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ABSTRACT

Available information on the non-linear response of oscillators
and on the non-linear behaviour of reinforced concrete elements is com
bined to define design criteria for reinforced concrete buildings.

Special emphasis is laid on the response of simple linear and non
~linear oscillators in function of the spectral densities of the earth
quakes and on the displacement capacity of reinforced concrete columns.

The design criteria are established by comparing the displacements
to be expected during earthquakes with the allowable values. Complemen
tary conditions to limit deformability and to guarantee the safety
against collapse are also considered.

The above conditions are turned into design rules that are compar
ed with the usual values based on seismic factors.

1 - INTRODUCTION

To improve seismic design of structures it is of great interest
to combine the information obtained during the last years on the res-
ponse of linear and non-linear oscillators to random noise vibration
and on the non-linear behaviour of reinforced concrete structures.

This information is not yet complete and further studies are neces
sary. Even so it is already possible to derive useful rules for simple
cases. The logical way these rules are obtained seems particulary
important. FPurther studies shall allow a refinement of the basic rela-
tions or their generalization to other cases but may follow the general
procedure here outlined.

The simple expression derived for the mean maximum relative displa
cements of oscillators in function of their frequency could be improved
so ag to fit better the results available and to consider several para-
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meters. This was not judged necessary due to the variability of all the
factors involved.

In what concerns the behaviour of the reinforced concrete elements,
the conclusions are based on results established not considering the
shake~down problem. This is not so far from reality as could be thought.
For a well designed structure the number of cycles in the non-linear
range is small. Even so, it will be possible in the future to introduce
corrections to take this problem into account.

In this paper only simple one-degree-of-freedom structures are
analysed, but the conclusions can be generalized to other cases.

2 - SEISMIC ACTIONS

For the purpose of the present paper earthquake actions are repre-
sented by a random vibration of constant spectral density in the range
from O to 5 Hz and with 30 s duration.

It was thought unnecessary to replace this representation by a more
correct one, in which the spectral density is assumed to vary in func-
tion of the frequency (1) with a law analogous to that of a simple oscil
lator transfer function. In fact it was shown (2) that both for linear
and elasto-plastic simple oscillators, the maximum mean values of the
displacements do not depend much on the shape of the spectral density
curve, but, mainly, on the mean value of the spectral density in the con
sidered range. As the analysis is limited to oscillators with natural
frequencies lower than 5 Hz, the hypothesis of a sharp cut off in the
spectral density for frequencies higher than this is not of practical
importance.

The problem of the probability of occurrence of earthquakes is not
dealt with here. Even so, the randomness of this occurrence cannot be
forgotten in the choice of convenient statistical magnitudes to repre-
gent the structural behaviour and in the discussion of the precision of
hypotheses and results.

In fact combining the randomness of seismic loadings with that of
structural behaviour it can be shown that the final probability of col-
lapse is the probability of occurrence of earthquakes with a spectral
density higher than a given value. This value is that for which col-
lapse is produced, as a mean (3 and 4). So only the mean of the maximum
valuesof the response are of interest. Due to the mentioned random
character, with high coefficients of variation, it is also of no inter
est to search for results with a too high precision.

3 ~ RESPONSE OF A SIMPLE OSCILLATOR

It is important to relate the maximum relative displacements under
gone by a simple oscillator to its natural frequency. For a simple
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.inear oscillator with a fraction of critical damping 0.05 acted by a
‘andom vibration of spectral density of acceleration,So=675 cm? 5% Ez-1
‘that represents El Centro N-S 1940 earthquake) the mean maximum
ralues of the displacements are related to the frequencies by curve 1
>f fig. 1. For an elasto-plastic oscillator with an yielding factor,
1v=0.10, and the fraction of critical damping indicated above, this re-
lation is represented by curve 2. These results obtained by J. Perei-
ra (2) confirm the well-known conclusion that the maximum displacements
in elastic and elasto-plastic oscillators with different yielding fac~
tors are not much different (5, 6 and 7).

