.F, FLEMING, SENG-LIP LEE

A.C. HEIDEBRECHT - CANADA.

REPLY BYs

In Equation 3, you show a piecewise linear form of the
force~displacement relationship, wnich is derived in
the following pages and culminates in Equation 27,

This derivation appears to involve non-linear operations
in several places, particularly in Equation 25, It is
not clear now these nom—linearities are arrived at,
particularly in the light of the fact that many others
have used in a bilinear form of thne force~displacement
relationsnip. Please comment on this aspect,

W. SAUL

In addition, the lateral force - lateral deflection
relationship is derived. From Equations 7, 9 and 27,
and noting thats 2M { = bV, (44)

the following is derived
I . .
AN N, + K‘j(ﬁkgk“ RT‘(,’A” (45)

thus, it can be written that

U : 6
\/‘thlﬁrSt (46)

where
2
VLJ' *h K[j ﬁ‘:l\ (47)
and
(48)
5 " h K‘JE ) "

Therefore, Equation 46 appears to show the V-y relationship
to be bilinear also. However, note that the coefficients

Yy @&nd S§; are also functions of }? and, therefore,
boxng nonlinear, the equation requires an Iterative mode of
solution.
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DYNAMIC ANALYSIS OF BILINEAR INELASTIC MULTIPLE STORY SHEAR BUILDINGS
BY W,E. SAUL, J.F. FLEMING AND SENG-LIP LEE

AUTHORS® ADDITIONAL COMMENTS

DERIVATION OF PARAMETRIC VALUES IN
PLASTIC INCREM=NT OF CURVATURE

In the calculation of the compatibility condition, Eq. 27, the
variation in curvature over a column length is required. Whenever the
current phase is plastic the variation is piecewise linear and can be
given completely in terms of the phase variable curvaturefli by defining
two dimensionless parameters, a and x as defined in the text and shown in
Fig. 6c. Figure 6 illustrates the moment and curvature distribution over
half the length of a typical columm, Figure 6a is a segment of the l(-§
curve, 6b are moment diagrams and 6c are the corresponding curvature dia-
grams., Each illustration shows first its values at a phase transition
point called point 1 on the ¥-3 curve, then an incremental change in
value, and finally the values corresponding to point 2 on the M—§ curve,
whica are the incremental values added to those at point 1.

Following is a general proof, supplementary to the text, of the
parametric values,

Consider the moment diagram, Fig. 6b. Since, by definition, point
a corresponds to the point on the column which has undergone a change in
moment of 2N' in the same interval during which the control point has
changed by the value M-N#, it can be written coneidering similar triangles
that

O. ah - 2N

0.5 b = (19)
It is also true that

N* = EI VY (40)
and

M = N 4+ 2EIQ (20)

Substitution of Eqs. 40 and 20 into Eq. 19 yields

a = 1 21
1+ P89 (20
AV

If point 1 were the origin, the right hend numerator in Eq. 19 would be

N', Algo, if the velocity limb were negative, the value of this number, ae
well as () j, would be negative too. Thus, the definition of el (Eq. 225 in
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the text allows for these events, and the parameter a is defined (Eq, 23),

Next, consider tne curvature increment diagram, Fig. 6c. Similar o
the previous argument congruent triangles yield

;2_\’)_'—- = W** - W* + x‘Q) (41)
In addition,
PEr - Y = 2y (42)

Thus, substituting Eqs. 42 and 21 into Egq. 41 yields
x = x? | (43)

and the proof is complete.

ADDITIONAL RESULTS OF THE EXANrLE PROBLEMS

Figures T, 8, 9, and 10 are tne presentation of additional results of
tbe example problems described within the text. These results further
illustrate the inelastic dynamic reagonse of a strainhardening structure.
The coefficient of strainhardening &“ equsls 0.10 in each of the diagrams,

In Mg. 7 there is shown the relative deflection histoxry of the
fourth story column., This relationship is more meaningful than the deflect-
ion response curve given in Fig. 5 since it pertains to the deformation
within that member, DFrom this and the shear building definition the actual
shape of the column is known at any time. Comparison of the curve in Fig.
7 with the one foro? = 0.10 in Fig, 5 shows an interesting parallel.

The moment—curvature response of the fourth story column, in a non—
dimensionalized form, is shown in Fig. 8. A8 noted in the footnote in Fig.
5 there are three significant periods during which the phase is plastic.
The period of interruption within the last plastic phase was brief and so
does not show up in the footnote. A particularly useful characteristic of
this diagram is that it indicates the permanent deformation, or set,
retained by the column. Noting this point on the curve its associated
relative displacement can be located in the tabulated response data (not
included herein), This offset impairs the column's axial load capacity.

Figure 9 shows the deformed shape of a column segment at three
different times. From left to right the columms have: 1. all negative
relative deflection excepting the first column, 2, half negative, and
3. =all positive relative deflection, Thus, they illustrate three possible
extremes all significant in terms of sustained stresses because of high
relative deflections,

The moment response curve for a colum in each of the four stories

are given in Fig. 10. The response curve of the fourth floor column is
similar to the relative deflection curve in Pig. 7. The phase relation-
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., ship between these curves shows a time lag associated with the rate at
which the disturbance propagates up through the structure. Figures 8 and
10 have a common vertical axis and Figures 5, 7, and 10 are all time
dependent plots. By aligning these figures so that similar axis are
parallel and noting the footnote in Fig. 5, it is possible to select near—
ly any desired quantity. Thus, a relative deflection of (y4 - y3)/h a
0,0014 corresponds to the set in this columm,
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10 MOMENT RESPONSE CURVE FOR 4-STORY SHEAR BUILDING
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