In fact, fig. 2 also indicates the mean values of the maximum dis-
placements undergone by oscillators with fractions of critical damping
J.03 and 0.10 and yielding factors 0.03, 0.06, 0.12 and oo, as computed
by Berg and Thomaides (6) for El Centro, N-S, 1940 earthguake. Also re-
presented in the same figure are the maximum displacements computed by
the Japanese Committee SERAC (8) for a linear oscillator with a fraction
of critical damping 0.05, for the same component of El Centro earthquake.

Theoretical and experimental results indicated in fig.2 can be re-
presented with sufficient accuracy for the purpose of the present paper
by the simple ratio

6
§, =+ (1)

S

where & , expressed in cm, is the mean of the maximum displacements,
due to “the earthquake considered and f, expressed in Hz, is the natural
frequency of the oscillator. ror an earthquake of spectral density

of acceleration S, other than the one considered, a reduction of the
mean maximum displacement proportional to the ratio of the square roots
of the corresponding spectral densities could be assumed.

4 - MAXIMUM RELATIVE DISPLACEMENT DUE TO EARTHQUAKE ACTION

The behaviour of a reinforced concrete building at a given floor
is assimilated to that of a simple oscillator. The mass considered is
that of the upper floors and the stiffness that of the reinforced con-
crete columns, fig. 2.

If all the columns are similar, with the same axial load, N, and
are supposed to be perfectly built~in in the floors, the natural fre-
quency of the system is given by

fng 12E3I (2)
2 N 1

where E is the modulus of elasticity of the material and I the moment
of inertia of the columns.

For rectangular columns, taking hg¢ = 1.1h, E = 21 000 Jﬂ;u(both

+
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E and the u}Eimate concrete stress, @, expressed in kg cﬁa) and
g = 980 cm s cu

8 Cuw . (3)
f = 830 >

N
where G; =5 -

The natural frequency thus computed corresponds to the behaviour
prior to craking. It is well-known that cracking reduces elastic stiff
ness. This reduction depends on several factors, namely on the percentg
ge of reinforcement and, even, on the value of the acting moments.It is
possible, starting from simple hypotheses (9), to have an idea of this
reduction of stiffness and to show that in usual cases it corresponds
to multiplying the elastic stiffness of the total concrete cross section
by a factor ranging between 0.4 and 0.6, The natural frequency is thus
reduced to about 0.63% to 0.77 of the value indicated by expression 3.
Recent tests on reinforced concrete columns (10) confirmed the above
values of this reduction and so the natural frequency shall be calcu-
lated by the following expression

-
£ = 600 ——m (k)

According to expression 1 the mean maximum value of the relative
displacement due to an earthquake of the intensity considered is then

given by
V2 1 3/2

un

u

(5)

[yl
S =o0.01 —=
8 (): h

5 - ULTIMATE DEFORMABILITY OF COLUMNS

For an elastic rectangular built-in column it is easy to show that
the horizontal relative displacement of the ends in function of the dif
ference of maximum strains at the extreme fibers, € = El - (2 , is given

by - " 12
- - 6)

If the behaviour is not elastic, & correction, k, has to be intro-

duced depending on the non-linear diagram that relates the Dbending

moment, M, with the difference of strains at the extreme fibers. This

difference can be considered as a reduced curvature, and so the correc
ting factor is a function of the moment-curvature diagram.
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Fig. 3 shows the reduced moment-curvature diagrams for rectangular
cross sections symmetrically reinforced _%ith steel 40 (conventional
limit of prgportionality at 0.2%, 40 kg mm“) and for concrete o, =
= 300 kg cm” (11). The total percentage of reinforcement varies B8tween
0,5 and 1,5%.For other qualities of steel and concrete similar diagrams
can be obtained.

By integrating these diagrams it is easy to obtain the relation,
presented in fig.4, between the horizontal force, F, and the horizontal
displacement, & . In this figure the diagram corresponding to elastic
behaviour having the same ultimate curvature is also presented.

For usual cases, as shown in fig.4, k can be taken as approximately
equal to 0.4 and the maximum allowable transverse displacement of the
column in the non-linear range can be expressed in function of the ulti
mate difference of the extreme strains Eu by

1° .
Bu=0.067T Lu 2]

From the condition that the strains in concrete must not exceed
3.5 O/oo, fig, 3, a relation between € and n can be obtained. this
relation is almost independent of the qHality and percentage of reinfor
cement and, for the values of interest,can be expressed with sufficient
accuracy by

5 % 1077
Lo X
E'1). n (8)
Substituting in 7, ¢ 1?
_ 2 cu
Su = 0.0002 T T (9)

an expression giving the ultimate allowable transverse displacement of a
reinforced concrete column.

6 - COMPARISON OF SEISMIC AND ALLOWABLE DISPLACEMENTS
Taking as a design condition that maximum displacements due to the

earthquakes, given by expression 5, must not exceed the allowable
values, given by expression 9 , the following inequality is obtained

u;va 1 /2 r,, 1
0.01 nn - < 0.0002 FE (10)
cu ¢

Simplifying and expressing 02 in function of 0;u and 1
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0’03/2< 0.02 c;u5/‘* 172 (11)

The maximum values of 0; given by this inequality are indicated in
fig.5.

For the usual qualities of concrete, @, = 200 to 300 kg cﬁa, and
lengths of columns, 1 = 300 to 400 cm, 0‘-<CB.19 to 0.22 G, ,. This con-
dition corresponds to setting a limit to the reduced mean compressive
stress n = G’C/Q(':u.

7 - LIMITATION OF THE DISPLACEMENTS BETWEEN FLOORS

Condition 11 ensures that the ultimate allowable strain, & , will
not be exceeded, but does not limit the relative displacement between
floors. To avoid excessive cracking, and even rupture of the partitions
such a limit has to be considered.

Expression 5 , enables to define the minimum value of h in func
tion of the magnitudes considered

G;VZ 1372
=00t T e (12)
cu
For =1 cm andvﬂisregarding the small influence of the concrete
quality by taking 0;u = 4, expression 12 becomes
1
b = 0.0025 €' 17/2 (13)

which is represented in fig. 6.

For other values of & , the allowable limits for h are obtained
by dividing by & the values given in fig.6.

Expression 13 can be easily extended to the case of columns with
different cross sections. Denoting by the moment of inertia of the
columns and by n their number, the equivalent inertia of the columns
has to be similar to the value that would correspond to hmin in expres

sion 13, i.e. 3
n b h”.
1 k

Assuming that the mean compressive stress does not change much
from column to column

A, =2 b h =nbh and s0

V=77



n
Z I 2
T & R (14)

At 12

The above condition limits the sum of the moments of inertia of
the columns in one floor in any direction.

8 - SAFETY AGAINST RUPTURE

The conditions established set limits to the reduced normal stress
and to the dimensions of the columns, but do not consider the percentage
of reinforcement. When the ultimate deformability of columns was studied,
in 5, it was shown that ultimate value of the allowable curvature was
pratically independent of the percentage of reinforcement, depending
mainly on the mean compressive stress, This is only true if there exists
a minimum amount of reinforcement. If no reinforcement exists the ulti-
mate strain corresponding to steel cannot be considered and the rotation
capacity wol1ld be much reduced. Then the presented expressions would be
no longer valid.

The analysis of fig. 4 shows that, for the interesting volues of the
reduced compressive stress, n , that range beltween O und 0.2, and for the
normal percentages of reinforcement, the ratio between Lhe ultimate dis-
placement, 6uq and the displacement that would correspond to elastic
behaviour is very nearly 3.5.

As this ratio cannot exceed the indicated value, the struclure must
resist a horizontal force of at least 1/3%.9 the force that would be indu
ced in elastic behaviour. -

For elastic behaviour the seismic coefficients ¢ = . can very
easily be obtained in function of the natural frequengy of " the struc-
ture. In fact, the elastic stiffness is F/§ = 12 EI/15 and from expres
sion 1 and 2 -

g = 0.245 f (19)

Considering that, due to non-linear behaviour, the ultimate moment needs
only to be 3.5 smaller than the elastic one,

c = 0.07 f (16)
The ultimate reduced moment must then be
g 1
m = CZN L = 0.035 —p— ¢ (17)
2bh GCu cu

and considering expression 4
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z (18)

which shows that the ultimate reduced moment is a function of the mean
compressive stress in the concrete, the length of the column and the
quality of the concrete alone. As the percentage of reinforcement is
also a function of the reduced moment and normal force alone, this
percentage does not depend on the geometry of the columns but only on
the parameters indicated.

L
Taking n = 6/ G anda @ g 4 as before
¢’ Teu cu
V2
n

Ve

m= 5

(19)
1

that is represented in fipg. 7.

Usual tables glving bhe percentage of reinforcement in function of
n and m can be used to compute the percentages of reinforcement
required.

For values of n  between 0.19 and 0.22 and the usual lengths of
columns (500 < 1 < 400 em), m ranpges between 0.11 and 0.14%. So, for
instance, if steel of the considered quality 40 is used, the total
percentage of reinforcement for symmetrically reinforeed columns must be

PR -5
1Ift = 2 x 10 G;u (20)
For equal to 200 and 300 kg cm—g, expression 20 gives percen-

tages of réinforcement of 0.4 and 0.6% respectively.

9 - CONCLUSIONS

The design criteria presented allows to define a seismic coeffi-~
cient that can be compared with those of building regulations.

The coefficient ¢ (expression 16) is a function of the natural
frequency alone, fig. 8, and is 3,5 times smaller than the one corres-
ponding to elastic behaviour.

Fig.8 indicates that for structures of very low frequency very
small seismic coefficients could be adopted, but it must be considered
that the limitation of relative displacementsqgts a limit to the
minimum natural frequency. For 1 = 300 cm and & < 3 cm, expression 1
gives f » 2 Hz and from expression 16 a value ¢ > 0.14 results.
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If the deformability condition was disregarded, a new condition,
represented by curve 1 in fig. 8, would be required to avoid that the
moments due to the relative displacements of the structure would exceed
those that can be resisted by the columns.

This shows that, in practice, if the intensity of E1l Centro, 1940,
earthquake is taken for reference, the seismic coefficients to be consi
dered must vary, according to the natural frequency of the structure,
between about 0.15 and 0.35.

The conditions represented by expressions 11, 12 and 19 enable a
direct determination of the maximum allowable reduced compressive stress
in the concrete, the minimum height of the columns and the minimum per-
centage of reinforcement respectively and can be directly used in the
design of reinforced concrete buildings of the considered type.
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NOMENCLATURE

width of a rectangular section
seismic coefficient

natural frequency of an oscillator
acceleration of gravity

depth of a reinforced concrete rectangular section

(distance between the center of gravity of the tensile reinforce-
the opposite face)

ment and

h
opposi%e
k

1

total depth of a rectangular section (distance between

faces)

correction factor

length of a column

M
= - reduced bending moment
b h Géu
N
T n o " reduced compressive force
cu

yielding factor

reference cross-sectional area of concrete

total cross-sectional area of steel

modulus of elasticity of concrete

horizontal force

moment of inertia of the cross section of a column
bending moment

normal force

power spectral density of acceleration
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relative displacement

relative digplacement due to earthquake action

ultimate relative displacement
elastic relative displacement

&

strain in concrete

strain in steel

ultimate strain difference

N - meun compressive stress

b h

ult imate compressive stress determined

Ag

- £? difference between strains at extreme fibers

in cylinder tests

i e~ GObal percentage of reintorcement

b h
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OUBSTION 1Y e

e

AUTHORYS WEPLY 2

CUESTTON BY:

AUTLORTE, REVTY

QUESTION BY:

AUTHOR'S REPLY:

BY J.F. BORGHS

B. Dl VALLE = ¥HY1C0O

Itnirk that the accumntion of fived ends for the
columns i nol o very real one, as the trends in
arctittecture are to reduce the denth of the beams
ratuer buan to drcrease it, wherefrom the otiffreas
ab Loe rnde of the colunns is Llorgely reduced from
tue fixed=-end noounption,  Have you extended your
studicon to irelude cuch & condition?

Tur hypothacie of perfect built—in columns wae
connidnred no an extreme case., 1 apree that it i
af puch iptereat to ntudy other conditions, and
particularly to connider the deformebility of tne
bonma,

Ok, DYOGAU = NTW ZEATAND

I nddition $o tne eftfect of bears in relievirg the
enlimne mentioped in the previous question would the
autror ony thob e buildinge thnt do not have such a
suddon enrnpgn in ohiffness more joinke cran take part
in Lthe erorgy ahoorption and we got o different case
from tue one prevonted?

The behaviour of renl buildings is in general more
involved tnan the one ansumed for design purpones,
1 there are supplementary connechions their effects
are on the gafe side,

A. TORK = WEW ZEALAND
1. What are tue allowable otrains?

2. How ig the minimum ductility factor of 3.5
guaranteed? What is the type of reinforcing for
thie? Are experimenial data available to deron—
gtrate thet columns can tnke many revercals of
leadirg inte a ductility range of 3,57

1. It vas assumed that ultimate values of the strairs
in concrete and steel must not be surpassed and
from this the limit values of the difference of the
strains, at extreme fibers (that correspond to
ultimate values of curvature) were obtained. These
values were used to determine the allowable dis-
placerents.
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AUTHOR'S REPLY:

For built—in colunnus the ratio between the

ultimate displacements and that whicn for the

same load, would correspond to elastic behaviour

is not much influenced hy the qualilies of concrete
and steel, The adopted value of 3.5 seems to be
suitable for practical applications. Concernirg
the number of reversals of loading in the ductility
range, it must be considered that during an earthi-
quake thig number is always omall. Some model
tests are being performed for studying the influence
of thene reversals.

E. ROSENBLURTH — MEXICO

The following additionnl matters ceem worthy of con—
gideration in buildings of the type studied in this
paper,

1.

2.

.j.

Shearing ctrevees will also limit the colurm
dimeneiona wder some conditicna,

fiven in nominally eymmetric buildings the posuib-
ility of accidental torsion s aver prensent,
chiefly because of wnavcidable asymmelry of stiff-
nesgs and ctrength., The phvaical model tecto of fer
an excellent opportunity for a atudy of thic
question,

Additional bending momente in tie columns aro
caused by vertical losds acting with the eccentric—
ity of lnteral digplacements, Simultrnnouniy, the
axial forces on tne columns oreillnte because of
the overturning moment and irn tnll buildings theo
forces may temvorarily become tensions,

It if¢ hoped that the author will ineclude thene matters

in

his method of design. Perhapn he hes already given

them thought.

1.

.2'

3.

Concerning the shearing strength of ecolurmne, I
perfectly agree that it must be considered and this
can be done by conventional methode for the def'ined
actions,

Toreion effects may in many cases be, in fact, of
paramount importance, The genersnl principlesn
presented would also apply to these effects,

The additional bending of columns due to the lateral
dieplacements was considered and it was seen that

it is only important for structures of very low
natural frequency, say smaller tban 0.5 c.p.s.

In the presented paper several simplifying hypotheses
had to be congidered to arrive at results of practical
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COUMENT BY:

interest, but it is hoped that in the near future the
same lines of thought may be followed for more general
cases.

J.A. SBAROUN1S - U.S.A.

Mr. Sbarounis pointed out that Dr. Borges!' paper
relerred to "unconfined" concrete rather than that
normally considered "confined" by stirrups or column
ties.
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